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ON THE GALOIS COHOMOLOGY OF UNRAMIFIED EXTENSIONS 
OF FUNCTION FIELDS IN ONE VARIABLE.* 


By Y. Kawapa and J. Tarte. 


I. The Abstract Case. 


Let & be an algebraic function field in one variable over an algebraicly 
closed constant field ko. Let K/k be a finite normal unramified extension 
with Galois group G=G(K/k). Our aim is to investigate the cohomology 
groups of the Galois group G with coefficients in various multiplicative groups 
associated with K. Some of the coefficient groups which we consider, and our 
notations for them, are the following: 


D(K) =the group of divisors of K; 

P(K) =the group of principal divisors of K; 

E(K) = D(K)/P(K) =the group of divisor classes of K ; 
U =the group of all roots of unity in ky; 


E*(K) = Hom(#(K), U) =the group of all homomorphisms of L(K) 
into U. 


We omit K in these notations when considering a fixed field K. 


A rough outline of our program is the following. We first show H'(G, FE) 
= H*(G,U) for all r, by using three exact coefficient group sequences 
linking to U. By duality it follows then that H’(G, ~ H*-°(G, Z), at 
least in case the characteristic p does not divide the order of G. This result 
is exactly parallel to the main theorem of class field theory which states 
H'(G, C) = H*-*(G, Z) if G is a group of automorphisms of a number field 
with idéle class group C. Therefore, casting the group H* of divisor class 
characters in the role of the idéle class group, we can produce a pseudo class 
field theory for the extensions under consideration. We develop the parallel 
with ordinary class field thory in some detail, and discuss the relation of our 
pseudo class field theory to the simpler Kummer theory. In the second half 
of the paper, we consider the classical case in which the ground field is the 
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field of complex numbers. Then the divisor class group # has a natural 
locally compact topology, and it turns out that its Pontrjagin character group 
E can be used instead of H*. Viewing 1-cycles on the Riemann surface as 
characters of the group of divisor classes of degree 0, we can give an explicit 
topologico-analytic description of the fundamental generator of H?(G, £), and 
can show that the reciprocity law of our pseudo class field theory is the mapping 
which attaches to a 1-cycle on the ground surface the corresponding covering 
transformation of an abelian unramified covering surface. 

The cohomology groups which we will be using are those associated with 
the operation of a finite group G on a G-module A. They are denoted by 
H*(G,A) and are defined, and in general non-trivial, for all integers r, 
positive and negative. The negative dimensional cohomology groups are iso- 
morphic to the ordinary homology groups of G in A. The group H°(G, A) 
may be identified with A°/NA, the factor group of elements ae A which 
are invariant under the operations of G, modulo elements of the form 


a= for be A. The basic properties of these groups are developed 
oeG 


in Chapter XII of [1]. The main fact, which justifies the introduction of 
negative dimensional groups, is that an exact sequence of coefficient modules 
of the type 0 A’ > A— A” - 0 leads to an exact cohomology sequence 


H'(G, A) > H"(G, A”) > H™(G, A’) > H(G, A) 


which extends all the way from r——oo to r—=-+oo. Furthermore, cup 
products are defined in all dimensions, positive and negative: if A and B are 
G-paired into C, there is induced a pairing of H"(G,A) and H*#(G,B) into 
H**(G,C) for all r,s. This pairing has all the usual properties of a cup 
product. Finally, we mention that H7(G, A) —0 for all r if A is G-regular; 


that is, if A = > Be? is the direct sum of translations of a subgroup BC A. 
oeG 


After these preliminary remarks, we now return to the field theoretic situation 
described in the first paragraph. 

In order to determine the cohomology groups H"(G, H(K)) we consider 
three natural exact sequences: 


(1) {1} >P > D> 
(2) {1} > > K* > {1}, 
(3) {1} U kot /U {1}. 


In each of these three sequences, one of the modules has trivial cohomology 
groups in all dimensions. In the first sequence we have H’(G, D) —0 for 
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all r, because D is G-regular. The G-regularity of D follows from our 
assumptions that K/k is unramified and that the constant field k, is alge- 
braicly closed. Namely, if for each prime divisor p of k we select a fixed 
prime $ of K dividing p, then the other primes of K dividing p are those 
of the form $8°, for oe G, and these are distinct. Consequently, if D, is the 
subgroup of D generated by the selected $3’s, then D is the direct product of 
the translations D,° of the subgroup D,, and is therefore G-regular. In the 
second sequence (2) we have H"(G, K*) =O for all r. This fact depends 
only on the constant field &)* being algebraicly closed. By Tsen’s theorem 
we know that every element of k* is a norm from K*, which means that 
H°(G, K*) =0. Coupling this with the fact that H*(G,K*) —0, and 
noting that the same holds if G is replaced by any subgroup G, of G, we see 
that the G-module K* has the property that its cohomology groups in two 
successive dimensions are trivial for all subgroups of G. From this it follows 
that they are trivial in all dimensions [7], [9]. For positive r the triviality of 
H’(G, K*) has been noted by Nakayama and Hochschild [5]. In the third 
sequence (3) we have H’(G,k,*/U) =—0 for all r, because k,*/U has unique 
divisibility. Since ky is algebraicly closed, every element of k)* has an n-th 
root, for every natural number n, and this n-th root is uniquely determined 
modulo U. 

Using these cases of trivial cohomology groups in the cohomology 
sequences associated with our exact sequences of coefficient groups we obtain 
three isomorphisms: 

(1’) = (6, P), 


(3’) H°(G,U) = H°(G, k&*). 
Putting these together we find finally: 

(4) +788: H’(G, H***(G, 0). 


G operates simply on the group of roots of unity U, and U has a simple 
structure which depends only on the characteristic p of k)*. Thus in the 
situation we are considering—unramified extension and algebraicly closed 
constant field—the cohomology of G with coefficients in the divisor classes 
depends only on G and on the characteristic, not at all on the fields K and k. 

The result we have obtained is remotely suggestive of class field theory. 
In class field theory, there is associated with each field K of a certain type a 
multiplicative group A(K) such that, if G is a finite group of automorphisms 
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of K, then G operates on A(K) and we have H"(G, A(K)) = H"?(G,Z) 
for all r, where Z denotes the additive group of rational integers under trivial 
operation by G (cf. [6], [7], [9]). In local class field theory, A(K) is the 
multiplicative group of the local field K. In global class field theory, A(K) 
is the idéle class group of the number field K. In our present situation, 
where K is an unramified extension of the function field K, we can also find 
suitable coefficient groups A(K) whose cohomology is like that of class field 
theory. To this effect we put A(K) = H*(K), where E*(K) = Hom(E(K), U) 
is the group of all homomorphisms of the divisor class group of K into the 
roots of unity U. We call these homomorphisms characters of H and denote 
them by x:H-U. If o:K-—K® is an isomorphism of K relative to k, 
we can define a corresponding isomorphism o: E*(K) — E*(K7*) by putting 
x’ = x(a) forae H(K). The rule (x7)? is then obvious, and it 
follows that any group G of automorphisms of K/k operates in a natural way 
on H*(K). 

To determine the cohomology groups H’(G, H*(K)) we need only use 
the duality theorem for the cohomology groups of finite groups which we now 
explain: Let W be a fixed abelian group on which G operates simply (W will 
be U in our applications). For any G-module X, let X¥* — Hom(X, W). 
Then X* and X are G-paired into W, and if ¢e H’(G, X*), the cup product 
multiplication by ¢ gives a map ¢ of H-*"(G,X) into H*(G,W). Since 
H-'(G, W) can be identified with a subgroup of W, we may view this map ¢ 
as an element of (H-*"(G,X))* = Hom(H*"(G,X),W). The duality 
theorem states that if W is divisible, then the map ¢— ¢ is an isomorphism: 
H'(G, X*) = (H-*"(G, X))*; see, for example, [1] or [7]. 

In our field theoretic situation, U is divisible, because every root of unity 
has an n-th root for every natural number n, and this n-th root is again a 
root of unity. Therefore using (4) together with the duality theorem we find 


(5) 


If Z is the additive group of integers with G operating simply, then the 
natural isomorphism Z* = Hom(Z,U) =U is a G-isomorphism. Conse- 
quently, using the duality theorem again we find 


H’(G, E*) ~(H--"(G, E))* = (H'*(G,U))*. 


(6) 2°) (G, 2) )*. 
Combining (5) and (6) we obtain 


Now H*-?(G,Z) is a finite abelian group. If Y is any finite abelian group, 
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the natural duality map Y — Y** is an epimorphism (homomorphism onto). 
This follows in the usual way from the simple structure of U; namely, U 
contains at most one subgroup U, of order n for each natural number n. In 
case the characteristic p is zero the map is an isomorphism, Y ~ Y**, because 
then U,, exists for each n. In case p > 0, the map Y — Y** has as kernel the 
p-primary part of Y (elements of p-power order), because then U,, exists only 
for n prime to p. Combining the natural map H*-*(G, Z) — (H'-?(G, Z))** 
with the inverse of the isomorphism (7) we obtain therefore an epimorphism, 


(8) f: H"2(G,Z) > H"(G, E*) 


which is obviously canonical, and whose kernel is the p-primary part of 
H'-?(G,Z), p being the characteristic, and 0-primary part meaning the 
identity subgroup. 

Having proved the existence of this epimorphism f, we can now describe 
it in more concrete terms. Reviewing the considerations of the preceding 
paragraphs, we see that f is simply the adjoint of the isomorphism (4) 


i188: H--"(G, BE) 0), 


with respect to the cup product duality. In other words, if £e H*-?(G,Z), 
then f(¢) e H"(G, E*) is uniquely determined by the property that 


(9) 


for all ae H-*-"(G, EF), where the dot denotes cup product multiplication. 
From this description of f, we can easily establish the rule f(¢,-£) = f(£) -¢ 
for any two integral cohomolgy classes £ and ¢,, if we use the fact that 
multiplication by an integral cohomology class £ commutes with the natural 
cohomological operations 7 and 6. Namely, if a is any cohomology class over 
E of the appropriate dimension for determining f({,-£) we have: 


and since this is true for all « we can conclude f(¢,-¢) = f(€:) - {, as stated. 

Now putting £, = 1e H°(G, Z), the unit element in the cohomology ring 
of G, and defining the fundamental two-dimensional class «* e H?(G, E*) by 
a* —-f(1), we see finally that = In other words, our canonical 
epimorphism (8), H’-?(G,Z) H’(G, E*), is obtained by multiplication 
with a fundamental two-dimensional class in #*, just as in class field theory. 

Our next task is to give an explicit characterization of the fundamental 
class 2* —f(1) by means of the standard 2-cocycles Xoe,r, which represent it. 
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Putting £—1 in (9) and applying the isomorphism 1%, we see that a* is 
uniquely determined by the property 


(10) 1(a*-a) = 38a, 


for all ace H-*(G,#). What we shall now do is simply write cut formula (10) 
in terms of standard cochains. The fundamental class a* will be represented 
by a standard 2-cocycle Xoc,r, which is a function (o,7) >Xoe,r from GX G 
to H* satisfying the identity (8x) p,o,r ‘po =1. Any 
(—3)-dimensional class « of G in £ will be represented by a standard (—3)- 
cocycle which is a function (o,7) from GX G to EF satisfying 
the identity = 1. The (—1)-dimensional class 


a*-g is then described by the single element «—J[]Xe,r(de,r), which is an 


n-th root of unity (n= [K:k] =order of G). The left hand side of (10) 
is therefore the (— 1)-dimensional class in k)*-determined by «. To compute 
the right hand side of (10) we must choose divisors %oc,- in K representing 
the divisor classes ac,r. The coboundary of the (—3)-cochain %o,; consists 
of principal divisors (A,), A;¢ K* such that 


(11) (A,) = (8%), Uo, 07Us,0 (in D(K)). 


The standard (—2)-cocycle (A,) then represents the (— 2)-dimensional 
class 6a e H-*(G, P), and the coboundary of the K*-valued (— 2)-cochain A, 
will be equal to the unique (—1)-cocycle « which represents the class 
38a H-*(G, 


(e is unique because G operates simply on k,*, so there are no (— 1)-dimen 
sional coboundaries. ) 

The standard two cocycles Xo,, of G in E* which represent the funda- 
mental class a* are therefore those with the following property: Given any 
set of functions A;e K*, and divisors %o,,eD(K) such that (11) holds, 
then the following equation holds: 


(13) [1 = II 


Here the divisor class characters Xo,r are understood to be applied to divisors 
%o,r in the obvious way. 

To show that the parallel between our present situation and class field 
theory is complete, we must consider the interrelations among different fields. 
In class field theory, whenever a field & is a subfield of a field K, the associated 


T 
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module A(k) is a submodule of A(K); more precisely, there is a canonical 
monomorphism ix;¢: A(k) — A(K), which is usually viewed as an inclusion. 
In our case the role of this monomorphism is played by the conorm, 
E*(k) E*(K), which is the dual of the norm, > E(k), 
and is defined by (N*x/xx) (a) for xe H*(k) and ae H(K). 
This conorm N* is indeed a monomorphism, because the norm WN is an 
epimorphism on divisor classes. In fact, the norm is an epimorphism even 
on the divisors themselves; a prime in the ground field is the norm of any 
one of the primes in the extension field dividing it, because the constant field 
is algebraicly closed. Of course the conorm monomorphism is transitive in 
the sense that = xN* whenever k Ck, C K. 

There is on more property of the inclusion map ix: A(k) — (K) 
which is crucial in class field theory. This can be expressed by saying that the 
fundamental theory of Galois Theory holds for the modules A. Precisely what 
we mean is this: If K/k is a normal extension with group G = G(K/k), then 
the image of A(k/) in A(K) consists exactly of the elements of A(K) which 
are left fixed by the operation of G, or in a formula ix/x(A(k)) = (A(K))%. 
To show that the conorm has this property, i. e., 


(14) N* (E*(k)) = 


we note first that the left hand side is obviously included in the right. To 
show the converse, let ye (Z*(K))°. We wish to find a ye H*(k) such that 
x= N*y, that is, such that 


(15) = (Na), 


for allae H(K). To this effect, we observe that the y we are looking for 
will be completely defined by (15) if it exists at all, because Na runs over 
the whole of #(/) as a runs over H(K). Therefore, we try to use (15) as a 
definition of y. This will work, provided we can show that x(a) =1 when- 
ever Na = 1, and this of course is where the assumption that y is invariant: 
under G must come in. Suppose therefore that Na=1. Let & be a divisor 
in K representing the divisor class a. Since Na=1, NY is principal, and 
there exists a function ae k such that (a). Since H°(G, K*) = 0 there 
exists a function A e K such that NA =«. It follows that N(MA-) = (1), 
and consequently there exist divisors Bo in K, oe G, such that 


WA-? II 


(This follows from H-1(G,D) =0, but can easily be seen directly if we 
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recall that K/k is assumed unramified.) Finally, letting bse E(K) be the 
divisor class of the divisor 8c and going over to divisor classes, we find 


a= II 


Since x is invariant under G we have x(bc’) = x(bc) for all o and con- 
sequently x(a) 1, which is what we were trying to prove. 

There is of course a map of divisor class characters which goes in the 
opposite direction to the conorm. We call it the norm and denote it by 
Nx: E*(K) > E*(k). We define this norm as the dual of the natural 
injection of divisor classes of the subfield into those 
of the extension K, that is, 


(16) (Nx) (4) = x(a), 


for ye H*(K) and ae H(k). The justification for the term norm for this 
map rests in the formula 


(17) N* (Nx) = I x’, 


which states that Ny is essentially—i.e., when imbedded in E*(K) by the 
conorm becomes—the product of the conjugates of x. To prove (17) we 
simply write, for ae H(K), 


(N* (Wx) ) (a) = (Wx) (Na) =x(iNa) =x(I1 a7") 


x7 (a) = (II x”) (a). 


From (14) and (17) we see that the conorm N* induces a natural iso- 
morphism of the group of divisor class character norm residues of the ground 
field k, E*(k)/N(E*(K)), onto the factor group of divisor class characters 
of K which are invariant under G, modulo those which are products of con- 
jugates. This latter factor group may of course be identified with the 
0-dimensional cohomology group H°(G, H*(K)). Therefore we have 


(18) H°(G, E*(K)) = B*(k)/N(H*(K)). 
If K/k is abelian, of degree n—=[K:k] prime to p, and if we use the 


natural isomorphism 
(19) H~*(G,Z) = G, 
then we can interpret the case r 0 of our natural epimorphism (8) as an 


isomorphism 
(20) f:G E*(k)/N(E*(K)) 
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(isomorphism because of the assumption that G has no elements of order p). 
This isomorphism f is the analog of the reciprocity law isomorphism of class 
field theory. In class field theory, an explicit formula for this isomorphism 
is given by the Nakayama map associated with a fundamental 2-cocycle. The 
same holds in our present case, because the Nakayama map is simply an explicit 
formula for the cup product of an element of H-?(G,Z) which corresponds to 
pe G@ under the isomorphism (19), with the fundamental class, and our map 
f is defined by such a product. Therefore, as an explicit formula for (20) 
we have, for pe G, 


f(e) =p (mod N(E*(K))), 
if yp ¢ H*(k) is defined by 
(22) Xo.p, 
Xo,o being a fundamental 2-cocycle. 


The norm group V(H£*(K)) can easily be described directly ; it consists 
of those characters y of H*(k) which are trivial on the kernel of the injec- 
tion map 1: H(k) > H(K), i.e., which satisfy the condition y(1-*(1)) =1. 
Indeed, this condition is obviously necessary and sufficient for the existence 
of a character X, on the subgroup i(H#(k)) of H(K) such that y—x1; and 
since any such yx) can be extended to a character of H(K) with the aid of 
Zorn’s lemma and the divisibility of U, we see that our condition is necessary 
and sufficient for the existence of xe#*(K), such that y= Xi, i.e., p= Nx. 

From what we have said it follows that to determine the coset of a 
character ye H*(k) modulo the norm group N(#*(K)) is simply to give 
the values of y on the subgroup 1-*(1) of #(k). This shows what we must 
do in order to give an explicit formula for the reciprocity law isomorphism 
(20): for each pe G and each cei*(1) we must calculate the root of unity 
%p(c), where Wp is defined by equation (22), Xo,» being a fundamental 2-cocycle. 
The result is the following: Let c be a divisor in & representing the class of c. 
Since ic = 1, ¢ becomes principal in K, i.e., c= (B) with Be K*. Then 


Wp(c) = Br. 


To prove this, let 8 be a divisor in K such that c—N%. In K this 
equation reads 


(B) 


This last equation can be put in the form of equation (11) if we define the 
(—1)-cochain A;e K* and the (—2)-cochain %oreD(K) by Ar—1 or 


Ss 
e 
e 
yo 
d 
Ss 
e 

(23) 
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+=B according as tr Ap or r—p and or according as 
tAportr=—p. The resulting equation (13) then reads 


[I Xo,p(8) = 


Comparing this with (22) and noting VB —cec, we see that (23) holds as 
contended. 

Of course the proper interpretation of the result which we have obtained 
is simply to view it as giving the relationship between our pseudo class field 
theory of unramified abelian extensions of degree prime to p, and the Kummer 
theory of such extensions. Using the Kummer theory, one easily proves the 
appropriate existence theorem for our pseudo class field theory, namely, a 
subgroup X of H*(k) is the norm subgroup of some class field K/k if and 
only if there exists a subgroup Y of H#(k) of finite order n prime to p, such 
that X consists of all characters trivial on Y. The class field is then obtained 
by taking for each element of Y a representative divisor c, and then extracting 
the n-th roots of elements k* for which (y) = c". 

In order to complete the discussion of the parallel between our situation 
and class field theory, we must consider the relations between the fundamental 
2-dimensional classes in different extensions. For these considerations we 
drop the assumption that the extensions are abelian. 

Let & Ck CK with K/k normal unramified, but k/k not necessarily 
normal. We wish to prove that the restriction to K/k of the fundamental 
class a* of K/k is equal to the fundamental class «* of K/k. For the proof 
we let G=G(K/k) and G=G(K/k), so that G is a subgroup of G. Let 
elements A; e K* and divisors D(K) be given satisfying equation (11) 
for o,reG. Extend the definition of these cochains A and 2% to the big 
group G by defining A, —1 for G (1) foro orr¢G. Then 
equation (12) still holds if G is replaced by G, i.e., if the product is taken 
over all of G instead of over the subgroup G. If x—Xe,, is a fundamental 
2-cocycle for the extension K/k, then we obtain from (13) 


IT Xo,r(Uo,7) II. (Yo,r) a= II A,7™*1, 
TeG 


o,Te¢G o,TeG TeG 


This shows that the restriction of x to the subgroup G is a fundamental 
2-cocycle for the extension K/k as contended. 

Next, suppose k C K C K with both extensions normal and unramified. 
Let m =[K:K]. We wish to prove that the inflation of the fundamental 
class of K/k is equal to the m-th power of the fundamental class of K/h. 
Let G = G(K/k) and G=G(K/k) so that G is a factor group of G. Let 


oF 
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functions A, and divisors Wo,; be given satisfying equation (11) for o,reG. 
Viewing the elements of G as cosets in G, and denoting them by s, t, etc., define 


Nx == II Nx/jxXo,r. 


Tet oes, Tet 


Then from the fact that K/k is normal, one sees easily that the quantities 
A; and %,; satisfy the condition (11) for the extension K/k, and furthermore, 


t 


because [[ Consequently, if is a fundamental 2-cocycle 


for K/k we obtain from (13) and (24) 


8 t oes, Tet 


JIL (Mor) = IT (intl x) 


8.t Tet O,Te 


where infix is the inflation to G of x. Since the m-th power of the usual 
left hand side occurs in this equation, we conclude that infl x represents the 
m-th power of the fundamental class of K/k as contended. 


II. The Classical Case. 


We turn now to the classical case in which the constant field k, is the 
field of complex numbers. In addition to our old notations which will still 
be used in the present section we introduce the following new ones: 


D,.(K) =the group of divisors of degree 0 of K; 
E,(K) =the group of divisor classes of degree 0 of K; 


T =the group of unimodular complex numbers (one dimensional torus 
group) ; 


g(K) = genus of K; 
R(K) =the Riemann surface of K; 


H,(K) = H,(R(K),Z) =the 1-dimensional homology group of R(K) 
with integer coefficients. 


As is well known, H, ~ Z*9 is a free abelian group on 2g generators, 
E, =~ T*9 is a 2g-dimensional torus group, and there is a natural duality 
between H, and LF, in the sense of Pontrjagin. Giving H#, the compact 
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topology of T*%, we can extend this topology to # in a unique way such that 
the factor group H/E, = Z is discrete, i. e., such that Hy is an open subgroup 
of E. Then EF is a locally compact group and from the exact sequence 


(1) {lj} E> Z- {3}, 
we obtain the dual exact sequence 
(2) {1}, 


which shows that the Pontrjagin character group F of F has an open compact 
subgroup 7’, with the factor group isomorphic to the discrete group H, = 29. 
Of course the exact sequences (1) and (2) split; if a, is any fixed divisor 
class of degree 1, then any divisor class can be written uniquely in the form 
aa,” with ae Ey, ve Z, so we have HEE, XZ and accordingly 
XT. These direct product decompositions are topological 
as well as algebraic, but they are not canonical since they depend on the choice 
of a. 

The advantage of the classical case, which we are now discussing over 
the algebraic case discussed in the preceding section, is that we can use the 
topological character group 2, whose simple structure we have just described, 
in place of the algebraic character group H*. H* was defined to be the 
group of all homomorphisms of £ into the group of roots of unity U; 
E* —Hom(E,U). EF is the group of continuous homomorphisms of F into 
T; L=Cont Hom(F,T). Both these groups are subgroups of the group 
Hom(£,7) of all homomorphisms of # into T. The first thing to remark 
is that all the facts we have proven in I about E* = Hom(E,U) are true for 
Hom(,7) as well, because the only properties of U which we used in I 
are possessed also by 7, namely: (i) ko*/T has unique divisibility; (ii) T is 
divisible; and (iii) 7 has exactly one subgroup of order n for each natural 
number n. Next, in order to show that the cohomology groups with coefficients 
in Hom(£, 7) are the same as those with coefficients in # = Cont Hom(F£, T), 
we will prove that the factor group Hom(£, T)/Cont Hom(£, 7) has unique 
divisibility. Since # = T*9  Z is a direct product of T’s and a Z, it suffices 
to prove the statement for the factors T and Z separately instead of for # 
itself. Z is no problem; being discrete, its homomorphisms are the same as its 
continuous homomorphisms. Concerning 7 we must prove: (a) For each 
natural number n, the homomorphisms f: 7’ — T can be written in the form 
f =g"¢, where ¢ is continuous (divisibility of the factor group Hom(T, 7) / 
Cont Hom(7',7)); and (b) If the n-th power of a homomorphism g: T—>T 
is continuous, then g itself is continuous (uniqueness of the divisibility). 
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To prove (a), consider the group U, of n-th roots of unity. A homomorphism 
f:T—T carries U, into itself, and since U, is cyclic, there exists an integer 
m such that f(e) =«" for ee Uy. Define ¢(A) =A™ for all Ace T. Then 
f(e) =¢(e) for ee Un, so we can define a homomorphism g:T—-T by 
g(A) =f (XYA)/o(XYA), this last quantity being independent of the choice 
of the n-th root. Hence g"(A) =g(A") = f(A)/o(A), or f =g"d as contended. 
Now consider statement (b). If g” is continuous, then g"(A) =A” for some 
integer m, because the only continuous homomorphisms of 7 into T are of 
this form. For «ee U, we find g"(e) =1—e«”". Hence n divides m, say 
m==nl. It follows for any Ae T that g(A") = g"(A) = (A")!, and since 
T" =T, this implies g(A) =A! for all A. Therefore g is continuous as 
contended. 

Suppose now that our field K is a finite normal unramified extension of 
k with Galois group G = G(K/k). Then, according to the remarks we have 
just made, we obtain an isomorphism 


(3) f: = H"(G, £(K)) 


of the same type as the isomorphism (8) of part I. Just as in the algebraic 
case, this isomorphism is given by the cup product with the canonical generator 
of H?(G,£). Soon we shall give a topologico-analytic description of this 
canonical 2-dimensional class. But first let us make a few remarks about the 
cohomology of G with coefficients in the homology group H,(K). The exact 
sequence (2) gives rise to the exact cohomology sequence 


(4) £) > (G4, H,) T) > H™(G, B) - 
Using (3) together with 8: H(G, T) = H™'(G, Z), we can reinterpret (4) as 
(5) H"*(G,Z)— H'(G, Hi) H"(G,Z) > H1(4,Z) >: 


This exact sequence (5 ) gives us some information about the groups H’(G, H,). 
However, the problem of H"(G,H,) can be viewed as a purely topological 
problem, and we should point out that an exact sequence of the same type as 
(5) can be obtained by standard topological methods. To this effect we forget 
about the analytic structure of the Riemann surfaces and simply view R(K) 
as a finite regular unramified covering of R(k&) with covering transformation 
group G. By taking a cellular decomposition of R(k) and lifting it up to 
the covering surface R(K), we obtain a decomposition of R(K) in which 
the cells are permuted by G, no cell being left fixed by any transformation 
other than the identity. Therefore in the associated chain complex 


at: 
up 
act 
29. 
sor 
rm 
gly 
cal 
ice 
er 
he 
ed, 
he 
U; 
nto 
up 
ark 
for 
n I 
is 
ral 
nts 
r), 
que 
ces 
E 
its 
ach 
orm 
/ 
T 
y): 


210 Y. KAWADA AND J. TATE. 


the chain groups C, are free G-modules; and of course the boundary homo- 
morphism 6 is a G-homomorphism. Letting Z;, B;, and H; denote the groups 
of j-cycles, j-boundaries, and j-homology classes in this complex, we can break 
the complex up into four exact sequences: 


(7) & 0, 26, 
(8) B, H, 00, 


(10) 0—> By Hy —> 0, 


where 7 is the inclusion map. Now consider the cohomology groups associated 
with the operation of G on these modules. Since the C; are G-free, and G 
is finite, we have H’(G,C;) =0 for ;—0,1,2. Since we 
obtain from (7), and from (9) and (10), the isomorphisms 


: B;) ~ A"(G, ~ H'(G, Z), 
§(9)9(10) Hr-*(G, Z) Hy) ~ H'(G, Z;). 


If we insert these results about B, and Z, in the following exact cohomology 


sequence associated with (8), 


then we obtain an exact sequence which is of exactly the same form as (5), 
and which is presumably identical with (5), save possibly for the signs of the 
mappings. However, since this topological approach is a digression from our 
main line of thought, we will not enter further into the matter here. 

In order to describe explicitly the canonical duality between H, and L, 
which we have used in the discussion above, we will make use of certain 
abelian differentials of the third kind which are attached to divisors of degree 0. 
If L—][ P'S, Svp—0, is a divisor of degree 0, then the corresponding 
differential is denoted symbolically by d log & and is uniquely characterized 
by the following two properties: (i) At each point $e R, d log MY has a simple 
pole with residue vm —order of 2 at $$ (a simple pole with residue 0 is no 
pole at all!) (ii) All periods of dlog Mf are pure imaginary. One method 
of showing the existence of these differentials is the following. The Riemann- 
Roch theorem guarantees the existence of a differential satisfying condition 
(i), because S}vg=0. Its local periods are then integral multiples of 27%, 
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so condition (ii) is now merely a condition on the global periods. Since there 
exists a unique differential of first kind whose 2g basic global periods have 
arbitrarily prescribed real parts, we can correct our original differential of 
the third kind by one of the first so that condition (ii) is satisfied. From 
the characterization of these differentials by properties, it is clear that the rule 
(12) d log (AB) —=dlog + dlog B Be Do) 


holds, and furthermore, if 2[— (A) is the divisor of a function A, then 


(13) dlog = dlog A = dA/A. 


We appeal to (12) and (13) for justification of our somewhat unconventional 


notation d log 2%. 
If B is a 1-chain on the surface 2, and 2% a divisor of degree 0, none of 


whose poles or zeros lie on the boundary of B, we define the symbol 


(14) (B, 1) = exp d log 


where B’ is any 1-chain homologous to B which avoids the singularities of 
dlog 2{. B’ can be obtained by deforming the cells of B slightly, keeping 
their end points fixed. Since the local periods of d log 2 are integral multiples 
of 2a, the right side of (14) is independent of the choice of B’. The following 
rules for our symbol are evident from the definition 


(15) (B, + Bs, = (Bz, %) (Bz, 2), 
(16) (B, (B, (B, M2). 

Furthermore, if o is a one-to-one conformal map of FR on R, then we have 
(17) (oB, 17) (B, 


because o viewed as an integral substitution changes B into oB and dlog A 
into a differential with the characterizing properties of d log (2[%), hence into 
dlog (7). Finally, if Ae K* is a function and the boundary of B is 
0B = > vp, then we see from (13) that 


(18) (B,(A)) =A | II (A(Q) 


Let us now consider the symbol (T, %) for a 1-cycle, [. It is defined 
for all 2 e D, because OF is empty. Of course it depends only on the homology 
class T of f, and from (18) we see that it depends only on the divisor class 
M of YM. Since the periods of dlog % are pure imaginary (T, 2%) has absolute 
value 1, i.e., (I, %) eZ. Therefore the symbol = (T,X) is a pairing 
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of H, and £, into T. In fact,, the discrete group H, and the compact group 
E, are dual under this pairing (see Weyl [2] or Igusa [3]). In the proof 
of the duality it is necessary to use the so-called theorem of interchange of 
argument and parameter to obtain a formula for (I, 2) in terms of differentials 
of the first kind. Namely, if & - - is any 
divisor of degree 0, the interchange shows that 


(T, —exp 2mik{ > dwr}, 
j=1 
where dwy is the uniquely determined differential of the first kind such that 


"4 if dwy = intersection number of I’ and TL for all cycles I’. 
r 


We can now describe the divisor class characters ye F explicitly. As 

usual, we will sometimes view x as a divisor character which is trivial on 
principal divisors, writing x(%) = x (2 ) if 9 is the class of the divisor 9. 
Let us select a prime divisor $$, to be kept fixed during the rest of the dis- 
cussion, so that an arbitrary divisor can be written uniquely in the form YP 
with We Do, seZ. Then if © is any 1-cycle, and A any complex number of 
absolute value 1, we can define a character x by the formula 
(19) x (UP!) = (L, 
We shall use the notation y—y(TI,A) to refer to this character. Every 
character is of this form. The number A= yx() is uniquely determined by 
x, as is the homology class T of fT. The maps in the exact sequence (2), 
T —> E > H,, are given by A> (0,A) and x(T,A) OF. 

Suppose now that our field K is a normal unramified extension of k with 
Galois group G=G(K/k). We contend that the automorphisms peG 
operate on characters according to the rule 


(20) (x(T, A) )? = x(pP, A(T, ). 
Indeed from (17) we see that both sides of (20) yield the same value when 
applied to %eD,. The remaining computation 
x’ (B) = x(P") = x(B)x(P*) = A(T, Pr"), 
shows that (20) is correct. 
We can now give an explicit description of a fundamental 2-cocycle Xa,r. 
Let © be a fixed base point on the surface R(K), none of whose conjugates 


O°, oe G, coincides with the point 8. For each ce G, select a fixed path Bo 
running from © to D%. Then for each pair of elements o,7 eG the chain 


(21) = Bo + oB, — Bo; 
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is a cycle, and as function of o,7, I'c,, is a standard 2-cocycle of G in the 
group of cycles. We contend that by suitable choice of numbers Ac,,~eT 
we will obtain a fundamental 2-cocycle of the form 
(22) Xo,r =X(To,7, do,r)- 
Leaving the choice of the numbers Avc,; open for the moment, we compute the 
coboundary of Xo,r by means of (20), obtaining 

(8X) p,o,7 = (8A)p,0,7 (To,7, ). 


Since 6& = 0, the condition on the ’s for xo,, to be a cocycle is simply 


(23) (8A) = (To,7, 
To define the numbers Ao,r we use the following notation: if z is any non-zero 
complex number, we put u.p.z = /|z| and call this the “ unimodular part ” 


of z Putting 
(24) Noir —= WP. (Br, —exp(id dlog (B*)), 
B; 

we find 

(8A) p,o,r = u.p. (Bz, + (Bor, (Bo, PP) 
Combining the first two terms on the right and using rule (1%) gives 

(8A) p,o,7 = u.p. (oB,, (Bo,7, (Bo, 
= wp. (Tor, 

Since I'o,, is a cycle, a symbol of the form (To,;,%) is unimodular, and we 
can drop the u.p. Therefore (23) is satisfied, and our 2-cochain yo,; is a 
2-cocycle. 

It is a straightforward matter to check by means of the criterion con- 
tained in formulas (11) and (13) of the first half of this paper that Xo,r 
is a fundamental 2-cocycle. We write the divisor (— 3)-cochain in the form 


with Do, Denoting the function (— 2)-cochain as 
usual by A,, equation (I,11) takes the form 


(25) (A,) =I] 7, oP", 


oeG 


where « stands for the (unprintable) exponent o-*sc,, — So-,07 + S7,o. Assuming 


this, we must then show 


(26) II Xo,r = 


O;T T 


After two preliminary remarks, it will turn out that (26) follows from a 


9 
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straightforward computation. First, taking the degrees of the divisors equated 
in (25) we find (8c,,— 80,0, + 87,0) =0. Subtracting this quantity 
from the exponent x of 8 in (25) we obtain (25) in the simpler form: 
oeG 

Secondly, we remark that it is no loss of generality to assume that the divisors 
Wo, have no zeros or poles at the places OD’, ce G, so that the symbols of 
type (Bp, %o,,) are defined. This follows from the fact that the (— 3)-cochain 
Wo,,%e,.r serves to represent a divisor class (—3)-cocycle, and consequently 
each W%o,, may be changed by an arbitrary principal divisor. 

Now to prove (26) we write 


II Xo,7 =|] (To,7; 
u.p. II (oB,, Wo,7) (Bor, (Bo, Wo,7) (B,, 


In view of the product over o and + we can change the subscripts so that 
all symbols have B, in the left hand argument. Doing this, combining the 
right hand sides and using (25’) to carry out the product over o we obtain 
simply u.p.[[ (B;,(A,)). Since 0B, = © we have then by (18), 


U.p. = U.p. II A,;T*1 (D) I 


because the function [[ A,” is a constant of absolute value 1 (even a root 
T 
of unity), and is therefore identically equal to the unimodular part of its 


value at the base point ©. This concludes the proof that Xo,r is a fundamental 
2-cocycle. 

Now let K be an arbitrary finite extension of &, not necessarily normal. 
We wish to discuss the relations between characters, cycles, etc. of k, and 
those of K. For this purpose, we will use lower case letters to denote objects 
associated with k, the corresponding capitals denoting corresponding objects 
in K. The surface R(K) is a finite unramified covering of R(k) ; let w be 
the projection map of R(K) on R(k). For any point Qe R(K), 7Q is the 
point on R(k) below ©, and is the norm of © in the sense of divisors. 
m maps paths B on R(K) into paths 7B on R(k). Applied to closed paths 
through a fixed base point © on R(K), this map induces a monomorphism 
of the fundamental group F(K) of R(K) (based on D) into the fundamental 
group F(k) of R(k) (based on 0—-7). K/k is normal if and ony if 
aF'(K) is a normal subgroup of in which case G(K/k) = F(k)/nF(K). 
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There is also a map of 1-cells on the ground surface R(k) into 1-chains on 
the covering surface R(K), which we call the transfer map and denote by 
V. If y is a 1-cell on R(k), then V, is the sum of all the 1-cells on R(K) 
which lie over y. More precisely, if y has beginning point o, and if ,;, 
1=jsn=[K:k], are the points above o, then for each j there is a 
unique path I; on #(K) which begins at ©; and cover y; we put Vy = > T;. 
=1 

Obviously the existence of this map V depends on the finiteness of the nin: 
V carries cycles into cycles, and induces a homomorphism V: H,(k) > H,(K). 
If we identitfy H, with the factor commutator group F/F”’, and view F(K) 
as subgroup of F'(k) by the imbedding 7z, then it is easy to see that this 
homomorphism V is none other than the group theoretical transfer or Ver- 
lagerung from F(k) into the subgroup F(X). 

We define the trace map S of differentials of K into those of k&, and the 
cotrace map S* in the opposite direction by the formulas 


(27) (SdV)(q)=% dU (OD), (S*du) (D) — du(wQ). 


From these definitions, the rules 


(28) f sau — ( av, f. S*du=e (du, 
Vy = 


are evident. Concerning our special differentials of the third kind we have 
(29) Sd log MY = d log NY. S*d log a = d log ta, 


where N is the norm map of ideals from K to k& and 1 is the injection map 
of ideals of & into K. To prove (29) one has simply to observe that the 
left hand sides have the characterizing properties of the right. Indeed, 
from (28) we see that the left hand sides have pure imaginary periods, and 
from the definition of § and S* it is easily checked that they have the correct 
residues. Combining (28) and (29) we obtain the following rules for our 
symbol : 

(30) (VB, U)x; (B, ta) = (7B, a) x. 


Choosing a point $§¢R(K) with which to describe the characters Xx(T, A) 
of K, and using p= 7 to describe the characters x,(y,A) of k, we find the 
following formulas for the conorm and norm of characters: 


(31) N* (Xx (y, A) ) =Xx(V¥y,A), 
(32) N (Xx(T,A)) = Xx A" (T, x), 
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where n—=[K:k]. Indeed, from (30), it follows that the left sides give 
the same values as the right sides when applied to divisors of degree 0, and 
one can easily check directly that they give the same when applid to §, resp. p. 
Since the map A—>A” maps T onto 7’, (32) shows that the character norm 
group N(#£(K)) is equal to and consequently, 


(33) B(k)/NB(K) Hy(k)/rH,(K). 


If K/k is abelian with group G, then the correspondence which attaches 
to each element of H,(k) the corresponding covering transformation of R(K) 
induces an isomorphism 


(34) H,(k)/nH,(K) = G. 


(Covering transformations can be associated with homology classes rather than 
homotopy classes because the covering is assumed abelian.) We contend that 
the reciprocity law isomorphism of our pseudo class field theory is obtained 
by combining the isomorphisms (33) and (34). To prove this, we let 
Xo,r = Xx(To,7,Ao,r) be a fundamental 2-cocycle for K/k of the type described 
a few paragraphs above, and we compute the Nakayama map associated with x. 
This is the map 


Il Xo,p = II Xx(To,p; Xx (> To,p; II Xo,p)- 


To work this out we use the definition of To,p and find 
= (Bo — Bop + oBp) = oBp = VBp, 


where Bp = Bp, the paths oBp, oe G, being then just those paths on R(X) 
above Bp. Combining these last two computations and using (31) we find 


II Xo,p = Xx (VBp, do,p) = N*X:,(Bp, Ap), 


where Ap Ac,o. According to the explicit formula (I, 22) of the first 


half of this paper, we conclude that the reciprocity law attaches the auto- 
morphism p to the coset of xXxz(8p,Ap) mod NE(K). To prove our contention 
therefore, we have only to show that p is the covering transformation attached 
to Bp. But that is obvious because Bp = zBp, and Bp was a path on R(K) 
leading from the base point © to O°. 

Weil [8] has remarked that the kernel of this infinite reciprocity law 
map of ordinary class field theory is the connected component of the idéle 
class group. The same is true for our pseudo class field theory. Viewing 
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ive H,(k) as an everywhere dense subgroup of the Galois group G(A;/k) of the 
nd (infinite) maximal abelian extension A; of k, we see from what we have 
p. just proved, that the infinite reciprocity law map is just the natural map 
rm E(k) + H,(k). Its kernel is isomorphic to 7, and is evidently the connected 


component of 
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LIE GROUPS AND LIE HYPERALGEBRAS OVER A FIELD 
OF CHARACTERISTIC p> 0 (II).* 


By JEAN DIEUDONNE. 


1. Introduction. This paper is a continuation of two earlier ones 
({3], [5]); we keep the same notations and terminology. We first complete 
the general theorv outlined in these papers by giving characterizations of a 
Lie hyperalgebra and of a derived homomorphism; unfortunately, these 
characterizations do not seem at present to provide very useful tools for 
further development of the theory. In the remainder of the paper, we first 
study the formal Lie groups of dimension one over an algebraically closed 
field; we are able to characterize, among those groups, those which are iso- 
morphic to the multiplicative group W,*, by the consideration of its Lie 
algebra only ; moreover, we can show that the hyperalgebras of all abelian Lie 
groups of dimension one can be reduced to well determined types, forming 
a denumerable sequence; but the question remains open of the existence of 
groups corresponding to each of these hyperalgebras.‘' Finally, the same 
methods yield some information on general abelian formal Lie groups, but 
(even when the base field is algebraically closed) the complete description of 
these groups still seems a problem of considerable difficulty. 


2. General results. Let G be a formal Lie group of dimension n over 
a field K of characteristic p>0. In the “Taylor formula” for G ([3], 
formulas (25) and (28)), 


(1) f (xy) = 2 Paly) Xof 


* Received November 6, 1954. 

1 Since this paper was written, M. Lazard has proved that every one-dimensional 
formal Lie group is necessarily abelian (C. R. Acad. Sci. Paris, vol. 239 (1954), pp. 
942-945). On the other hand, I have proved the existence of all one-dimensional abelian 
Lie groups whose hyperalgebras are described in Theorem 2 (no. 8); the proof will be 
published in a forthcoming paper in Mathematische Zeitschrift. 

Added in proof. In a paper to appear in Bull. Soc. Math. France, M. Lazard has 
independently obtained the classification and existence of one-dimensional formal Lie 
groups over an algebraically closed field, by an entirely different method. 
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we can rearrange the series in the right-hand member by grouping the terms 
containing the same monomial y, in y, and write? 


(2) f (xy) = 


From the properties of the series P, ([3], no. 10), it follows that Z, is a 
finite combination of invariant differential operators X, of height h(A) S h(a), 
which can also be characterized as those satisfying the “initial conditions” 
Z,(e) = (1/a!)Da(e) for every «, and therefore are obviously linearly 
independent over the ring o of formal power series. The arguments used in 
[3,no. 11] can then be repeated verbatim for z_ and Z, instead of Pa(x) 
and X,; in particular, if we write 


(3) dopyLy 


(with the convention hence daog = docg = Sag and dago—=0 if 
or B0), we have 
(4) Z pla = 


and moreover, the group law is expressed by the series 
(5) $i(*,y) 2 (1StSn) 


where = (0,- -,0,1,0,- - -,0), with 1 at the 7-th place. 

In addition to these relations, we note that if h—fg is a product of 
two power series, h(xy) =f (xy)g(xy). Let us (partially) order the set of 
indices «= in the usual way, writing +, S(B1,° Bn) 
to mean «=; for each 7. Then, the preceding relation and the “Taylor 
formula” (2) yield immediately for the operators Z,, the “ generalized 
Leibniz formula” 

(6) Za(f9) — 2, (Zef) (Za-69)- 


Conversely : 


Proposition 1. For each a, let Z, be a K-linear endomorphism of 0 
such that Z,—=I and that each Z, 1s a special semi-derwation of height 
h(a) +1; and suppose these operators verify the relations (3), (4) and (6), 
with daog = doag = Sap. Then formulae (5) define a group law, for which 
(2) as the Taylor formula. 


From the assumption that the Z, are semi-derivations, it follows that 
if f(x) = we can write Z,f(x) by expressing f as a 
X 


* The idea to work systematically with the Z. instead of the X. occurred to me 
during several stimulating talks I had with J. Delsarte on this and related topics. 
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polynomial with coefficients in an 0,, with r>h(a). Let us define the 
operator Ry on o by the equation 


(7) Ryf = 


It follows from (6) that Ry(fg) = (Ryf) (Ryg) ; on the other hand, one can 
write R,yf(x) ; but 


Ry (ay) = (Ry(an))™ 
and from (4) it follows that ¢;(x,y) —Ry(z;) is given by formula (5) 
(1isn). We can therefore write 
(8) Ryf (x) =f (oi (*,¥),° ). 
It follows from (7) that Ref(x) =f(x); on the other hand, the relations 
(4) and dogg—dSeg show that the value of Zgr, for x—e is Seg; hence 
Zf(e) =a, and therefore Ryf(e) = f(y) ; in particular ¢;(e, x) = oi(x, e) = %. 
On the other hand, let us write L,f(x) —=R.f(y); this is again a linear 
operator on o, and the associativity conditions are equivalent to the commu- 
tativity relation 
(9) R,Ls LsRy. 
To prove (9), we notice that 

RyL.f (x) = (Zef (2) ) 
= & dyaptyya(Z pf (2) ) 
due to (4); on the other hand, (3) shows that 
(x) = ray (Zale 


dopytayp (2) ) 


whence (9), and this ends our proof. 


It is easy to verify that the definition (4) of the linear operators Za, 
together with the associativity conditions 
(10) = daprdy ys = ~ dpyrdars 
for the coefficients, imply the “ multiplication table” (3). On the other hand, 
relations (6) are equivalent to the relations obtained by applying them to 
f=—2, 9=—12,, that is 


(1 1 ) de, 


he 


an 
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for all indices a, 8,A,n. A Lie hyperalgebra may thus be said to consist in 
a family (dggy) of elements of K satisfying (10) and (11), and such that 
doop = daog = Sap, depo == 0 except for a= B=0, doo—1, and dygy—0 if 
Ly€Or, and r>h(y); but it is obvious that such a description is hardly a 
workable one. 


8. Let now wu be a homomorphism of G into a formal Lie group @ of 
dimension m; the arguments of [8, no. 12] can be applied to the 7, and Z, 
and show that one can write 


(12) u’(Z,) = 
and 
(13) f(u(x)) = 2 tq (e) (u(x) 


where (u(x)), means in which has been substituted for 
In addition, if h—fg, one has h(u(x)) =f(u(x))g(u(x)) and therefore 
formula (13) yields the conditions 


(14) w’(Za) = (Zp) (7) ) (Za) (9))- 
Conversely : 


Proposition 2. Let u’ be a homomorphism of the Lie hyperalgebra of 
G into that of G satisfying conditions (14), transforming the unit element 
into the unit element and sending each g, into g,, Then w’ is the derived 
homomorphism of a homomorphism u of G into G. 


Let us define a mapping C of 0(@) into o(G@) by the formula 
it follows from (14) that C(fg) =C(f)C(g), in other words C is a ring 
homomorphism. If u’(Z,) is given by (12), let us define 
(16) = C(%) dae, for LSt=m. 
Then, from (15) and (12) it follows that 


Formula (15) and the assumption that wu’ sends g, into g, for each r imply 
that C transforms o0,(@) into a subring of o,(G). If we write the Taylor 
formula in G 


i (#) = 


5) 

ns 

ce 

ar 

u- 

a 
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we deduce from the preceding remarks that one has 
C7 = ZC (A) Zr (€)7 F(u(#)). 


To prove that uw is a homomorphism of G@ into G, we have to prove the 
relation 
(18) CRuy) = 
But one has 
u(y) 
hence 


Therefore, (17) and the assumption that wu’ is a homomorphism enable one 


to write 


and, using (4) is 


but, from (15), this is also 
= 


using formula (7), and this ends the proof. 


4. In what follows, we will use repeatedly the notion of canonical 
group law; we will give here a brief summary of the definitions and results 
pertaining to this notion (for the proofs, see [5]). To say that the group 
law of G is canonical means that the power series Po;(x) =a; for 1 
from (2), it follows that this is equivalent to the following property of the 
if « is distinct from « (1 Sisn), the coefficient of each Xo; (1 SjSn) 
in the expression of Z, as linear combination of the X) is 0. 

When the group law of G is not canonical, there exists an isomorphism 
u of G onto a group G@ having canonical law. Such an isomorphism can 
be obtained by a “standard process” described in detail in [5]: one considers 
an infinite sequence (G)) of groups, with G) = G, and for each r one defines 
an isomorphism u™ of G™ onto G°™ by the formulae u;”(x) = Po (x) 
for 1Si=n; it turns out that uf (x) =2;,-+ vi (x) where the monomials 
in v;") have all a height =r, and moreover there are no monomials of type 2;" 
for k=1 (see [3, formula (34)]). The group @ with canonical law and 


he 
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the isomorphism wu are obtained by a “ passage to the limit” from G™ and 
the composite isomorphism - - 

The importance of the notion of canonical law lies chiefly in the unique- 
ness theorem [5, Th. 2] which can be stated in the slightly more general 
following form (following from the proof of Theorem 2 in [5]): tf the 
group laws of two n-dimensional formal Lie groups G, H are canonical, and 
if the constants Cagy which determine the multiplication of the Xq in the 
hyperalgebras of G and H (see [3, no. 11]) are the same in both groups 
for h(a) <r, h(B) <r (and necessarily h(y) <r) then the constants dogy 
(see formula (3)) are also the same in G and H for h(a) <r and h(B) <r. 

Finally, we prove the following 


ProposiTION 3. If the group law 1s canonical, one has Z,= (1/a!)Xq 
for all indices « of height h(a) =0. 


We will use induction on the total degree ||, the proposition being 
Let a= (0,- -, 0, @i41,° Gn), being the first 
component 0; we can therefore write «= ae;+ 8, where B= (0,- - -,0, 


ists’ * *>%n). The proposition will be proved if we establish that the 
difference Le—7Xq is a derivation; for it will then have to be a linear 


combination of the Xo; (1SjSn), and if |«|>1, this linear combination 
must reduce to 0, due to the assumption that the group law is canonical. 
Now we have, from (6) and the induction hypothesis 


Z a(fg) =f: ZG9+9° Aoi MZ v9) 


where in the summation, the pair (A;,y) ranges over the set satisfying the 
conditions a; and 0S yf, with the exception of the two pairs 
(0,0) and (a, 8). On the other hand, we have similarly 


1 1 


and 
1 
where in the summation, 2,—1, 0S therefore 
1 


X Z ) 
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with the same range in the summation. As 


we have 


Za(f9) Xa fo) =f (Zag — = Xeg) + 9 — 


and the proof is complete. 


This result corresponds of course to the “exponential” expression of the 


Taylor formula in canonical coordinates, in the classical case; but examples 
show that there is no such “universal” expression of Z, as a polynomial in 
the X,, which would be valid for every canonical group law, when h(a) > 1. 


5. One-dimensional groups. We first prove two lemmas which will be 
used repeatedly later on. 


Lemma 1. Suppose Z) and Z, are permutable for the pairs (A,) such 
that, either OSAS2, OS p< B, or OS OS then Zp] 
is a derivation. 


Indeed, it follows from (6) that 
ZAe(f9) = (ZarZp-u9) 


and 
Zpla(f9) = 


But, in the range of summation, one has Z)Z,—Z,Z, except for the pair 
=a, hence 


which ends the proof. 


LEMMA 2. Suppose the Z, corresponding to the range O=AS-@ are 
mutually permutable; then 


(19) Za? = (Zorg). 
It will be enough to prove that, for every integer m, one has 
(f9) ) (Za 9) 


where, in the “symbolic power”, a product (42),f) (Z,f)- - -(Z,f) has to be 
replaced by (%),2),° - *4%),)f, and similarly for the products of Z,g; by 
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induction on m, this follows immediately from (6) and the assumption that 
all the Z, which intervene commute. 


6. From now on until 12, we shall suppose that the field K is alge- 
braically closed. For a one-dimensional group G, we shall write X; instead 
of Xni; we have therefore XY,.?—aX,; if a0, the change of variable 
=Az, is such that u’(Xo) —=AXo, hence wu’ (Xo?) —=APXo? 
It is therefore possible to choose Ae K such that one is reduced to the case 
a=1. 


Case A. Xo? —X>. We may suppose [5] that the group law of G is 
canonical. Our first goal is to prove that X, and XY, commute; from Prop. 3 
it follows that Lemma 1 can be applied to the indices 1 and p, and therefore 


is a derivation; by induction on k, we get 

and in particular, for k= p 

(22) —X PX, —0. 


Comparing (20) and (22) and using the assumption X,? =X, yields 
c=0. 


7. We shall now define an inductive process which will ultimately give 
us the structure of G. 

We start from a one-dimensional group G, with canonical group law, 
and we suppose that: 1. Xo”, are mutually permutable ; 
2. (X,)2? =X, for 0ShSr—1. We want to define an isomorphism v™ 
of G™ on a similar group such that = + +- - - 
(terms omitted of degree > pr"). 

For convenience, we drop the upper index r, and speak therefore of @ 
instead of G. We first observe that, as the Z, for «< p” are polynomials 
in Xo,- - -,X,4, they are mutually permutable. Lemma 1 may therefore be 
applied, first to X, and X,, which gives 


and the same argument as in 6 shows that }: 0. Suppose we have proved 
that X, commutes with Xo, X1,: + -,Xz-1; as the Z, for a< p* are poly- 


0 be 
by 


JEAN DIEUDONNE. 


226 


nomials in Xo,- * -,Xx1, they commute with X,; Lemma 1 may again be 
applied to X;, and X,, which gives 


(24) -~ 


We treat this equation in the same way as (20), writing first 


By induction on h, and using the fact that X, and X;, commute, we get 


(25) = hd X (isShSp) 


and in particular, for hp, and using the relation X,;?—X;,, we see that 
X;, and X, commute. We have thus shown that XY, commutes with X;, for 

The next step consists first in remarking that Z,?—=Z, for «S p*’—1. 
This is clear by assumption for «1, p,- - -,p"*; it is proved by induction 
on a for the other values of « Indeed, we have, by Lemma 2 and the 
induction hypothesis 


(26) Z°(f9) + 9° + (Za.09) 


from which one deduces immediately that Z,2—Z, is a derivation. But in 
the expression of Z, as a linear combination of the X, (A= «), there is no 
term in X, (from the assumption that the group law is canonical); as 
X;? =X; for every k <r (from the inductive assumption), we have neces- 
sarily Z,?—-Z,—=0. This result being obtained, we can apply Lemma 2 
to ap’, since X, commutes with the Z, of index a < p"; we obtain 


XP (fg) =f XP9g + 9° + (Zorg) 
and therefore X,2—JX, is a derivation, in other words 
(27) X?—X,= bX. 


We now consider the transformation v,(z) =x- Aa’; this is an iso- 
morphism of G on a group G;, and formulae (12) and (17) show that 


(28) for 0Sk=r—1 


Equation (27) yields therefore 
(X,)e— (b+ Xo 


and it is possible to choose A such that the right-hand side vanishes. The 
group law of G, is not perhaps a canonical one; but from formula (13) and 


be 
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the definition of v,, it follows at once that for <p’, v'1(Za) =Za™; 
formulae (28) prove therefore that the expression of Z,%) for a<p’, 
as linear combination of the X,, has the same coefficients as those in the 
expression of Z, as combination of the X,. The first Z,“) which may contain 
X, are therefore of degree a > p", in other words, one has 


(29) PO (x) 4+ a(x 


The standard method, which yields a canonical group law from an arbitrary 
one (see 4), shows then that there exists an isomorphism v, of G, onto a 
group G with canonical group law, such that v’,(X,%) =X, for OSkSr, 
and in addition the isomorphism v—v.v, of G on @ has the form 

Returning to our original notations, we have therefore proved the 
existence of the isomorphism v). Starting now from G=—G©), we consider 
the isomorphism wu == yy-)- - -y of G on Ge), It is clear that, in 
the formal power series u(x), the terms of degree < p™ are the same for 
all r>m; we can therefore define a power series u by the condition that 
all terms of uw of degree < p™ are those of every series u™ for r>m. It 
follows that w) = u(u))-? is an isomorphism of G® on a group G, such that 
w) (2) 4+ +--+; from which one concludes immediately 
that the group law of @ is canonical, that G has an abelian hyperalgebra, 
and therefore is abelian, and that for every integer k= 0. 

As every formal Lie group over a field K can be considered as a Lie 
group over any extension of K, we have proved the following 


THEOREM 1. Any formal Lie group G of dimension 1 over a field K 
such that Xo? =AX>, with AO, is abelian. If in addition K is alge- 
braically closed, G is isomorphic to the multiplicative group W,* (with group 
law (z,y) >c+y-+2y) ; moreover, there is one and only one group I, over 
K, tsomorphic to W,*, having a canonical law and whose hyperalgebra is 
determined by the relations X;? =X), (h=0,1,2,-- -). 


8. Continuing our study of one-dimensional groups, we turn now to 


Case B. X.?=0. Here, I am not able to prove that G is abelian.? 
All I can do in that direction is to prove that X, commutes with every other 
X,. Indeed, suppose we have proved that X, commutes with X,,: - -,X,.; 
then X, commutes with the Z, such that « < p’, and we can apply Lemma 1 
to X, and X,, obtaining 
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which can also be written 


VY, +5) 


and from which we deduce, by induction, 


= Xo(X,-+ b)* 


and in particular, for k = p 


XoX? = DPX. 


(30) 


Now, one can write X¥,2—aX,-+ Y, where Y is a linear combination of 
the X, such that p". Let o be the isomorphism of K onto K?’, 
and denote also by o the corresponding mappings of G onto G? and of the 
hyperalgebra of G onto that of G* obtained by applying o to the coefficients 
of the group law; it is clear that the group law of G*? is also canonical. 
Now, if p’ is the derived “Frobenius homomorphism [38, no. 13], apply 
the ring-homomorphism p’” to the relation we obtain 
=a"'X,, hence and the inductive assumption shows that X, 


commutes with X,. 

Using Lemma 2, it is then possible to show that X,?—cX>, and using 
Lemma 1, that [X,,X.] —06X_; but there does not seem to be any similar 
argument which will prove that b —0. 

We will therefore assume, from now on, that G is abelian and has a 
canonical group law.1 Suppose we have X¥,? = X,?=—- - -—X,_,2=0; then 
it is clear that Z,? = 0 for «a < p’, and Lemma 2 shows that X/7 is a derivation, 
in other words X¥,2—bX,. If b—0, we can go on with the induction; two 
cases are therefore possible: 


Case B1. X,?=0 for every r. These relations are obviously invariant 
under any isomorphism, hence we can suppose the group law of G is canonical, 
and then [3, formula (30)], G is the additive group W, (with group law 
(,y) >¢+y). 


Case B2. Xo? = XP =0, A transformation of 
type Az reduces to the case X,. As a basis for an inductive process, 
suppose we have also = X1,° +, = X,1. Apply the isomorphism 
a:€—& to G. As the group law of G* is canonical and the constants of 
structure of the algebra 8,,, are in the prime field of characteristic p, and 
therefore $n4,% is identical to 8,,, it follows from the uniqueness theorem 
(see 4), that the group laws of G and G¢ coincide modulo 2?’ and y®’; hence 
the coefficients, in the group law of G, of monomials xy“, where both A and pu 
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are <p", belong to the prime field. Now the homomorphism Y —> Y? of 
the (commutative) ring 8,,, coincides with the homomorphism p’ on the 
generators X; (0Si1=h+r—1) of the algebra as the Z, for 
are polynomials in those X; with coefficients in the prime field, it follows 
from the definition of p’ and of the Z,, that we have Z,.?—0 if @ is not 
a multiple of p’, and Z,?=Z,g if a—p"*8. Lemma 2 then proves that 
is a derivation, in other words, 


(31) 


We can then consider an isomorphism of type v,(v) =2-+ Ag” on a 
group G,, and we have 


v's =X, for 0SkSr—1 
v's (Xisr) = + $x Xx) + 


for 1=k=h, ¢, being a polynomial in the X;%. This, together with 
equation (31), gives = for k << h, and 


and therefore we can choose A such that the right-hand side vanishes. We 
can then, as in 7, determine an isomorphism v, of G, onto a group G@ with 
canonical group law, such that v’.(X;,) X;, for k= h-+71, and in addition 
the isomorphism v= v.v, of G on G has the form - 
The argument is then concluded by induction on r, as in 7, and yields the 
following result: 


THEOREM 2. Let G@ be a one-dimensional abelian formal Ine group 
over an algebraically closed field K, such that X=—0. If Xn?=0 for 
every h=0, G is isomorphic to the additive group W,. If on the contrary 
there 1s a smallest integer r>0O such that X,20, there ts one and only 
one group I, over K, isomorphic to G, having a canonical law, and whose 
hyperalgebra is determined by the relations 


(32) XPY=0 for k<r, XP=X,, for k=r. 
9. The elliptic curves. Theorems 1 and 2 would give a complete 
description of all abelian Lie groups of dimension 1 over an algebraically 


closed field, if we knew that for every r> 0 there exists a group G such that 
Xj? =0 fork <rand X#A~0. But at present I am unable to exhibit such 
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groups,? except for the case r—1, p—5: the computations in [4] show 
indeed that the elliptic group £;(0,b), with b0, is of such a type. It 
seems likely that the groups J, exist for every r > 0 and every prime p. 

It is possible to give a simple criterion for an elliptic group E,(a,b) 
(p=3) to be isomorphic to the multiplicative group W,*, when K is 
algebraically closed. More generally, let G be a one-dimensional formal Lie 
group, with the group law written 


(33) (x,y) >$(2,y) + v2(z)y? +° 
and 


=1+ar+---. 
The criterion of Theorem 1 can be transformed in the following one: 


Proposition 4. In order that G be isomorphic to the multiplicative 
group W,* (K being an algebraically closed field), a necessary and sufficient 
condition is that the coefficient of x? in the power series 1/v,(x) be differeni 
from 0. 


Indeed, we have 
it follows that 
Xo? = "Dot: 


where the unwritten terms are combinations of Do”, Do*,- - -; as we know that 
X,? is a derivation, these terms are in fact reduced to 0, and the constant y 
such that X,?—-+yX, is the constant term in the series (v,D))?v,. Our 
assertion will then result of the following lemma: 


Lemma 3. Let D be a derivation in a commutative algebra A of charac- 
teristic p>0; then, for every element z in that algebra, 


(34) (2D)? = — (2-1), 


Supposing this proved, and replacing z by v, and D by D, in (34), we 
see that y is the constant term of — D?-*(v,?-1), or equivalently, the coefficient 
of in v,?*; but as =1-+ 4,27? +- - -,y is also the coefficient of 
a in v,*, and this ends the proof of Prop. 4. 

We are thus reduced to proving Lemma 3. I am indebted to G. Hoch- 
schild for the following proof, which is shorter and more elegant than my 
original one, and which I reproduce here with his kind permission. 

Hochschild’s proof is based on the following more general result: 
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Lemma 4. Let R be any commutative algebra over the prime field Fy, 
and let & be a derivation of R. Then, for any re R, 
(35) (75)? = + (7rd)? 
(here r8 stands for the derivation z—18(z)). 


Let ¢ and x; (t=0,1,- - -) be indeterminates, and let H be the algebra 
of polynomials F,[t,2o,71,- - -]. There is a derivation + of H such that 
T(t) =1. Identifying an element g of H with the multiplica- 
tion f—>gf by this element, we have (in the ring of endomorphisms of the 
vector space 


These relations show immediately that we can write 


(36) (zor)? — are? +3 ger! 
4=1 


where the g; are polynomials in the 2; Applying the endomorphisms on 
both sides of (36) to the element ¢?1, we obtain (observing that (aor)? is a 


derivation ) 


(p—1) (vor) (p—1)- (p—i)qit?-. 


This implies for 1>1 and = (Xor)?(t) = Hence 
(37) (Lor)? = Pr? + (aor)? (29). 


Let S be the subring of the ring of endomorphisms of the vector space H, 
generated by 7 and the multiplications by the z; There is a homomorphism f 
of S into the endomorphism ring of the vector space R, such that f(r) =8, 
f(%o) is the multiplication by r, and f(z;) the multiplication by 8*(r) for 
+1=1. Applying f to both sides of (37) yields relation (35). 

Lemma 4 being proved, we now apply it to R=F,(t,2,%,: - -) (field 
of quotients of H), and to the derivation § of R such that 8(z;) =2%,, and 
5(¢) =1/z,. Taking the values of both sides of (35), with r— <p, for the 
element gives 

0 == (1/2) + (20) (1/20), 
whence 
(25)? (Xo) — (1/2). 
Since §(2?) =0, this may be written 
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Now there is a homomorphism ¢ of the ring of polynomials Fy[2», 21, - - -] 
into the algebra A such that =z, —D*(z) and ¢°5=—Dog, 
Applying ¢ to both sides of (38) gives (34), and this ends the proof of 
Lemma 3. 

For the elliptic group E,(a,b) [4], we have v,(7) = (1—az* — br*)!; 
to say that the coefficient of z* in 1/v;(z) is #0 means that the Hasse 
invariant [6] of the elliptic curve is 40.* Hence: 


Corottary. Let K be an algebraically closed field of characteristic p > 3. 
In order that the elliptic group E,(a,b) be isomorphic (as a formal Lie group) 
to the multiplicative group W,*, it is necessary and sufficient that the Hasse 
invariant of E,(a,b) be ~0.* 


We add two remarks: first of all, it is clear that the isomorphisms of 
E,(a,b) on W,* will not, in general, be algebraic ones; on the other hand, 
the assumption that K is algebraically closed cannot be removed; we have 
seen for instance in [4] that if K is the prime field of characteristic 5, the 
group H;(a,b) cannot be isomorphic to W,* if 4b* + ab? + 2a®0. 


10. Cores of abelian Lie algebras. In the two following sections, we 
keep the assumption that K is an algebraically closed field. Let G be an 
abelian formal Lie group of dimension n, and let g, be its Lie algebra. 
G being abelian, the structure of g, is entirely determined by the mapping 
q:X — X® of the vector space go into itself, which is semilinear with respect 
to the automorphism o:€—>é of K. The arguments which lead to Fitting’s 
lemma [1, p. 132] apply as well here to the mapping q: let & be the smallest 
integer such that q*(go) =q**"(go) ; then & is also the smallest integer such 
that q*(0) = q-** (0) ; go is the direct sum of the two Lie algebras h = q*(go) 
and f = q*(0), the restriction of q to h is a one-one and onto mapping of h, and 
for every Xef, one has X?*=0, k being the smallest integer having that 
property. We will say that } is the core of the Lie algebra gp. 


* The differential dx/v,(a) is a differential of the first kind when @ is taken as an 
uniformizing parameter; it is known that the fact that the coefficient of x2? in this 
differential vanishes, is independent of the choice of the uniformizing parameter (this 
follows also from Prop. 4 above), and that, by using Riemann-Roch’s theorem, this 
condition is necessary and sufficient for the existence of a function in the field having 
a development of the type «? +a,+a,¢+-.-.-. But this last condition is equivalent 
to the vanishing of the Hasse invariant [6] (I am indebted to A. Weil for these 
precisions). 

‘If we remark that, in the clasical case, an elliptic integral defines a (local) 
isomorphism of the elliptic group on the additive group, we may consider an iso- 
morphism of Z,(a,b) on W,* in the present case, as an analogon to an elliptic integral. 
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Proposition 5. If hs {0}, there exists a basis X1,---,Xm of the 
core of Go such that XP?—X, for 1Sism. 
We use induction on the dimension m of §. Let Y 40 be an element of 5, 
and let & be the smallest integer such that Y,Y?,- --,¥Y* are linearly 
dependent; we have therefore 
k-1 
(39) Yor = > 
j=0 
and by definition of h, the A; cannot be all equal to 0. Let us determine 
k-1 
an element by the condition X¥,2 = X,; as Y, Y®,- - -, are 
j=0 
linearly independent, this yields the equations 
0 = Aokx-1? 


(40) Eo? + 


which determine completely &, é:,: - as functions of t= and give 
for ¢ the equation 


As the A; are not all 0, this equation has at least one root 40 in K, which 
proves the existence of X¥,0 such that X¥,2—X,. Let now Y2,---,¥m 
constitute with X, a basis of §; we can write 


+ (2S15™m) 
j=2 


and the definition of h, together with the relation X,?—=X,, imply that the 
matrix (;;) of order m—1,-is invertible. The inductive hypothesis proves 
therefore the existence of m—1 elements T2,- - -,7'm which, together with 
X,, constitute a basis for §, and are such that 


= wk, (2 StS). 
These relations can also be written 
(Ti+ &X1)? = (Ti+ &X1) + (& —&+ (2S1sS™m). 


It is therefore possible to choose the & (2Sitm) in K such that the 
elements X¥;=7;+6X, (21m) constitute, together with X,, a basis 
of h satisfying the conditions of Proposition 5. The same argument may be 


applied to any Lie subalgebra of §; but if Y «Sal, the relation Y27—Y 


f 
> 
) 
é 
f 
s 
t 
e 
) 
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is equivalent to the m equations p?—p;, and means therefore that the 
coefficients p» (lim) belong to the prime field F, of characteristic p. 


Hence: 


Proposition 6. Let V be the vector space over F, generated by 
X,,:°*,Xm. There is a one-to-one correspondence between the Ine sub- 
algehras of } and the subspaces of V; in particular, every subalgebra of § 


as a direct summand. 


This shows in particular that the number of Lie subalgebras of is 
finite; and equal to the number of subspaces of V. 


11. The structure of the Lie algebra f, supplementary to § in Qo, is 
easily obtained by the Weyr-Fitting method [1]; let s—n—wm be the 
dimension of k, s, (11k) the dimension of g**(q-*(0)). The sequence 


(s:)1sisx is decreasing, we have s= > s; and there is a basis (Yi) of £ such 
j=1 


that 1=1=k, 1 for each 1, and which satisfies the following 


relations 


We will say that £ is the p-radical of 


We suppress the details of the proof. 
the Lie algebra gp. 


12. Direct products. The notion of direct product of two formal Lie 
groups G,, G, over K is defined in a natural way. Let ,, n. be the dimensions 
of G, and G,; it will be convenient to denote by a, £8,- - - the systems of n, 
indices, by A,u,- the systems of n. indices, a system of n,-+ n, indices 
being written («,); moreover, we will reserve the usual notations 74, Xni, Za, 
etc. to G,, the corresponding notations for G, being yy, ¥n;,7), etc. With 
these conventions, if the group laws of G, and G, are respectively 


ai” = $;(x, x’) (1St57n,) 


(lSj=n.) 


the group law of G, X G, simply consists, by definition, in the juxtaposition 
of the preceding n,-+n, formulas. It follows at once from this definition 
that, in the Taylor formula (2) of G, X Gs, the operator of index « can be 
identified with Z, (which means that it is the same polynomial in the Xj; as 
Z,), the operator of index A can be identified with 7); moreover, Z, and T) 
commute, and the operator of index («,A) is their product Z,7,. We can 
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express these facts by saying that the hyperalgebras of G, and G, are typical 
subalgebras [3, no. 18] of the hyperalgebra of G, X G2, and that the latter is 
the tensor product of these two hyperalgebras. Conversely, let G be a formal 
Lie group of dimension n, + nz; let us write again a for a system of mn, + nz 
indices, the last n. of which are 0, A for a system of n, + nz indices, the first 
n, of which are 0, and let us adopt conventions similar as the previous ones. 


Then: 


Proposition 7%. Suppose the operators Xq form a typical subalgebra & 
and the operators Y) a typical subalgebra Mt of the hyperalgebra & of G, and 
that X.Y, =Y )Xq for every pair (a,r). Then, if the group law of G its 
canonical, G is isomorphic to the direct product G, X Gz of two groups having 
respectwely 2 and Mt as hyperalgebras. 


Indeed, we know there exist two groups G,, Gz having canonical group 
laws and whose hyperalgebras are respectively 2 and Mt [5, Th. 1]. If we 
prove that the operator of index («,A) in the Taylor formula (2) of @ is 
Z,T, the proposition will result from the uniqueness theorem for groups 
having a given hyperalgebra [5, Th. 2]. Let Uio,,) be this operator, and 
let us use induction on |«%|-+ |A|. Formula (6) then gives 


where in the summation, we let the indices range over the set 0=PBSaq, 
0p), with the exception of the pairs of indices (0,0) and (@,A). On 
the other hand 

which shows that the difference U(g,,) —7TZq is a derivation; but from the 
assumption that the group law is canonical, it follows that the preceding 
difference must be 0 if |#|-+ |A]> 1, and this ends our proof. 

We can get rid of the assumption that the group law of @ is canonical 
if we assume a little more about the subgroups of G: 


PROPOSITION 8. Suppose that the equations for tn, define a 
subgroup G. of G, and that the equations x,=0 for n +n, define 
another subgroup G, of G. Then, tf Xg¥,=Y)Xaq for every pair (a,d), 
G is isomorphic to the direct product G, X Gz. 

Indeed, if we perform in the standard way the isomorphism wu of G onto 


a group G@ with canonical law (no. 4), the images of G, and G, under wu are 
defined by annihilating the coordinates of the same indices as those whose 
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vanishing define G, and G, respectively ([3, no. 18] and, more correctly, 
[5, no. 3]); moreover, the X, (resp. Y,) in the hyperalgebra of G are 
functions of the Xg alone (resp. of the Y, alone), hence G satisfies all the 
assumptions of Proposition 7%, and the conclusion follows. 

The preceding definitions and results extend immediately to the product 
of a finite number of formal Lie groups. 


13. Cores of abelian Lie groups. We can now state the following 
structure theorem: 

THEOREM 3. Let G be an abelian formal Lie group over an algebraically 
closed field, go its Lie algebra, h the core and € the p-radical of go. Then, af 
has dimension m, G is isomorphic to the direct product of m groups tsomorphic 
to I, and of a group having f as its re algebra. 


We first observe that a linear isomorphism wu of a group @ on a group G, 


with uj(x) = > has a derived isomorphism w’ such that w’(X oi) = oj. 
j=1 j=1 


We can therefore always suppose that the m first variables (which we shall 
write z;) are such that 


(42) X oi” = X oi (l1S1S™m) 


whereas the s==n—m remaining variables, written y; (notations of 11) 
are such that the corresponding derivations Y oj in go satisfy 


(43) You? =0 (1 = Yoj-t 
k 
> 8; = 8). 
j=1 


In other words, the X,; constitute a basis of h, the Yoj: a basis of f. We 
adopt moreover the conventions of 12, writing « for a system of n indices, 
the last nm =s of which are 0, and d for a system of n indices, the first 
m of which are 0; an arbitrary system of n indices can therefore be denoted 
(a#,A); the operator of index a will be written Z,, the operator of index A 
will be written T), and U(.,,) will denote the operator of index (¢,A). Asa 
basis for an inductive argument, let us suppose that G@ satisfies in addition 
‘the following assumptions (A,) (r2=0): 


a) the group law of G is canonical; 


b) Xn?—Xn for OShSr and 1[SisSm, and for every index 
- of height <r, *Za,, Where Za, 
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is the same polynomial in Xo;,X.,- - -,X;1,, as the operator of the same 
index in the Taylor formula (2) of the group J); 

ce) for can be expressed as a polynomial.in the Y 
(lh) alone; and for every index d of height <r, T) is a polynomial in the 
alone (h< 71). 


We want to determine an isomorphism of G on a group which will 
satisfy assumptions (A,,:); we proceed in several steps. 


I. Let us prove first that for any index @ of height r, Z, is the same 
polynomial in the X,; (0ShSr,1SiS™m) as in the direct product of 
m groups identical to Jy. Using Prop. 7%, we are reduced to proving that, 
for ph? +115 p’—1, Ze, is equal to the polynomial $;(Xoi,° +, 
where ¢;(Xo,° - -,X;-1) is the polynomial equal to Z; in the hyperalgebra of 
the group J). We notice that by assumption (A,,b), Zire, = Xoi,* Xr-1,1) 
for let us argue by induction on 1 It is clear that the 
“Leibniz formula” (6) for -,Xr+4) can be written 


(44) “(f9) 2g 2 + (Wg) 


where the operators Vg and W, are polynomials in Xqy,° - -,X+1,4 which 
depend only on the “Leibniz formulae” for the XY, (OShSr—1) and 
on the expressions of X,° (0 =h=r—1); as by assumption, these are the 
same as in I, (Xn; replacing X;), the Leibniz formula (44) for Z’; is deduced 
from that of Z; (in the group J,) by the same replacements; but then the 
inductive assumption shows that the difference Z,,,—Z’; is a derivation, and 
the assumption that the group laws of G and of J, are canonical proves 


II. We prove next that for every index d of height r, T, is a polynomial 
in the Yaj alone (hr). We use again the assumption that the result 
holds for the indices of height <r (by (A,,c)), and we use induction on 
the total degree ||. In the Leibniz formula for 7) 


(45) Ty(f9) Tig + 9° Trf + Dosusr(Tuf) (Tr-19) 


all the operators 7, which intervene in the summation are polynomials in the 
Ynjt alone. Suppose this was not true for 7); in the expression of 7 there 
might then exist terms in the X,; alone or “mixed” terms containing 
both the X,; and Yay. Let — be the sum of the terms of the 


first type, T”’,— > bg,XgY, the sum of the terms of the second type, 
Bou 


T’”’, =T,—T’,—T”, the sum of the terms in the Y, alone. Now, from 


l 
| 
t 
a 
x 
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the assumption that the group law is canonical, it follows that 7’, cannot 
be a derivation if the bg are not all 0, and therefore it follows from I that 
T’x(f9g) —f-T’xg—g‘T’,f would then be a linear combination of terms 
(X.f)(Xsg) with coefficients not all 0. Similarly T’,(fg) T’nf 
would be a linear combination of terms (Vf) (Wg) where V and W are mono- 
mials such that VW contains at least one X,; and at least one Yr, and the 
coefficients of these terms would not all be 0 if the bg, were not all 0. Finally, 
it is clear that the expression T’’,(fg) —f-T’.g—g-T’f is a sum of 
terms of type (Y,f)(¥Y,g). If we compare these results with the right hand 
side in (45), we see that we must have 7’, —T”,—0, which proves our 
assertion (use being made, of course, of the linear independence of the 


operators X, and Y,). 


III. From I and the study of the group J, made in 7, it follows that 
Z?=Z, for all indices @ of height =r. Lemma 2 applied to Xrnii¥4 
(1=i=™m) proves therefore that the difference X,.1,°?— Xri1,4 is a deriva- 


tion; in other words, we have 
(46) = t+ DawXov + 
i 


On the other hand, II and the assumption (A,,c) show that for all indices A 
of height =r, Ty? is a polynomial in the (0 ShSr) alone; from this 
and Lemma 2 it follows that the difference 


is a sum of terms of type (Y,f)(Y,g). The same argument as in II proves 
then that one has 
(47) = + >> X oi 


where Y’; is a polynomial in the (hS=r+1). 
We now define an isomorphism u of G on a group @ such that the 
power series defining the inverse u~? have the form 


(48) 


Uj? (X) = Gp + Dd 


the coefficients having to be determined later. This gives, for the derived 
homomorphism (u-')’ == (u’)-1, first 


(u-*)’(Xni) = (u-*)’(Ynje) =e Vays 
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for hr, and further 


| (u-*)’ = EviX ov + 


(49) 
(Louie) = + witXov- 


If we take into account formulae (43), this gives first 
=D (Sea? — + dw) 


(50) 
+ (bare — Eri) Lowe 

We can therefore choose first the é such that in the right hand side the 
coefficients of the Xo; are all 0. We choose next the 4: for 7? =k, 1l1SUSs, 
we take +; = Dix, and the coefficients of the Yox in the right hand side of 
(50) vanish. Suppose next the éj;; have been determined for all values 7’ > 1; 
then, for 1=# the coefficient of You, in (50) is — + 3 
for Sui < t’ the coefficient of You is simply in both cases, 
it is possible to determine é,; such that these coefficients vanish. Relation 
(50) then gives 

(51) = (l1SisSm). 


To go further, we observe that in formula (47), Y’ is the sum of a 
linear combination of the Y,,:,;,2, and of a term Y”; which is of height =r. 
Moreover, if we apply to both sides of (47) the iterated Frobenius homo- 
morphism p’’*t, and take into account the relations (43), we see that we have 


(where, for j—1, Y,.:,;-.,4 must be replaced by 0). We deduce from these 
remarks and from (49) that 

— je + ~ (nije? — mw, + Xow. 
Here, we first determine the yj; for 7 = 1, then by induction for the successive 
values of 7 =k, in such a way that the coefficients of the Xo on the right 
hand side of (52) all vanish. It follows finally that we have 


and the group law of G satisfies assumptions (A,,,) with the possible exception 
of (A,1,@); but the same argument as in 7 shows that this condition also 
can be obtained by performing a new isomorphism which will not disturb 
conditions b) and c). 


4 
| 
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Having achieved the passage from (A,) to (Ay), the proof of Theorem 
3 is brought to a close by the same argument as at the end of 7; this gives 
an isomorphism of G onto a group whose group law is canonical and whose 
hyperalgebra is the tensor product of m typical subalgebras identical to the 
hyperalgebra of I), and of another typical subalgebra, whose Lie algebra is 
identical to f. The final step consists in applying Prop. 7. 


14. If a group G is the direct product of a certain number of groups 
identical with J, and of a group M having a “coreless” Lie algebra, we will 
say that the direct product Z of the groups J, is the core of G, and that M 
is the p-radical of G. These definitions are justified by the fact that L and 
M are intrinsically characterized in G, in the following sense: if w is an 
automorphism of G, then u(L) = JL and u(M) = MUM, or, more precisely, the 
u;(x) contain only the variables corresponding to LZ (resp. M) when the 
index 7 is the index of such a variable. This follows from the more general 


result: 


THEOREM 4. Let G,—=L,XK Mi, G.=—L.XK Me be two abelian Lie 
groups, over an algebraically closed field, such that L,, L. are products of 
groups identical with Io, and M,;, Mz have coreless Lie algebras. Then, if u 
is a@ homomorphism of G, into G., u maps L, into L. and M, into Mz. 


If &,, 2, Mt, Mt. are the hyperalgebras of L,, L., M,, Mo, it will be 
enough (from formula (13)) to prove that w’(%,) C & and w’(Mt) C Me. 
Let 5.1, be be the cores, f,, £. the p-radicals of the Lie algebras of G, and G,. 
The fact that u’(Z?) = (u’(Z))? and the definition of the core and of the 
p-radical (10) show first of all that w’(§:) C he, u’(f,) Cf. Let us use 
conventions similar to those of the preceding numbers, writing Z,, Z,, 
T,™, T,@ for operators of 2,, 2, Dt, Mt. respectively. Suppose we have 
proved that w’(Xyi) belongs to 2 and w’(Yay™) belongs to Mt, for all 
operators such that h <1; as wu’ is a homomorphism, it follows that u’(Z,") 
belongs to 2, and w’(T,™) belongs to Mt. for all indices a, A of height <r. 
Now we observe that, as a consequence of formulae (53) and (43), for every 
element 7) of Mt., there is an integer e such that (7)°))?°=0. On the 
other hand, we must have (w’(X,) )?° =wu’(X,™) and this shows at once 
that u’(X,;%) cannot contain terms in nor “mixed” terms 
On the other hand, if we suppose that u’(Y,;) is not in Qt., the inductive 
hypothesis, together with formula (14), shows, as in part II of the argument 
of 13, that we would have 


(54) w = X 
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where Vj‘) belongs to M.. But then, raising both sides of (54) to a suffi- 
ciently high power p* shows at once that ajj;—0 for all indices, and our 
induction may therefore proceed, which proves the theorem. 


15. We will not try to study the structure of “coreless” abelian Lie 
groups, where a great variety of cases seem possible. For groups without 
radical (over an algebraically closed field), on the contrary, not only is their 
structure determined by Theorem 3, but it is also possible to determine 
completely their homomorphisms. These groups, as follows from Theorem 3, 
are isomorphic to direct products (W.*)", and we have only therefore to 
determine the homomorphisms of a group (W.*)™ into a group (Wi*)". We 


introduce the following convention: for any rational p-adic integer => vap* 
(0S p—1) we write (1-+-2)$ for the power series a 


(1 + 2)%(1 (1 a”) Yn - 
which is obviously meaningful. We have then the following theorem: 


THEOREM 5. Every homomorphism u of a group (W,*)™ into a group 
(W,*)" has the form 


(55) 1+ u(x) (14+ (1SiSn) 
where the &; are arbitrary p-adic integers (1SiSn,1Sjs™m). 


If w is such a homomorphism, it follows from the definition of a direct 
product that 


1+ = TT (14+ 0, 0,° *,0)) 


and therefore we are immediately reduced to the case m=n—1 (this is 
merely the usual argument which determines the homomorphisms of modules 
which are direct sums of submodules, as “matrices” the elements of which 
are homomorphisms of the submodules into each other). 

Let therefore u be an endomorphism of W,*, and suppose u>40; let r 
be the smallest number h such that w’(X;,) 0. From this definition it 
follows that u’(Z,) =0 for 0<k <p’, and relation (14) shows therefore 
that u’(X,) is a derivation, in other words 


(X,) vr 0. 


Raising both sides of this equation to the power p, and remembering that 
Xn? = X> for every h = 0, we see that v, is in the prime field Fy, and therefore 


m 

7 
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can be identified with an integer such that 0<v,-Sp—1. If v, is the 
automorphism of W,* such that 1+ 2,(z) = (1+ then it is immediate 
that (v,-*w)’(X,) =X>. Let us now suppose that we have wu’(X,) = Xz, 
for r=h < ss; this means that w’ coincides with the iterated Frobenius homo- 
morphism p’ on all X, such that h < ss, hence if k < p*,w’(Z,) =0 if k& is 
not a multiple of and if k—prth, u’(Z,) This remark, together 
with relations (6) and (14), prove that u’(X,) —Xs+ is a derivation, in 
other words 
wu’ (X;,) 


Raising both sides to the power p shows that v, is in Fy, and we identify 
it again with an integer such that Ov, p—1. Then, if v, is the auto- 
morphism of W,* such that 1+ ,(2) = (1+ it is immediate to 
see that =0 for h<r, = for rSh<cs+1. 

The proof is then concluded by the usual inductive argument and 

“passage to the limit”: the “infinite product” 18 
meaningful and has the biden 1+ v(x) =(1+72)5, where ¢ is an invertible 
p-adic integer ; moreover, the definition of the v, gives (v-*w)’(Xn) = p’"(Xn) 
for every h; the endomorphisms v*u and p* therefore coincide, in other 
words 1+ u(x) = (1+ 2)?’S, which ends the proof. 


16. Some examples. The Lie algebra of the additive Witt group W, 
is easily determined by induction on n, if we observe that the mapping u 
such that u,(x) =0, =a. for is a homomorphism of W, 
into itself, the image of W, under wu being isomorphic to Wy, [7]. As 
(Xoi) =Xoin for 1Si=n—1, u’(Xon) =0, it is easy to prove by 
induction that 
(56) Xo? = for LSisn—1, Xo? = 


Indeed, relations (56) for 1 > 1 follow from the isomorphism of u(W,,) with 
moreover, as u’(Xo,?— Xo.) =0, one must have Xo? = Xo2 + AX on, 
and we are reduced to showing that A~0. But from the definition of Wz, 
it follows easily that 


Xo1 = Dar + W2Do2+° + WnDon 


‘where the w; have no constant term, and Wy = "h(21,° h having 
no constant term if n>2. As Xon— Don, the coefficient of Xo, in Xo,? can 
have no constant term if n > 2, hence must be 0. For n=2, the relations 
(56) are proved by direct computation. 

Relations (56) show therefore that W,, is a coreless abelian group. We 
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intend to return to the study of that group in another paper. With regard 
to the multiplicative Witt group W,*, we have the following result: W,* ts 
isomorphic to the direct product W,* X Wy. To show this, we remark that 
the relations 7.—=- - -—2,—0O define in W,* a subgroup obviously iso- 
morphic to W,*. Now, the “inverse” in the group W,* is given by the 
series 6(x,) ——2,/(1+2,); it follows that the mapping w defined by 
u,(x) =0, and 


(where the ¢; define the group law of W,*) is a homomorphism of W,* on 
its subgroup V,_, defined by z; 0. From this (or directly from Proposition 
8) it follows that W,,* is isomorphic to the direct product W,* XK Vy. It 
remains to show that V,_, is isomorphic to W,»_,; if we remember that the 
group law of V,_, “formalizes” the multiplication law mod. (1-+ p") in the 
group:1-+ p of an unramified p-adic field [7%, pp. 133-134], an explicit iso- 
morphism of Vy, on W,-, will be given by the p-adic logarithm, where all 
operations in the power series are to be understood in the “vector” sense of 
Witt (including division by the denominators #, which are not ordinary 
integers, but sums—in the vector sense—of & unit vectors). We do not go 
into details. 

Another interesting type of formal Lie groups stems from the Poincaré- 
E. Cartan method of defining “bilinear groups” associated with any (asso- 
ciative) algebra A with unit over a field K. Suppose (a;) isis, is a basis of A 
over K, with a, the unit element, and let aja; = > yij,4, be the multiplication 

k 


table with If we write the multiplication 
formula 


(1 + + = ((1 + + + + 
we get a formal Lie group G(A) over K: 


fa =2,-+ 41 + LiYi + 
Le yi + + 125) + (1>1) 
If we extend the field of scalars to an overfield K’, the group G(Ag’) 
corresponding to the extended algebra (and to the same basis (a;)) is defined 
by the same formulae (57), but here isomorphisms defined by power series 
with coefficients in K’ are of course permitted. 

Let us consider only a few simple cases. Suppose first that A is a 
separable overfield of K. Then, if © is the algebraic closure of K, it is well 
known that Ag splits in the direct sum of n fields isomorphic with ©, and 


(57) 
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therefore G(Ag) will be isomorphic to (W,*)", from which it follows at 
once that the abelian group G(A) has no p-radical. On the other hand, 
suppose A is an inseparable extension generated by a single element 0, satis- 
fying the irreducible equation 6?°—« over K. Then in the field Q, we have 
a == £?°, and therefore the algebra Ag has here a basis over Q consisting of 
1,a=—6—£, - -,a®1, and we have a” It is immediate that the 
corresponding group G(Ag) is isomorphic to the group denoted by J in 
[2, no. 5], with 1 p*; hence G(A) is here a coreless abelian group. These 
two examples justify, in some way, the term “ p-radical” introduced above 
and the method outlined here may perhaps be of some use in the study of 
associative algebras over arbitrary fields. 
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DOUBLY STOCHASTIC MATRICES AND COMPLEX VECTOR 
SPACES.* 


By SEYMouR SHERMAN. 


A doubly stochastic (d.s.) matrix is a matrix P such that Pyj=0, 
> Py => Pi; =1 for all i and j. A. Horn has proved 
j 


t 


THEOREM 1. If y=Px, where x, y are complex n-vectors, and P 1s a 


n 
d.s. matrix, and ¢,,C2,* * *,Cn are any complex numbers, then Dd cy; lies in 
i=1 


n 
the convex hull of all the points Scitu, ae Rh", where R ts the set of all 
the permutations of (1,- -,n) 
and conjectured the truth of 


THEorEM 2. Jf x,y are complex n-vectors and ¢1,C2,° * *,Cn are any 


complex numbers imply that S cai lies in the convex hull of the vectors 
i=1 


n 
Dd Cita, eR", then y=Pzx where P is a d.s. matriz. 
i=1 


In what follows Theorem 2 is established. 

Let E be complex n-space. Let » represent the general complex linear 
functional on H (ye H#*) and the value of » for some xe FL is represented by 
(y,x). If we consider EH as real 2n-space, then each real linear functional p 
on has the property that fer some ne (p,x) = R(y, x), where R(y, 2) 
is the real part of (yn, 7). 


Lemma 1. Let X be a compact convex set in HE. Suppose that for 
each ne (y,X) Then yeXk. 


Proof. Since (y,y)e(y,X), it follows R(y,y)eR(y,X). But then 
from a standard separation theorem ([2], p. 47) it follows that ye X. 

If Lemma 1 is applied to the case where X is the convex hull of the 
vectors which are derived from x by taking all permutations of the com- 
ponents of zx relative to a fixed complex coordinate system, then ye X for y 
satisfying the hypothesis of Theorem 2. Now note 
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Lemma 2. Let G be a finite collection {G,, +, of linear trans- 
formations E> E. Let xe EH. Denote by K(G) the convex hull of G. Denote 
by K(x) the convex hull of Ga={G,2,G.2,---,Gar}. If ye K(x), then 
y= Dz where De H(G@). 

Proof. Since ye K(x) it follows that y= wit 


> w;,—1, and so y= Dz with D=>w,G;eH(G). (There are extensions to 
the case where @ is not finite but K(x) is compact; since such results are 
not needed in the sequel they are not presented here.) The application of 
Lemma 2 to yeX implies that y= Dz with x,y elements of the complex 
vector space F and D an n by n d.s. matrix (since D is a convex combination 
of permutation matrices). This establishes Theorem 2. 
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ON COVARIANT FIBERINGS OF KLEIN SPACES.*? 


By G. D. Mostow. 


1. Introduction. By a Klein space we mean a space on which a Lie 
group of transformations operates transitively; or what is equivalent, the 
factor space G/S of a Lie group G by a closed subgroup 8. If the group G 
is compact then, of course, G/S is compact, but not conversely. In case G 
is compact, we call the Klein space G/S compact-by-heredity or “ h-compact.” 
This paper is devoted to investigating the relation between general Klein 
spaces and h-compact spaces. 

In the special case that the isotropy group (i.e., the set of transformations 
keeping a point fixed) consists of the identity alone, the Klein space is a 
group manifold and it is known that a connected Lie group is topologically 
a direct product of a compact subgroup and a Euclidean space. This fact 
raises the question: to what extent does a similar theorem hold for general 
Klein spaces? Examples show readily that such a result does not hold for 
Klein spaces when the isotropy subgroup is not connected. When, however, 
the isotopy subgroup is connected, there is a similar relation. For we can 
prove (cf. Theorem 3.1) the theorem that a Klein space H with connected 
isotropy group can be retracted by a strong deformation retraction to a sub- 
space that is homeomorphic to an h-compact Klein space. Nevertheless, it is 
false that a general Klein space with connected isotropy group is a direct 
product of a compact subspace and a Euclidean space. This is shown by an 
example due to Samelson (cf. Section 5). 

Instead, the kind of decomposition that seems to occur is that of co- 
variant fibering. If H is a Klein space with associated group G, we mean 
by a G-covariant fibering a decomposition of the differentiable manifold H 
into Euclidean fibers such that 1) the fibers are permuted transitively by 
some maximal compact subgroup M of G and 2) the subgroup of M which 
keeps some fiber F invariant is equivalent to a linear group on F. Under 
these circumstances, some orbit of M is a cross-section set to the fibering 


* Received February 19, 1954; revised October 18, 1954. 
* Research performed in part under contract DA-36-034-ORD-1274 with Office of 
Ordnance Research, U. S. Army. 
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and it is of course an h-compact subspace to which H can be retracted via a 
strong deformation retraction along the fibers. 

We devote this paper to the existence and uniqueness of covariant fiberings 
of Klein spaces. Our main results are: 


THEOREM. Any two G-covariant fiberings of a Klein space are equi- 
valent, in the sense that there exists a one-to-one bundle map of one onto 
the other (Section 7). 


THEOREM 4.1. A Klein space with associated group G whose rsotropy 
subgroup 1s connected and self-adjoint modulo the radical of G admits a 
covariant fibering. 


Theorem 4.1 applies when the connected isotropy subgroup is either 
semi-simple, or compact, or in the radical. In particular, the theorem holds 
for solvmanifolds. 

Theorem 4.1 depends on a new decomposition theorem for matrices that 
was derived by the author in [10]. In all probability the self-adjoint hypo- 
thesis can be dropped. This would entail proving a generalization of the 
cited decomposition theorem for matrices. Z 

Our method for proving the existence of covariant fiberings consists in 
deriving decompositions for Lie groups, some of which have independent 
interest. For example: 


THEOREM 2.2. Let G be a connected Lie group. Then it contains a 
maximal compact subgroup M and a Euclidean subspace U such that 
G=M-U topologically, and mUm C U for all m in M. 


As a result of this theorem, we obtain the following sharpened form of 
the theorem on conjugacy of compact subgroups. 


THEOREM 2.3. Let M, and N, be compact subgroups of a connected Lie 
group G and let 6, be an inner automorphism of G which sends M, onto N,. 
Let M and N be arbitrary maximal compact subgroups of G which include M, 
and N, respectively. Then there is an inner automorphism 6 sending M onto 
N and coinciding with 0, on M,. 


As an application of our results on covariant fiberings we prove the 


THEOREM. An aspherical Klein space 1s homeomorphic to Euclidean 
space. 


This result can be generalized to obtain a characterization of Euclidean 
space as an aspherical space whose group of auto-homeomorphisms contains a 
locally compact Co transitive subgroup (to appear). 


sa 
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2. Some decompositions for Lie groups. 


Notation. Lie groups and their Lie algebras are denoted by corresponding 
Roman and German letters. @, the Lie algebra of G, is identified with the 
tangent space to G at the identity. 


Let 2 be a real semi-simple Lie algebra, i.e., one on which the Killing 
form Trad X ad Y is non-degenerate; or equivalently, one having no abelian 
ideals. By the adjoint group of 2 we mean the connected Lie group of 
automorphisms of 2 whose Lie algebra is ad&. A subalgebra & is called a 
compact subalgebra of 2 if the analytic subgroup of the adjoint group with 
Lie algebra ad is compact. It is known that if R is a maximal compact 
subalgebra of 2, then it has a unique orthogonal complement € with respect 
to the Killing form (cf. [9]); moreover, if p is any representation of 2 by 
linear transformations of a real linear space V, there is a base for V with 
respect to which p(®) and p(€) consist of skew-symmetric and symmetric 
matrices respectively (cf. [10]). To each maximal compact subalgebra 
there corresponds a unique automorphism 6g of order two such that 6g(X) = X 
or —X according as X is in R or ©. We call Og the “R-star” auto- 


morphism of &. 


Definition. A subalgebra of a real semi-simple algebra & is called self- 
adjoint in 2 if it is invariant under some star automorphism of &. 


To say that the subalgebra © is invariant under the R-star automorphism 
of 2 is equivalent to C=CNK+CNE where € is the orthogonal com- 
plement of &. The author has proved in [10] that a semi-simple subalgebra 
of a semi-simple & is self-adjoint in &. 

Let Z be a connected semi-simple group, C an analytic subgroup. We 
say that C is self-adjoint in Z if the Lie subalgebra © is self-adjoint in &. 
If G is a connected Lie group, C is an analytic subgroup, and RF is the 
radical of G, we say that C is self-adjoint modulo the radical if CR/R is 
self-adjoint in the semi-simple group G/R. 

It is convenient to know that a star automorphism of the Lie algebra of 
a semi-simple analytic group can be extended to an automorphism of the 
group. For let D be the center of the simply connected group Z* with semi- 
simple Lie algebra 2, and let R+ € be a Cartan decomposition of 2. Then 
D is contained in the analytic subgroup determined by K (cf. [9]). Now 
L* being simply connected, the &-star automorphism of @ extends to an 
automorphism @ of L*, and by the foregoing @ keeps the points of D fixed. 
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Hence 6 induces an automorphism of any analytic group L locally isomorphic 
with L*—we call it the K-star homomorphism of LZ, where K is the analytic 
subgroup of LZ determined by &. 

It is clear that C is self-adjoint in Z if and only if it is invariant under 


some star automorphism of the group L. 


LemMa 2.1. Let © be a self-adjoint subalgebra of the semi-simple Lte 
algebra & and let R be the radical of ©. Let 6 be a star-automorphism of 2 
which keeps © invariant and let & denote the induced automorphism of ©/R. 
Then & is a star-automorphism of ©/R. 


Proof. Let 6 be the R-star automorphism. Then 2 = + € and further- 
more, coordinates may be selected in 2 so that the matrix of adX is skew- 
symmetric if XeR, symmetric if Xe € (cf. [9] or [10]). Now 6(€) —C€ 
implies C=C NRK+ CN €E and hence ad € (considered as a subset of ad 2) 
is represented by a self-adjoint family of matrices. As a result ad is a 
completely reducible family. Operating with ad © on the radical ft, we find 
that 9 is a direct sum of G-ideals and is thus abelian. Operating with ad © 
on ©, we find that admits a complementary ideal and thus § is cenfral 
in ©. It follows at once that C = [€,€] +R (direct), and [€,€] may be 
identified with the semi-simple quotient €/R. Let us denote [C,€] by Me. 
$M is invariant under @ and the automorphism @ can obviously be identified 
with the restriction of 6 to M. Now M—=MAK+MNE and #(X) is X 
if XeMAK and —X if XeMNE. Furthermore, MNK+MNE is a 
Cartan decomposition of Mt (cf. [10]). Consequently @ is a star automorphism. 

Let T be a group of automorphisms of a Lie group G and let S be a 
subset of G. Let dI denote the set of differentials at the identity of the 
transformations of IT, that is, the automorphisms of & induced by I. 


Definition. S ws a T-tnvariant exp-set if there exist linearly independent 
subspaces ©,,- - -,©, of @ which are invariant under dI such that the 
mapping s,; + S,—> exp eXP is a homeomorphism of 
S:.+--:-+6G, onto § (s; in §;). T is called completely reducible if dT is 
a completely reducible (linear) group. 


It should be noticed that a T-invariant exp-set S is invariant under Fr 
and homeomorphic to Euclidean space; also that the operation of T on S 
is equivalent to the operation of dI on a linear subspace of ©. These facts 
result from the well-known identity T(expX) —expdT(X), for X in G. 
These facts result from the well-known identity T(exp X) —expdT(X), for 
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X in @ and any automorphism 7’, where dT denotes the differential of 7 at 
the identity. 

If M is a subgroup of a Lie group G and Ty denotes the set of inner 
automorphisms of G by elements of M, we shall mean by an M-invariant 
exp-set a T'y-invariant exp-set. 


Lemma 2.2. Let G be a connected Lie group containing no non-trivial 
central toroidal subgroup. Let M be the maximum nilpotent ideal of the 
radical R. Then N is a closed simply connected subgroup of G. 


Proof. It is clear that the radical R is a closed subgroup of G. Inasmuch 
as N is the connected component of the identity in the set of all elements x 
of R such that Adz has only 1 as eigenvalue (Adz being the differential 
at the identity J of the inner automorphism g—>-zgz), it is clear that N 
is closed. For any non-zero X in M, expXAI. Otherwise ad X which 
is nilpotent on G and satisfies exp X —AdexpX —1 must be equal to 
log exp ad X = log1—0; that is, XY is central in G and the one parameter 
subgroup {exp | 1} is a compact toroid, contrary to our assumption. 

Now let N denote the simply connected covering space of N, let D be 
the kernel of the natural map of N onto WN, and let us identify the Lie 
algebra of NV with N. Since any element of a nilpotent group lies on a 
one-parameter subgroup (this is well-known, cf. [7] or [11]) for any z in 
D, there is an X in N such that exp X¥ —7z is in D. Since expX —I in N, 
we conclude = 0, r—J, D= (I), and N is simply connected. 


Definition. Let G be a topological group and let A;,- - -,An be sub- 
spaces. We say that G=A,-A,---A, topologically if the mapping 
0: Qn) * Of Ay +X An into G is a homeomorphism 
onto, each A; being given its.relative topology with respect to G. 


PROPOSITION 2.1. Let G be an analytic group with non-trivial radical 
R and let C be a closed analytic subgroup. Assume that for every non-trivial 
abelian normal analytic subgroup V the topological closure of CV is G. 
Then there is a normal abelian analytic subgroup W such that G=CW. 


Proof. For typopgraphical convenience, we denote the topological closure 
of a set S by @08. 

We let G* denote the simply connected covering group of G, f the 
covering homomorphism and D* the kernel of f. For any analytic subgroup 
S of G we denote by S* the connected component of the identity of f-?(9) 
and vice versa, and we denote the Lie subalgebra of both by ©. We denote 
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by [S,S] the commutator subgroup of S, it being the analytic subgroup 
with Lie algebra [S, 6]. 

From the hypotheses of the proposition it follows directly that for any 
non-trivial normal analytic abelian subgroup V (such a V exists since @ is 
not semi-simple), G= @( D*C*V*. Since 


[@LD*C*V*, BLD*C*V*] C L[D*C*V*, D*C*V*] C BL [C*V*, C*V*], 


we conclude that [@G*,G*] C @L[C*V*, C*V*]. 

Now C*V* is a normal analytic subgroup of G* since its Lie algebra 
is clearly invariant under Ad G* and hence an ideal; hence [C*V,C*V*] 
is a normal analytic subgroup of the simply connected Lie group G*. 
Hence [C*V*, C*V*] is closed (cf. Pontriagin, Topological Groups, p. 279). 
Thus [G*,G*] C [C*V*,C*V*] (cf. [%]). It follows now from the fact 
that a semi-simple Lie algera is its own commutator subalgebra that 
G*/R* = [G*, G*]R*/R* CC*R*/R*. Hence G* = C*R*. Letting S* denote 
the radical of C* and L*-S* a Levi decomposition of C*, we conclude that 
G* = L*-R* is a Levi decomposition of G*. Inasmuch as G* is simply 
connected and admits as a covering group a semi-direct product of L* and 
R*, we conclude that G* = L*-R* (semi-direct) and in particular L*- R* 
is a direct product fibering of G*. 

We now set = D*R* L*, = D*L* R*. Since L* 
is a homomorphism of G* onto L*, D;* is central in L*; since d—>dL* NM R* 
is a homomorphism of D* into R*, D,* is an abelian subgroup of R*. 
Furthermore, from the well-known fact that D* is a finitely generated group, 
it follows that D;,* is finitely generated though it is, of course, not necessarily 
closed. Let p(2) denote the restriction to the Lie algebra of R* of Adz for 
xin G*. Then p(L*) is a semi-simple Lie group of matrices and it is known 
(cf. Mostow, Annals of Mathematics, vol. 52 (1950), p. 615) that its center 
is finite. Now for any r in Dp*, there is an 1 in D;* such that lve D*, and 
an n such that p(/") the identity. Since =r, and r 
commute. Consequently, p(7r”) =p(l")p(r") = p((Ir)") =I and 
is central in R. Since D,* is finitely generated, it contains a subgroup D;’ 
of finite index which is central in R. In particular, @{D,’M and @(DrM 
have the same connected component of the identity for any analytic subgroup 
of R*. 

Now we have for any normal analytic abelian subgroup V (which is 
of necessity in the radical R), 


G* — 61D*0*V* L*- Dz*8*V* = L*- 61 Dp*S*V*, 


2M 
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since L*- R* is a direct product fibering. Hence R* = @( Dp*S*V* and R* 
being connected, R* Dp’S*V*. 


Case 1. The center Z* of R* is not discrete. 


Here Z* contains a non-trivial abelian normal subgroup of G* and hence 
R* = 61 Dp’ S*Z* = 61 S8*Z*. Hence is normal in R* and being invariant 
under conjugations by elements of Z*, we conclude that S* is normal in G*. 
If S* = (identity), then R*—Z*, R is an abelian normal analytic sub- 
group and G=CR. If S* is not trivial, it contains a characteristic abelian 
normal non-trivial subgroup V*, namely, the last non-trivial subgroup in the 
sequence of successive commutator subgroups. Then V=—f(V*) is normal 
in G and G= @(CV= @(C=C. Thus, the proposition is true in Case 1 
(W=R or W =.(identity) ). 


Case 2. The center of R* is discrete. 


Here §t, the Lie algebra of R*, has zero as center and hence it is not 
nilpotent. We denote by 8? the derived algebra [St,#t] and recursively set 
[R-Y, R] and Re KR". Re —R for some N, and K being non- 


nilpotent, 40. We denote by R™ the ideal where RO — R?. 
Case 2a. [R,R] is not abelian. 


Here ©) is a non-zero characteristic ideal of @, the Lie algebra of G. 
Hence it contains a non-zero abelian ideal ¥ of G, whose corresponding sub- 
group in G* we denote by V*. From R* = @{ Dp’S*V* we infer 


[R*, R*] = 60 [S*V*, S*V*] = [S*V*, 8*V*], 


the last assertion following since a normal analytic subgroup of a simple 
connected group is closed. Letting S denote the Lie algebra of 9*, we get 


Now it is a well-known consequence of Lie’s theorem on solvable Lie algebras 
that [9, R] is a nilpotent Lie algebra. From equation (A) it follows readily 
that the subalgebra [S,©@] must coincide with the nilpotent [Rt,R]. Hence 
[R, R] C S, and C contains a non-trivial abelian normal analytic subgroup of 
namely, the smallest non-trivial [R,R]™. Hence G= = 
and the proposition holds in Case 2a. 


Case 2b. [R,R] is abelian. 


Let € denote the Lie subalgebra of C*. Since R* = @( D;’S*|[R*, R*], 
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S* [R*,R*] is clearly a normal subgroup of R*. Thus 6/N 
=(€N [K, MR] is an abelian ideal of G in this case. Moreover, this ideal can 
be assumed to be zero, for otherwise our proposition would follow trivially. 

Thus we suppose without loss of generality that 6M [K, R] — (0). Here 
GS is abelian. Furthermore, S* clearly contains a regular element of R* and 
thus © contains a regular element X of R (cf. [11]). Let YM be the subset 
of 9% which is annihilated by some power of adX. As is well-known, Y& is a 
Cartan subalgebra of @, and as such, is its own normalizer. It is proved 
in [11] that G=%+R>* with ANK* C[R*, RM]. Hence we have here 
(semi-direct) with YD 

Let A* be the subgroup of G* which corresponds to 2. Then clearly A* 
is the connected component of the identity of its normalizer N(A*). We 
assert now that A* coincides with N(A*). To prove this we need only 
show that V(A*) M R*® is connected, since R* = A*-R**. Now let zx be 
in N(A*) N R**, and let X be an element of the Lie subalgebra FR such that 
expX —z. Denoting by a(z) the restriction to # of ad X, we have that a(X) 
is nilpotent and expa(X) keeps 2 invariant. Hence «(X) —logexpa(X) 
keeps A invariant and thus a(exptX) —expta(X) keeps WM invariant for 
every ¢ and N(A*) contains a connected subgroup through xz. From this it 
follows that N(A*) N R* is connected as well as discrete, and is thus {identity}. 
It follows that N(A*) = A*. 

Knowing this, we assert that Dp* C A*. For from the definition of 2, it is 
seen to be the centralizer of © N # in K and it is hence invariant under Ad L*. 
Hence Ad Ad D*- Ad Dz(M%) and thus N(A*) = A*. 

Inasmuch as G* = L*-A*-R** topologically and D* C CL*A*, 
we conclude that G=(LA)-R®* (semi-direct), where LD—f(Z*) and 
A=f(A*), CCJL-A and, in addition, R® is an abelian simply con- 
nected normal analytic subgroup that is non-trivial. Hence by hypotheses, 
G= £€6(CR*. But the foregoing topological fibering of G yields @(CR® 
= (6(C)-R*® =C-R*. Hence G=CR®, and Proposition 2.1 holds with 
W=R*. Proof of Proposition 2.1 is now complete. 


Note. The subgroup W of Proposition 2.1 can be taken to be non-trivial. 
For if W were trivial, we would have G=C. Since G@ has a non-trivial 
. radical R, it contains a non-trivial normal abelian analytic subgroup W’, 
namely, the last non-trivial subgroup in the sequence of successive commu- 
tator subgroups of R. Replacing W by W’, our assertion follows. 


THEOREM 2.1. Let G be a connected Lie group, and C a closed con- 
nected subgroup which ts self-adjoint in G modulo the radical. Let Mg be a 
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maximal compact subgroup of C and let M be a mazimal compact subgroup 
of G which includes Mc. There exist Mc-invariant exp-sets F and E such 
that and G=M-F-E topologically. 


Proof is by induction on the dimension of G. We consider three cases, 
the third one being the case of trivial radical. 


Case 1. G@ contains a non-trivial central toroid subgroup T’. 


By the induction hypothesis G* = G/T = M*- F* - E* topologically where 
F* and E* are (—MeT/T)-invariant exp-sets, C* CT/T = Mo* E*, 
and M* = MT/T. We know that F* arises out of independent Mo*-invariant 
linear subspaces %p* and that H* arises similarly out of £,*,---, 
Let ¢ denote the homeomorphism of G onto G*, and let }—d¢"(%i*), 
€;—=d¢-"(E;*) for each 1, 7. Clearly, each %, €;, is invariant under the 
compact linear group Ad My. Let % be an Ad Mg invariant complement to 
ZT in %, and let €; be an Ad Mg invariant complement to F in ©; which is 
also included in © MG; for each 1 and j. That ©; can be so chosen follows 
from the fact that €N €; is Ad Mg invariant and spans &; together with &. 
Clearly is bi-unique on each and &,*. Set F—exp -exp Bp 
and H From we deduce 
G=MFET=MTFE=MFE. To prove that G=M-F-E topologically, 
we must prove that the mapping 0: (m,f,e) > mfe of MX F X E onto G is 
a homeomorphism. 

6 is one-to-one. For knowing that G* — M*-F*- E* topologically, it is 
sufficient to prove that ¢ is bi-unique on F and £. 

Knowing that F* —exp%.*- - -exp topologically, it is sufficient in 
order to prove that ¢ is bi-unique on each exp %. 

Suppose therefore that f,—expX; (11,2) with X; in and ¢(f,) 
=¢(f2). Then expd¢(X1) =¢(exp X:) = ¢(exp X.) where 
dp is the differential of ¢ at the identity. Since d¢@ is one-to-one on % by 
choice of and exp is one-to-one on = we conclude Y¥,—X, 
and f, Similarly ¢ is bi-unique on F. 

It follows as point out above that the mapping @ is one-to-one. That 0 
is open as well as continuous follows from the invariance of domain theorem 
for Euclidean space applied to the locally Euclidean space M X F X E whose 
dimension is the same as the dimension of G. Thus @ is a homeomorphism 
and G=M-F-E topologically. Since ¢(C) C M*-H* and T C M, we have 
CC ME and hence C=(CNM)-E topologically. Since CN M=Meg, we 
have C= FE topologically. 
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Case 2. G has no non-trivial central toroidal subgroup but has a non- 


trivial radical. 


Case 2a. There exists a non-trivial abelian analytic normal V with CV 


closed. 


Let R denote the radica of G and let N denote the analytic subgroup 
corresponding to the maximum nilpotent ideal of R. By Lemma 2.2, N is a 
closed simply connected subgroup of G. V is included in N. Since WN is 
simply connected, the analytic subgroup V is simply connected (cf. [4]) and 
therefore V is a non-trivial vector group. We now apply the induction 
hypothesis to G* = G/V = M*- F*- where F* and are Mo*-invariant 
exp-sets, and C* —CV/V = M,*- E* topologically, Mg being MN C, and M* 
denoting MV/V. 

Let ¢ denote the homomorphism of G onto G*. Clearly ¢(Mc) C Me*. 
Following the procedure used in Case 1 we can define M¢-invariant exp-sets F” 
and E’ which map bi-uniquely onto F* and H#*. Let ¥, denote an Ad Mc- 
invariant subspace of the abelian Lie algebra % which is a complement to 
CNB in B, and let V, denote the corresponding vector subgroup of V. Set 
F=F’V, and E=(CNV)°-E’, where (CN is the connected com- 
ponent of the identity in CONV. Then from G*—¢(MF’E) we deduce 


G=MF’EV 
To prove that G—=M-F'- E topologically, it suffices to prove that 
G=M-F’-V,-(CNV;)°:- EF 


topologically. Inasmuch as V—=V,-(CNV)° topologically, it suffices to 
prove G=M-F’-V-E” topologically. Let 6 denote the mapping (m, f, v, e) 
— mfve of MX F’X EF’ onto G. 

6 is bi-unique. For == Me2fov2e. (m; in M, ete,) implies 
=o(mz)o(f2) (ez). Since MN V is a compact subgroup 
of V, it consists only of the identity and hence ¢ is one-to-one on VM. By 
construction ¢ is one-to-one on F” and Hence G* ¢(M)-¢(F’) -¢(L’) 
topologically implies ¢(m,) —¢(mz2), $(f:) =$(fe), =¢(e2) and 
consequently, ms, It follows that v;—v. and @ is 
bi-unique. That 6 is a homeomorphism follows as in Case 1. 


Case 2b. There exists a non-trivial normal analytic subgroup V with 


BICV SAG. 
Take H to be the subgroup @{CR if this does not coincide with G, 
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otherwise take it to be 62CV. Then H, being a closed connected subgroup, 
is analytic and moreover, its dimension is smaller than the dimension of G. 

We assert that C and H are self-adjoint modulo the radical in H and 
G respectively. For by hypothesis there is a star automorphism of G/R 
which keeps invariant CR/R and this clearly keeps invariant @ (CR/R) 
=(6(CR)/R. Thus the assertion is true for H if GA @ICR. If, on the 
other hand, G— @(CR, then by a result of Malcev (cf. first paragraph of 
proof of Proposition 2.1), [G,@G] C CR and thus 


G/R = [G/R, G/R] =[G, G]R/R=CRAR 


so that @2CV is self-adjoint modulo the radical in G in this case. Thus in 
any event, H is self-adjoint modulo the radical in G. 

As for C being self-adjoint modulo the radical in H, the star auto- 
morphism of G which keeps H invariant induces a star automorphism of H/S 
which keeps invariant CS/S, S denoting the radical of H. Thus C is self- 
adjoint modulo the radical in H. 

Applying the induction assumption to the pair C, H, we obtain C= Mg: E 
and H = M,-F,-E topologically, where My is a maximal compact subgroup 
of G containing My, and F, and hence are Mo-invariant exp-sets. 

We now apply Case 1 to the pair H, G, and conclude that H = My: F,, 
G—=M-F,-E, where FE, and F, are My-invariant exp-sets and M is a maximal 
compact subgroup of G containing My. 

Any element y of FL’ can be written uniquely as y = m,f,e with m,, f;, e in 
Mn, F,, E respectively and depending continuously on y. Hence any element 
of G can be expressed uniquely as mf.: mifie = 
with the factors in M, F2, F:, H respectively and depending continuously on 2. 
Hence G—=M-F,:F,:-H,=—M-F-E, topologically where F is the Me- 
invariant exp-set F,F,. Proof is now complete in this case. 


Case 2c. RAO and for any non-trivial normal abelian analytic subgroup 


V,G— 


In this case, there exists a normal analytic abelian non-trivial subgroup 
W such that G—CW by Proposition 2.1 and the Note following it. Thus 
we may apply the result in Case 2a to obtain the theorem. 

The induction hypothesis has thus been proved to hold for G in case G 
has a non-trivial radical. It remains only to consider 


Case 3. G has no radical. 


Here G is semi-simple and we can apply Theorem 5 of Section 1 in [10] 
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which asserts: Let & + € be a Cartan decomposition for the real semi-simple 
Lie algebra @ and let ©’ be a linear subspace of € such that [X, [X, Y]] : 
is in E’ for any X, Y in EH’. Let % be the orthogonal complement to 
in € with respect to the Killing form, let F—exp%’, LH’ —exp’. Then 
G—K-F- E’ topologically where K is the analytic subgroup determined by &. 

In Case 3, C is self-adjoint in G and therefore there exists a Cartan 
deco:nposition R+ € with C—=CNK+ENE. Set —CNE. Then 
satisfies the hypothesis of the cited theorem and therefore G—K-F- E’ topo- 
logically, notation being as above. In addition, we have C—=(CNK)-E 
topologically. For the subsets CM K and E” being closed, (CM K)-E’ is 
a closed subset of C. On the other hand, the mapping @:(c,e)—>ce of 
(CN K) XE’ into C is one-to-one and continuous; since (CN K) X EL’ is 
locally Euclidean and of the same dimension as C, the mapping 6 is open by 
the theorem on the invariance of domain. As a result, (CM K)-£’ is open 
and closed in the connected group C and hence coincides with C. Inasmuch 
as © is invariant under ad R we conclude that EH’ and F’ are (CN K)-invariant 
exp-sets. 

The choice of F and £ is not yet complete inasmuch as K need not be 
compact. We know only that the image of K in the adjoint group of @ is 
compact. This implies that the adjoint groups of K and C/N K are compact. 
It follows at once that each is the direct product of its maximum compact 
subgroup and a vector group (cf. [9], Lemma 2.8). Let M, be the maximum 
compact subgroup of C and let W be a vector subgroup such that C= M,- W, 
(direct). Let Wz be a vector subgroup of K such that K —(MC)- W, (direct) 
where M is the maximum compact subgroup of K. Set H—W,EH’ and 
F=W.F’. Since W, CCN K, W.:F’ We, we get 


-E topologically. 


Finally, M, is a maximum compact subgroup of C. For let Mg be a 
maximal compact subgroup of C which contains M,. Since C—=M,-F£ 
topologically, G/M, is homeomorphic to Euclidean space and it is fibered by 
the compact fibers Mc/M, with G/M,/Mc/M,=G/M¢ as base space. Since 
Euclidean space cannot be fibered by compact fibers containing more than 
one point ([2] or [12]), we conclude that M,—My. Proof of the theorem 
is now complete. 


Note. The theorem from [10] that was cited in Case 3 arises out of 
the following theorem, which the author proved with precisely the above 
application in mind. 


| 
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Let € be any real linear subspace of ©, the set of real symmetric matrices, 
and let % be an orthogonal complement to € in © with respect to the bilinear 
form TrXY. Then any positive definite symmetric matrix can be written 
uniquely and continuously as efe with e in exp€ and f in exp%, if and only 
if [€,€]] CE. 

When we specialize the choice of C to a maximal compact subgroup M, 
we obtain the following sharpened form of the theorem on the topological 
decomposition of a Lie group. 


THEOREM 2.2. Let G be a connected Lie group and let M be a maximal 
compact subgroup of G. Then G=M-U topologically, where U is an M- 
invariant exp-set. 


In particular, U is a Euclidean subspace with mUm-* =U for all m in 
M, and M operating on U by inner automorphisms is equivalent to the linear 
group Ad M operating on a linear subspace of G. 


Theorem 2.2 allows us to sharpen the theorem on the conjugacy of 
maxima’ compact subgroups of connected Lie groups. 


Remark. That any two maximal compact subgroups of a connected Lie 
group G are conjugate under inner automorphisms has been proved by 
Malcev ([7]) and Iwasawa ([6]). Each proof takes as starting point the 
theorem of E. Cartan that maximal compact subgroups of a semi-simple 
group are conjugate (cf. [3] or [10]). It is of interest to observe that the 
idea introduced by Cartan to handle the semi-simple case can be used to 
handle the general case. We sketch the argument. Proceeding by induction 
in the case that G is not semi-simple, we reduce to the case that G contain 
a non-trivial closed normal vector subgroup V (cf. proof of Theorem 2.1). 

Applying the induction assumption to G/V, it follows that if M, and M, 
are maximal compact subgroups, then M, is conjugate under an inner auto- 
morphism to a subgroup of M,V. Hence we lose no generality in assuming that 
M, C M,V =G, with G connected. M being compact, M,N V = (identity) 
so that G—M,-V topologically. Hence G/M,—V. Now upon selecting 
logarithmic coordinates in V, it is seen that G operating on V is equivalent 
to group of affine transformations, the elements of V operating as translations. 
Hence any compact subgroup of G admits a fixed point in V, the centroid of 
any of its orbits. Thus there is an element z in G such that M,2M, is simply 
the coset 7M,; that is, C 2M, and C M,. Thus and M, 
are conjugate. That M, is connected follows from the connectedness of G. 


, 


THEOREM 2. 3’. 


Let M, and M, be any two maximal compact subgroups 
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of the connected Lie group G. Then there is an element x in G such that 
2M ,a*=M, and for all m in M,N Mz. 


Proof. We begin with the fact that any two maximal compact subgroups 
of G are conjugate under an inner automorphism. Thus we may assume that 
M, is the subgroup M of Theorem 2. 2, i.e., there is a subspace U such that 
G—=M,-U topologically and mUm-* =U for all m in M. We know there is 
an element y in G such that yM,y*—M.,. Now y can be written as xn 
with n in M, and U. Then =yM,y'=M,. Thus 
= M, and hence x(M,M C My. For any element m in M,N M, 
we have the relation =m: 

Since e M,,m-te U, and G = M,U topologically, we infer zmz-* =m, 
which proves the theorem. 

More generally, we can assert 


THEOREM 2.3. Let N, and N. be two compact subgroups of the con- 
nected Lie group G which are conjugate under an inner automorphism 4. 
Let M, and M, be any maximal compact subgroups which include N, and N, 
respectively. Then there exists an inner automorphism 6 of G which sends 
M, onto M. and which coincides with 6, on Nj. 


Proof. Let M,;=06,(M,). Applying Theorem 2.3’ to M; and M2, we 
find an inner automorphism 6, sending M,; into M, and keeping M,N M, 
pointwise fixed. The inner automorphism $= 6.6, has the desired properties. 


3. Retraction of Klein spaces. Throughout this section, G denotes a 
connected closed subgroup, and I any maximal compact subgroup of G 
which includes a maximal compact subgroup of C. 


THEOREM 3.1. G/C can be retracted by a strong deformation retraction 
to a subset homeomorphic to the h-compact space M/M OC. Thus G/C and 
M/MNC have the same homotopy type. 


Proof. For convenience, let Mg denote MNC. By hypothesis Mg is a 
maximal compact subgroup of C. By Theorem 2.2, C/Mc is topologicaly a 
Euclidean space and is thus solid (cf. [13] for definition). Moreover, G/Me 
is a fiber bundle with G/C as base space and C/M¢ as fiber, the projection p 
being > [aC], (x in G@). 

Let ¢ denote the mapping for z in M. Since MN C= Mo, 
¢ is well-defined and is a continuous cross-section of the subset MC/C of G/C 
into the bundle G/Mg. Since the fiber C/Mg¢ is solid, ¢ can be extended to a 
continuous cross-section of G/C into G/M¢ ([13]). We denote this extension 
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by ¢ also. From the fact that G—U-M topologically with U a Euclidean 
subspace, it follows at once that there is a strong deformation retraction 
S:(0St=1) of G/M¢ onto the subset M/Me (the points of being 
fixed under the deformation). We define the retraction R; of GeC onto itself 
as Ry = pSid(0S¢S1). Then for any z in 


Ry([2C]) = pS, ([*Mc]) = p([*Mc]) = [2C]. 


Moreover, identity, and R,(G/C) =MC/C=M/MNG. Thus R; is 
the desired strong deformation retraction of G/C. 


Corottary 1. If S is a closed subgroup of G and G/S is simply 
connected, then the conclusion of the above theorem holds. 


Proof. If G/S is simply connected, then S is connected. 


Corotiary 2. (Montgomery, [8]). If G is a Ite group that is transi- 
tive on a simply connected compact space, then there 1s a compact subgroup 
of G that is transitive on the space. Thus every simply connected compact 
Klein space is h-compact. 


Proof. We may assume that our space is G/C where C is connected, and 
G/C is a compact manifold. Since a compact manifold cannot be deformed 
to a proper subset, G/C—=MC/M, i.e., M is transitive on G/C and 
G/C=M/MNC. 


4. Covariant fiberings. Let B be a Lie group, B’ a closed subgroup 
of B, let F' denote a topological space, and let A denote an anti-homomorphism 
of B’ into the group of all homeomorphisms of F onto itself (cf. [0]). Assume 
that B operates on F as a topological transformation group in the usual sense, 
i.e., the mapping (g,f) ~A(g)f of B’ & F into F is continuous. We define 
the subset [b,f] for any point (b,f) in BX F as {(bg,A(g)f)| all geB’}. 
If U is a subset of BX F, we denote by [U] the set {[b,f]]| (b,f) eV}. 


Definition. (B,F,B’,r) denotes the topological space whose points are 
the subsets [b,f] of BX F, a neighborhood of [6,f] being defined as [U] 
where U is any neighborhood of (b,f) in BX F. 

Let denote the mapping (6,f) >[6,f] of BXF onto (B,F,B’,d). 
Then by definition essentially, + is continuous and open. (B,F,B’,A) can 
be thought of as the space obtained from BX F by taking as points the 
(non-singular) orbits of the transformation group R(B’), where R(g) is 
the mapping (b,f) > (bg,A(g)f), be B, geB’, feF. 


= 
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We next define on (B, F, B’,A) a fiber bundle structure, with base space 
B/B’, fiber F, and as structure group the Lie group A(B’). Namely, let p be 
the mapping [b,f] > 0B’ of (B,F,B’,A) onto B/B’. Let +, Us: 
be a covering of B/B’ by neighborhoods such that there exists a continuous 
cross-section y; of U; into the bundle B fibered by cosets B’ (b in B). Define 
di: U; X F by the relation ¢i(yi(r), f) = (2, f), in Ui, f in F). 
It is easily seen that ¢; constitutes a set of coordinate functions which defines 
(B, F, B’,) as a bundle with fiber / and structure group A(B’). We shall 
employ the symbol (B, F,B’,A) to denote the above bundle structure as well 
as the underlying space, when there is no danger of confusion. It is clear 
from the choice of coordinate functions that the associate principal bundle 
of (B,F,B’,) is the bundle B fibered by cosets DB’. 


Definition. Suppose B and F are closed subsets of a prescribed Lie 
group G. Suppose moreover that F is invariant under inner automorphisms 
by elements of B’, that FY contains the identity element of G, and that A(q) 
denotes the transformation f—>g-*fg where fe F and ge B’. We then denote 
(B, F, B’,r) by the symbol (B X 

Let (B, F, B’,r) be given. If the group of transformations A(B) has a 
fixed point p, in F, then the mapping [bB’] > [b, po] of B/B’ into (B, F, B’, d) 
is well defined and is in fact a continuous cross-section of the base space B/B’ 
into the fiber bundle (B, F, B’,A). In particular, the mapping [bB’] > [8, e] 
of B/B’ into (B X F), is a continuous cross-section, where e is the identity 
of the prescribed group G. 


Lemma 4.1. Let G be a Lie group, let C and B be closed subgroups, 
and let F, E be two subspaces of G such that, G=B-F-E (topologically). 
Assume 

(1) C=B’-E (topologically) where B’ ts a subgroup of B. 

(2) F for all ge B’. 

(3) F contains the identity element of G. 

Then G/C = (BX under the homeomorphism [bfC] > [b, f]. 


Proof. Let 6 denote the mapping (0,f) ~DbfC of B X F onto G/C. For 
each point of G/C, 6*[bfC] is the totality of pairs (b*,f*) in BX F such 
that b*f* = bfC = with ceC,geB’,eceF. Hence b* = bg, 
f=g"fg, and so 6“[bfC] is the subset [b,f] CBX F. As a result, the 
correspondence 76": 0(b, f) > (b, f) is a well defined one-to-one correspondence 
between G/C and (BX F)z. Since both @ and =z are open and continuous 
mappings, 76-' is a homeomorphism. Proof of the lemma is now complete. 
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Remark 4.1. Suppose that G=B-F-EF topologically and C—B’-E 
topologically, with B’ a subgroup of B as above. Assume moreover that 
bFb C F for all b in B. Then G is also F-B-E topologically. From these 
two decompositions of G we obtain two different fiber bundles (in general) 
which are associated with the same fibering of G/C into the subsets bF (= Fb) 
with 6 in B; the bundles are (B,B’,F,A,) and (B,B’,F,22) respectively, 
where \, corresponds to the operation of B’ on F by inner automorphisms, and 
is the identity transformation. The bundle (B, B’, F,A,) =(B X 
has as structure group A,(B’) and the other has as structure group A.(B) 
— (identity), these groups being different in general. Since these correspond 
to the same fibering of G/C, they are equivalent when the structure group 
of each bundle is suitably augmented. 


Remark 4.2. The group B operates on (B,B’,F,X) by the operations 
L,*: [xf] [bz,f], where b, are in B and f isin F. is a well defined 
bundle map of (B, B’, F, 2) onto itself, and L,* permutes the fibers transitively. 

In the special case that (B, B’, F,r) = (B X F) >», and the subsets B and 
F of G are as in Lemma 4.1, the operation L,* is the operation of B on G/C 
by left translation. In this case, the operation R(b) : (x, f) — (xb, b-*xb) with 
b in B’ corresponds to the operation of 6 on BF by right translation. 


Definition. Let G be a connected Lie group which operates transitively 
on the space H. A G-covariant fibering of the differentiable manifold H is a 
differentiable fibering into Euclidean fibers (i.e., the fibers are submanifolds 
and each fiber has as neighborhood an open set of fibers with a differentiable 
submanifold as cross-section set) such that for some maximal compact sub- 
group M of G, 


1) M permutes the fibers transitively. 


2) For some fiber 7’, the subgroup Mp of M which keeps F invariant is 
equivalent to a group of linear transformations on the Euclidean space F. 


Condition 2) is obviously equivalent to the condition obtained on replacing 
“some fiber F” by “each fiber F,” in view of the fact that M permutes the 
fibers transitively. 


THEOREM 4.1. Let G@ be a connected Lie group which operates transi- 
tively on the space H with a connected isotropy subgroup C. Assume that C 
is self-adjoint modulo the radical. Then H admits a G-covariant fibering. 


Proof. By Theorem 2.1, G=M-F-E topologically, where M is a 
maximal compact subgroup, C = Mg: EF topologically, with Mc =MN C, and 
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F is an Mg-invariant exp-set. By Lemma 4.1, H=G/C is the underlying 
space of the fiber bundle (MX F)y,. Since M permutes the fibers of this 
bundle transitively (Remark 4.2), F is Euclidean. To conclude the proof 
of our theorem it suffices to verify that a) My, the subgroup of M keeping 
the fiber / invariant is equivalent to a linear group, and b) (MX F), isa 
differentiable fibering of H. Part a) follows from the observation that 
My = Mg and Mg operating on F is equivalent to the linear group Ad 
operating on a linear subspace of @ by definition of F. Part b) follows from 
the fact that decomposition G = M-F'- £ is differentiable around the identity 
element at least, as can be verified without difficulty. 


CoroLitary 1. If C is a closed connected semi-simple subgroup of the 
connected Lie group G, then G/C admits a G-covariant fibering. 


Proof. Let R be the radical of G. Then CR/R is a semi-simple subgroup 
of the semi-simple group G/F and is self-adjoint by Theorem 6 of [10]. 


CoroLuary 2. If C is a closed connected subgroup of the connected 
solvable Lie group G, then G/C admits a G-covariant fibering. 


Proof. G is its radical and CG/G is self-adjoint in G/G. 


CoroLiary 3. If C is a compact connected subgroup, then G/C admits 
a G-covariant direct product fibering. 


Proof. This follows directly from Theorem 2.2 applied to a maximal 
compact subgroup containing C. (cf. Remark 4.1). 


Remark 4.3. The decomposition of a semi-simple Lie group G without 
center into K-S where K is a maximal compact subgroup and 8 is a subgroup 
homeomorphic to Euclidean space (due to Iwasawa [6]) allows one to con- 
clude that G/K has a covariant fibering but does not allow this conclusion 
for G/K’ when K’ C K, inasmuch as S is not invariant under inner auto- 


morphisms from K’. 


5. Examples. We will now consider some cases where the fiberings of 
Section 4 turn out to be direct product fiberings when the group of the 
bundle is suitably enlarged. 


Definition. Let F be a locally compact Hausdorff space. By aut F is 
meant the group of homeomorphisms of F onto itself topologized so as to be 
a topological transformation group operating on F. (cf. [0], Arens). 

In the case that F is Euclidean space, the compact open topology satisfies 
the above condition. 
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Conditions that the fibering of Section 4 be product fiberings can be 
stated most simply in terms of mappings into aut F. 

We consider first the fibering defined for the space (B X F')g and employ 
the notation of Section 4. In particular, A(g) denotes the homeomorphism 
fogfg for fe F, geB’. Since A(gig2) =A(g2)A(Gi), A is an anti-homo- 
morphism of B’ into aut F’. 


THEOREM 5.1. The fibering of (BX F) , is a direct product decom- 
position if and only tf there is a continuous mapping u: B—>aut F such that 
u(x) =u(xg)A(g) for each g in B’. 


Proof. If the fibering is a direct product decomposition, then there exists 
a fiber-preserving homeomorphism ¢ of (B/B) < F onto (B X F)» such that 
1) = («,f) (=(2g, 97fg) = (7g,A(g)f) for g in B’). Define 
to be the mapping f—f, of F onto F, where xe B. Since ¢ is a fiber pre- 
serving homeomorphism, u(x) is a homeomorphism. Moreover wu is a con- 
tinuous mapping of B into autF. Finally, since (2,f) and (2g,A(g)f), 
g in B’, represent the same point of (BX FF)», we have the identity 
u(x) (f) =u(ag)(A(g)f) for any f in F, u(x) =u(ag)A(g) for all 
g in B’. 

Conversely, suppose there is such a mapping wu. Then consider the 
mapping 6: (x, f) of BX F into (B/B’)X F. The mapping 
9 is single-valued, open and continuous. Thus @ is a fiber preserving homeo- 
morphism of (B X F)» with (B/B’) X F. 

Let #2 and @ denote the field of real complex numbers respectively. 

We employ the notation Sl(n, 0), Sl(n, @), SO(n, R), SO(n, 4), SU(n) 
to denote the linear groups over real and complex numbers of determinant 1, 
the orthogonal groups over @ and @ of determinant 1, and the unitary group 
of determinant 1. 


Example 1. We examine the fibering of the space G/C, where G@ is 
the group of matrices Sl(n +1, and C is the subgroup Sl(n, of the 


form & > g being an n by n matrix. Let & and © denote the totality of 


skew-symmetric and symmetric matrices, respectively. Let E=€@N © and 
define § = {X|X eS, TrXY —0 for all Ye LH}. Then @ is the totality of 
symmetric matrices (s) with 3;—0ifi>1andj>1. We sett 
exp%. We define A(g) to be the mapping f-g-"fg in aut F, where g 
is in the analytic subgroup K’. Let A(g) denote the restriction of Adg to 
wy Where ge Kk’. Let log denote the homeomorphism expX—YX of F onto 
Since A(g)(expX) for all Yes, geK’, we have 
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log: A(g) =A(g™) -log, that is, the homeomorphism log is equivalent with 
respect to the isomorphism A(g) > A(g*). We now look at the trans- 
formation group A(K’). If Xe%, then 


b 


This identity has the following interpretation. Let «¢ denote the (n+ 1)- 
tuple with components 4, (t,7—=1,:--,n-+1). Let X; denote the matrix 
of F whose p, q-th coefficient is max {8ipSig, digdip}. Let @ denote the unique 

i 


x=(; c=—a/n- (identity) 


and 


linear mapping of F onto the Cartesian space 0 "*1 (on which G = Sl(n + 1, ®) 
operates) such that ¢6(X;) (t—1,---,n-+1). The above identity states 
that 94 = ¢A(g), ge K’ =SO(n, FR), that is, the homeomorphism ¢ is equi- 
variant with respect to the isomorphism A(g) —>g of A(K’) onto K’. 

Now define u(x) = (¢log)-#¢ log for re K = SO(n+1,;R). Then u 
is a homeomorphism (in fact, an isomorphism) of K into aut Ff. Further- 
more, u(g) gekK’. Thus 
u(zg)A(g) =u(xr)u(g)u(g*) =u(z) for all ge K’. 

It follows now from Theorem 5.1 that G/C=(K X F)x =K/K’ X F. 
Thus Si(n + 1, )/SI(n, ) decomposes, by the covariant fibering of Section 
4, into the direct product of an n-sphere and a Euclidean space. 


Example 2. By the same reasoning one can prove that 
Sl(n +1, @)/SI(n, @)(SU(n+1)/SU(n)) Euclidean space. 


These results can be obtained by an elementary geometric argument upon 
representing elements of our group as a base for 0e¢"** (or @"*1 as the case 


may be). 


Example 3. If G=S8SI1(3, @) and C is the subgroup S1(3,R), then G/C 
is the space of a fiber bundle with base SU(3)/SO(3, ®@) and a three dimen- 
sional Euclidean space F as fiber. The covariant fibering of G/C is not a 
direct product decomposition. For let us select the Cartan decomposition of & 
(regarded as a real Lie algebra, cf. Section 2) with the maximal subalgebra & 
taken to be the Lie subalgebra of SU(3). Then K, K’ are SU(3), SO(3, ® ) 
respectively, and A(K’) is equivalent to K’ operating on real cartesian space 
®@*. The existence of a mapping u of Theorem 5.1 is equivalent to the 
existence of a continuous mapping u of SU(3) into aut ®@? such that 
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u(zg)g?=u(z), i.e, u(ag) for all « in SU(3), g in SO(3, &). 
But such a mapping cannot exist. For if it did, u-’(identity) would be a 
continuous cross-section of cosets of SO(3,R) in SU(3). This implies that 
SU(3) = (SU(3)/SO(8, &)) SO(3, But comparing homotopy groups, 
a4(SU(3)) =0, whereas r4(SO(3)) #0 ([13]). Thus SO(3,R) cannot be 
a direct factor of SU(3) and the given fibering of S1(3, @)/S1(3, @) is not 
a product fibering. It should be noted that the isotropy subgroup in this 
example is connected and semi-simple; also the group @ is semi-simple. 


Example 4. Samelson’s example of a Klein space with connected iso- 
tropy subgroup but no direct product fibering can be described as follows. 
Take G to be the subgroup of Sl(n+1,C) whose first column has only 
zeros below the first row. Let C be the subgroup of G whose coefficients in 
the second column outside of the (2,2) term consists of zeros. Clearly @ 
and C are connected. G (resp. C) can be identified with the subgroup of 
projective transformations of the complex projective plane P", which keeps a 
point (resp. two points) invariant. Hence G/C can be identified with the 
exterior of a point p, in P™. If P"—pp, could be factored into a direct 
product of a compact subset and a Euclidean subspace, we would be able to 
deform P,, the plane at infinity, into a singular cycle which fails to intersect 
P., contrary to the fact that the singular cycle P, has a non-zero self-inter- 
section. Thus G/C has no direct product fibering. It has, however, a G- 
covariant fibering. It is noteworthy that G/CR admits a direct product 
covariant fibering, R being the radical of G. Thus the radical of G plays 


an essential role in Samelson’s example. 


Example 5. Let G* be the connected component of the identity of the 
Lie group leaving 7,7 + — invariant. Let C* 
be the analytic subgroup keeping invariant x,?+- - -+ %,?—n,,? together 
with 2,2. Clearly, G* and C* are semi-simple ; under the natural imbedding, 
SO(n) X SO(2) and SO(n) are maximal compact in G* and C* respectively. 
Let G denote the simply connected covering group of G*, and let C denote 
the analytic subgroup corresponding to C*. Since G*—=SO(n) X SO(2) 
X Euclidean space, the analytic subgroup M in G which covers SO(n) is: 
maximal compact in both G and C. By Theorem 4.1, G/C admits a G- 
covariant fibering with base space M/M. Hence G/C is homeomorphic to 


Euclidean space. 


Note. The above example was kindly suggested to the author by A. Borel, 
as an instance of the phenomenon mentioned in the footnotes in Section 6. 
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6. Aspherical Klein spaces. As an application of Theorem 2.1, we 
prove 


THEOREM 6.1. An aspherical (in dimensions 0,1,2,- - -) Klein space 
is homeomorphic to Euclidean space. 


Proof. A Klein space is a factor space G/C with G a Lie group and C 
a closed subgroup. We shall prove the theorem for aspherical factor spaces 
G/C by induction on the pair of integers (dim G,dimG—dim() ordered 
lexicographically. It is convenient to break up the proof into a series of 


lemmas. 


Lemma 6.1. Let G denote the universal covering group of the connected 
component G, of the Ine group G, and let C be the complete inverse image 
in G of CNG. Assume G/C is aspherical. Then G/O6=G/C. C is con- 
nected and contains a maximal compact subgroup of G. 


Proof. G, is a closed normal subgroup of G and G/G, is discrete. As a 
result, GC is an open and closed subset of G and G,C/C is open and closed 
in G/C. Since G/C is connected, G.C/C =G/C and therefore 


G/C =G4,/CN Go. =G.C/C = G/C. 


Since G/C is simply connected, C is connected. Let K be any maximal 
compact subgroup of G which includes a maximal compact subgroup of C. 
By Theorem 3.1, G/C has the same homotopy type as K/KN C. Since the 
homotopy groups of all dimensions of K/K C vanish, by the well known 
theorem of Hurewicz, all the positive dimension homology groups with integral 
coefficients of K/KM C vanish. However, K/K NC, being a simply con- 
nected manifold, is orientable and hence it has a fundamental cycle which is 
not homologous to zero. It follows immediately that K/K NC is a 0-dimen- 
sional manifold and being connected, it is a point. Thus K—=K nN C. Proof 
of the lemma is now complete. 


Lemma 6.2. Let G@ be a Lie group, and let B, C be closed subgroups 
with BDC. If G/B and B/C are Euclidean (spaces topologically), then 
G/C is Euclidean. 


Proof. G/C can be considered as a fiber bundle over the case space G/B 
with fibers B/C, the projection being p:|2C]— [2B] and the group of the 
bundle being the group of left translations of the space of cosets B/C by 
elements of B. It is known that there always exists a continuous cross- 
section of a base space into a fiber bundle in case the base space is Euclidean 
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(Feldbau [5]). In particular, there is a continuous cross-section of G/B 
into the principal bundle of the bundle G/C. Consequently, the above bundle 
G/C is the product bundle G/B X B/C. Thus G/C is Euclidean. 


LemMA 6.3. A mazimal proper analytic subgroup (t.e., connected Lie 
subgroup) of a simply connected Lie group is closed. 


Proof. Let G be the simply connected Lie group and C' a maximal proper 
analytic subgroup. If C is not closed then @—G and the Lie algebra © 
of C is an ideal in G (ef. Section 2; also [7]). Hence C is normal in G and 
consequently is closed (Pontriagin, Topological Groups, p. 279). 


Lemma 6.4. Let G be a simply connected simple real Iie group, Let C 
be a closed connected subgroup of G, and let M be a maximal compact sub- 
group of G. Assume C DM. Then G/C is homeomorphic to Euclidean space. 


Proof. Let &, ©, Mt denote the Lie algebras of G, C, M, respectively. 
Let & + € be a Cartan decomposition for the simple Lie algebra © (Section 
2). Since all maximal compace subgroups of a connected semi-simple Lie 
group are conjugate and K contains a maximal compact subgroup of G, we 
may assume that Hi D KR and then R—=M-+ (direct algebraically) where 
% is abelian and 9? is semi-simple or (0) (cf. [9]). Furthermore, since & 
is simple, ad& is irreducible on € (cf. [3]).* As a result, the center of R 
is at most one-dimensional. In particular, dim 9? is 0 or 1. 

We must now distinguish in our argument between the cases Yt? = 0 and 
MAO. If PM—O0, then G is of rank 1, dimension 3, and not compact. In 
this case, & is isomorphic to the Lie algebra of all 2 X 2 real matrices with 
trace zero, and we identify ® and € with the skew-symmetric, and symmetric 
matrices of trace 0 respectively. In this case, it is well known that a one- 
dimensional subalgebra © is conjugate under an inner automorphism to 
either 8 or a subalgebra of triangular matrices. Hence we can assume if 
dim © 1 that either C= or € is a subalgebra of triangular matrices. 
In either case, G/C is homeomorphic to Euclidean space. If dim€—2, 
then as is known, € is conjugate to the subalgebra of triangular matrices and 
((/C AQ K = Euclidean space. (Alternatively, G/C being a one-dimensional 
simply connected separable space, is Euclidean). 

Thus we need only consider the case Yi+40. Here, the center of R can 
he described as the centralizer of Mt in G. For let 9 denote the normalizer 
in G, N= {X|XeG, [X, M] C Since K CN, M—K+ (NRNE). 


* However, ad Xt need not be irreducible on ©; in fact, there may exist proper sub- 
algebras of & other than & which include ®, (cf. Example 5 of Section 5). 
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Since 9 is a subalgebra and € is invariant under ad, NN € is invariant 
under ad. Since ad is irreducible on €, E=— (0) or E. Thus R—RK 
or Since G is simple, —G implies R—=G=—MN. Hence in any 
case, N—R. Since the centralizer of Mt is in M, it is in K and is central 
in ®. Conversely, the center of & obviously centralizes Yt. Thus the center 
of & is the centralizer of Mt in G, which is of course Y. 

We now take up the analysis of the subalgebra © under the assumption 
MA (0). Inasmuch as CDM, C—=M+ (CN(A+E)). Now W and 
© being invariant under the completely reducible set of endomorphisms 
ad M, €N E is a subspace of CE) invariant under ad Pt. Hence, 
A’, where is invariant under adM. Since 
dim 9% = 1, we infer dim%’=1. Since any one-dimensional representation 
of a semi-simple algebra is the zero representation, [Mt,2’] —0. Thus W’ 
is in the centralizer of 9% in @ and hence 


CN(M+E)CENE+ ENE, 
COMI 


We have proved therefore that C=CNRK+CNE. Applying Theorem 
2.1 we have that G/C=(MXW)y where M’—=CNOM=M, and W is 
Euclidean. Thus G/C is homeomorphic to the space of a fiber bundle with 
Euclidean fiber W and with a base space M/M’ = M/M, which is a point. 
Therefore, G/C is homeomorphic to Euclidean space. 

We now proceed to prove Theorem 6.1. By Lemma 6.1, we may assume 
that G is simply connected and that C is an analytic subgroup containing a 
maximal compact subgroup of G. We prove by induction on the pair of 
integers (dim G, dim G/C) ordered lexicographically, that: if G is a simply 
connected analytic group and C 1s a closed (connected) analytic subgroup 
which contains a maximal compact subgroup of G, then G/C 1s Euclidean 
space, topologically.* This induction hypothesis is certainly true for the 
pair (0,0). Assume it true for pairs less than (dim G,dim G/C) = (r,n). 
Let G, be a closed proper maximal analytic subgroup of G which contains C. 
Inasmuch as an analytic group is topologically the direct product of a 
maximal compact subgroup and a Euclidean space and furthermore, all 


maximal compact subgroups of an analytic group are conjugate, any maximal 
compact subgroup of simply connected Lie group is simply connected. G;, is 
thus the direct product of a simply connected compact subgroup and a 


* This result is claimed for semi-simple groups by L. Calabi in Rend. di Mat. di 
Univ. di Roma, Ser. 5, vol. 7 (1952), p. 326, Cor. 2. However, his proof has a central 
gap and would not apply to the case in Example 5 of Section 5. 
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Euclidean space and is hence simply connected. We can therefore apply the 
induction hypothesis to G/G and G/C if G contains C properly. By Lemma 
6.2, G@/C is Euclidean in this case. We need only consider the case G,—C, 
i.e., C is a maximal closed analytic subgroup of G. By Lemma 6.3, C is a 
maximal proper analytic subgroup of G. 

Let now 9 be any maximal ideal of © which is not ©. CW is then an 
analytic subgroup containing C. Thus G=CN or CN=C. If G=CN, 
then G/C=N/NAC. By Lemma 6.1, we may assume that V and NNC 
fulfill the hypotheses of our induction hypotheses (as a matter of fact, N 1s 
simply connected and NMC is connected and contains a maximal compact 
subgroup of V). By our induction hypothesis N/N NC is Euclidean, and 
thus G/C is Euclidean if CV=G. 

It remains only to consider the case CV=C, i.e, NCC. Here 
G/C = G/N/C/N and if N~ (0), the induction hypothesis yields the result 
that G/C is Euclidean. We are reduced to considering the case Jt —0, i.e., 
the only ideals of G are @ and (0). Thus G is either isomorphic to the 
additive group real numbers or G is a (non-abelian) simple Lie group. But 
by Lemma 6.4, G/C is Euclidean in this case. Our induction hypothesis has 
therefore been verified for the pair (r,n) and Theorem 6.1 is now proved. 


7. Uniqueness of covariant fiberings. In Section 4 we defined “co- 
variant fibering of a Klein space” and in Section 5 we saw by an example that 
covariant fiberings are not always trivial (i.e., direct product decompositions) 
even when the isotropy subgroup is connected and semi-simple. In order to 
understand better the significance of such an assertion, we must inquire into 
the uniqueness of covariant fiberings. Our concern is with the decomposition 
of the homogeneous space into fibers rather than the structure group of the 
fiber bundle. To that end we regard the fibered homogeneous spaces as fiber 
bundles whose structural group is the topological group of all homeomorphisms 
of the Euclidean fiber onto itself (cf. [0]). 

In seeking a uniqueness theorem for covariant fiberings of a homogeneous 
H, we avoid the knotty problem of cofactorizations of a topological space by 
comparing only G-covariant fiberings. That is, we are concerned here only 
with fiberings that are suitably related to the operations of G on H. 

Throughout this discussion, G will denote a fixed Lie group which 
operates transitively on a homogeneous space H. Cp will denote the isotropy 
subgroup of the point p in H, i.e., the subgroup of G which keeps p fixed. 
We assume that C, is connected. We will consider only G-covariant fiberings 
of H. 

Let ¥ be a fibering of H. 
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Definition. A transversal M to F is a maximal compact subgroup of G 
which permutes the fibers of ¥. A base point of the transversal M is a point 
p whose isotropy subgroup C, intersects M in a maximal compact subgroup 
of C,. The F-tsotropy subgroup of M is the subgroup My which keeps the 
fiber F invariant. If p is a base point of M, we call MN C,—M, the M- 
isotropy subgroup of p. 

We recall that a G-covariant fibering ¥ of H is a decomposition of the 
differential structure of H into Euclidean fibers for which there exists a 
transversal M with the properties: 


1) The F-isotropy subgroup My is equivalent to a linear group on F 
for some fiber F’. 


2) M permutes the fiber transitively. 


As a consequence of 2), My is equivalent to a linear group on F' for 
every fiber F’. 


Proposition 7.1. Let M be a transversal of the covariant fibering &, 
and let My be the F-tsotropy subgroup of M. Then Mr is equivalent to a 
linear group on the Euclidean fiber F and M permutes the fibers of F 
transitively. 


Proof. Let G, be the connected component of the identity in the sub- 
group of G@ which permutes the fibers of ¥. Let Gp be the connected com- 
ponent of the identity in the subgroup of G, which keeps the fiber F’ invariant. 
Both G, and Gy are closed subgroups of G. 

My is a maximal compact subgroup of Gy. For let Nr be a maximal 
compact subgroup of Gy which contains My and let N be a maximal compact 
subgroup of G,, which contains Ny. Since G, and G,y are connected Lie 
groups, there is an inner automorphism T,:7-—>g X g™! with g in G, which 
carries M onto N and My into Ny (by Theorem 2.3). Since the trans- 
formation h—>g-h (g in G, h in H) of H onto itself is a fiber-preserving 
homeomorphism, T, takes My, the F-isotropy subgroup of M, onto Ny,, the 
gF-isotropic subgroup of VN. In turn, Nyr is conjugate under an inner auto- 
morphism of V to Ny. Thus Mp is conjugate to Nr under an inner auto- 
morphism of G,. Since My C Ny, we have dim My—dim Ny, Mr is open 
and closed in Ny, and hence Mp—Ny. Thus, Mp is a maximal compact 
subgroup of Gr. 

Now F being a‘covariant fibering, there is a transversal M’ to F' whose 
F-isotropic subgroup M’,y operate on F like a linear group and which per- 
mutes the fibers transitively. Since, by the foregoing, M’r is a maximal 
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compact subgroup of the connected Lie group Gy, it is conjugate to Mr 
under an inner automorphism I, with g in Gy. Since g keeps F’ invariant, 
Mr is equivalent to a linear group on gf =F. Moreover, M’ being a maximal 
compact subgroup of the connected Lie group G;, is conjugate to M by an 
inner automorphism of G,. Hence M also permits the fibers transitively. 
We now turn to a proof of the uniqueness of G-covariant fiberings of H 
up to equivalence in the sense that there exists a one-to-one bundle map 


between any two. 

A covariant fibering ¥ is completely determined in view of Proposition 
7.1 by the specification of a transversal M and a single fiber F. We shall 
employ the notation (M,F) for the covariant fibering # which has M as 
transversal and F as fiber. 


Lemma 7.1. Let (M,F) be a G-covariant fibering. Then (gMg",gF) 
is a G-covariant fibering for any g in G and the map x—> gz of H 1s a one-to- 
one bundle map of (M,F) onto (gMg",gF). 


The verification of Lemma "7.1 is trivial. 


LemMA 7.2. Let M be a transversal to the covariant fibering F, let p be 
a base point of M and let F be the fiber through p. Then Mp—= Mf, 1.e., 
MN C, is the subgroup of M which keeps F invariant. 


Proof. If we make use of the fact that M>y is equivalent to a linear group 
on F’, then we infer that it keeps a point q fixed, i.e., My—=My. Inasmuch as 
M, is a maximal compact subgroup of C, and C, is conjugate to C, under an 
inner automorphism, we find that M, and M, are conjugate under an inner 
automorphism since each is a maximal compact subgroup of conjugate con- 
nected Lie subgroups. M, is a subgroup of the connected group M,y and, 
having the same dimension as My, must coincide with My. 


Lemma 7.3. Let p be a base point of the transversal M. Then the orbit 
M(p) has no tangent vector which is also tangent to a fiber. 


Proof. Let F, denote the fiber through the point x, and let V, denote 
the tangent space to F, at x. Let U, denote the tangent space to the 
orbit M(p) at the point zx in M(p). It is clearly sufficient to prove that 
UpQN Vp,—=(0). By the well known first fundamental theorem of Sophus 
Lie, the connected group M, considered as a transformation group operating 
(effectively) on H is generated by a linear family of infinitesimal transforma- 
tions Yt which can be identified with the Lie algebra of M. Let Di’ denote 
the subalgebra of Yt which generates the subgroup M,. We denote by Mt, 
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and It’, the element of contact which the disiributions Mt and Mi’ assign to 
the point z. Clearly, Dt,—U, and MY’, (0). 

Suppose now that Nt, V,~ (0). Then there is an infinitesimal trans- 
formation X in M, but not in Mi’, such that X, is in Vy. Now by definition 
of the exponential of an infinitesimal transformation, Xexp x(q) is the tangent 
vector to the parametrized path exptX(p) at the point t—1; i.e., for any 
function f analytic on H around expX(q), (Xf)exp x(q) = 4f (exp tX (q) ) /dt 
at t1. Hence, X is tangent to the path p(t) at all values of ¢, where p(t) 
denotes the path exptX (p). 

On the other hand, X,,1) is the image of X, under the differential of the 
transformation exp LX, in view of the fact that exp ¢X carries the path exp sX 
(s varying) into the path exp(¢{-+s)X(p). Since exp ¢X is a transformation 
in M, it permutes the fibers and hence its differential permutes the Vz with 
2 in the orbit M. As a result, Xpcz) is in Vp) for all ¢ and the path 
exptX(p) is tangent to a fiber for each ¢. 

Since a covariant fibering decomposes the differential structure of H, we 


may introduce a coordinate system 4;,- - -,Y, compatible with the differen- 
tiable structure of H such that in a neighborhood of p the fibers are slices 
y; =constant,: - -, constant. 


Since p(t) is tangent to a fiber for each ¢, we have dy;i(p(t))/dt—0 
--,n), and hence y;(p(t)) constant = y,(p(0)). It follows imme- 
diately that p(t) lies in the slice Fy. Since exptX permutes fibers, it must 
be in My. By Lemma 7.2, expt¢X is in M, for each ¢ and hence X¥,—0, 
contrary to hypothesis. Consequently, (0). 


LemMa 7.4. Let N be a compact group of transformations on a 
Euclidean space F which is equivalent to a linear group. Let p be any 
fixed point of N, let V be the tangent space to F at p. For each trans- 
formation g in N, let dg denote the differential of g at p. Then N is equi- 
valent to the linear group dN acting on V with p corresponding to the zero 
vector and any element g of N corresponding to dg. 


Proof. By hypothesis, there is a coordinate system 2,,---,% on F 
(not necessarily differentiable) with respect to which M is a group of linear 
transformations. Since p is fixed under M, upon replacing each 7-th coordi- 
nate function by z;—2;(p), we arrive at a coordinate system in which M is 
a linear group and p is the origin. Thus without loss of generality we may 
assume that p is the origin of the coordinate system 2,,-- -,%n. By a result 
of Bochner (cf. [1]) there is a neighborhood © of the point p and differ- 
entiable mapping ¢; of © onto a neighborhood of zero in V such that ¢, is 
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equivariant with respect to the isomorphism d (that d is an isomorphism is 
well known; for expressing elements of the kernel Ng of d as linear parts 
plus terms of higher order, it is seen that no iterate of a transformation in 
N,z is of finite order and hence Ng, containing no non-unit elements of finite 
order, reduces to the unit). 

We regard F as a linear space with 2,,- --,%, as a base of linear 
functions. Let X,,- --,Xn be a set of base vectors of F' which lie in the 
neighborhood ©. By Bochner’s result, dg¢i(Xi) =¢:9(Xi) -,n). 
We define the linear mapping ¢ of F onto V by the formula $(3¢,X;) 
= %cip(X;). By linearity we get dgp(X) —¢g(X), all X in Hence, 
¢ is equivariant with respect to d and N is equivalent to dN on V. 


Note. # may be non-differentiable with respect to the given differential 
structures of F’. 


Lemma 7.5. Let M be a transversal of a G-covariant fibering, F a fiber, 
pa point in F that is fixed under Mp, and C, the isotropy subgroup of p. 
Then My operating on F is equivalent to Ad Mr on G©/M+ Cp with p 
corresponding to zero, and m corresponding to the ©/M-+ C, part of Adm 
for m in Mp. 


Proof. Let H»y be the tangent space to H at p, let Up be the tangent 
space to the orbit M, at p and let Vy be the tangent space at p to the fiber F 
through p. Then H, and Uy, are the images of the Lie algebras © and M 
under the differential of the mapping 7:g-—>g-p of G onto the homogeneous 
space H. Now for any c in (, and z in G, r(cr) =2(crc*). Inasmuch as 
tr(x) =72(cx) by definition of the operation of G on H, we have c-r=—7'T,, 
¢ in (,. On taking the differential of this identity at the identity, we get 
dcp: dx dr: Adc, since Adc is dI, at the identity. Denoting by dC, the 
differentials of the transformations of H which are in Cy, we see that dC, 
is equivalent to the operation of Ad C, on Hp = dx(G) which can be identified 
with @/C€,. In particular, the subgroup dM, of differentials from M, is 
equivalent to Ad M, operating on @/G,. By Lemma 7.3, Vy, is comple- 
mentary to U, in H, and hence dM), operating on V>, is equivalent to dM, 
operating on H,/U,. Inasmuch as U, corresponds to Yt-+ €,/C, under the 
given identification of H, with @/C,, we conclude that dM, ouerates on V, 
as Ad M, operates on ©/€,/M + C,/C,p = G/M + C,. Applying Lemma 7. 4 


Vv 


and noting that M,—M,, by Lemma 7.2, we obtain the desired conclusion. 


THEOREM 7. Let G be a connected Lie group which operates transitively 


on the homogeneous space H with connected isotropy. Then any two G- 
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covariant fiberings of H are equivalent decompositions, that is, there is a 
one-to-one bundle map of one onto the other. 


Proof. By Lemma 7.1 we may restrict our attention to G-covariant 
fiberings with the same transversal M. Let therefore (M,Fi) and (M, F.) 
be the two covariant fiberings. Inasmuch as the property of being a base 
point to M depends only on M, there is no generality lost in assuming that 
F, and F, contain the same base point p. By Lemma 7.2, Mr, = M,= Mr,. 
By Lemma 7.5, there is a homeomorphism ¢ of F, onto F, such that 
¢(mf) =md(f) for m in M, and f in F;. It follows immediately that the 
mapping mf—>md¢(f) for m in M, f in F,, is a well defined homeomorphism 
which is a bundle map of (M,F,) onto (M,F:). 

By an isomorphism of a fiber bundle we mean a one-to-one (bicontinuous) 
bundle map of it. Let M; be a group of transformations on a bundle B; 
(«=1,2), and let @ be an isomorphism of B, onto B,. We say ¢ send M, 
onto M, if M2. 


Lemma 7.6. Let M be a transversal to the G-covariant fiberings §. 
The base points of M are permuted transitively by the automorphism of F 
which keep M wmvariant. 


Proof. Let p, p be any two base points to M and let F,, F, be the fibers 
through them. Since (Prop. 7.1) M permutes the fibers transitively, we may 
assume without loss of generality that F, — F,—F. Hence, Mp, = Mr, = Mr. 

If a linear space V and p,, ps are fixed points of LZ, then the mapping 
v>v+(pi—p.) of V is equivariant with respect to the identity auto- 
morphism. Since M, is equivalent to a linear group on F, there is a homeo- 
morphism ¢ of F onto itself such that ¢(mf) —md¢(f) for all m in Mf, 
fin F. Asa result, mf-—>md¢(f) with m in M and f in F is an automorphism 
of ¥ which carries p, into ps. Since this automorphism keeps M invariant, 
the desired conclusion holds. 

The above uniqueness result can be strengthened. 


Proposition 7.2. Let F; be a G-covariant fibering of H with transversal 
M; and base point px, (11,2). Then there is an isomorphism of F, onto F, 
which carries p, onto p. and the transversal M, onto Moz. 


Proof. By Lemma 7.1, we reduce to the case that M,—M,. Let F,, F, 
denote the fibers of ¥,, F. respectively that pass through p,. From Lemma 
7.5 it follows (just as in the proof of Theorem 7) that there is a mapping 6 
of F, onto F, such that the map ¢,:mf—m6(f) (m in M, f in F,) is an 
isomorphism of ¥, onto ¥,. Clearly, 6*md—m for all m in M. 


DS 
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On the other hand, by Lemma 7.6, there is an automorphism ¢, of #, 
which carries p, into p, and keeps M invariant. Hence ¢e¢; is an isomorphism 
of ¥, onto F, which sends p, onto p. and keeps M invariant. Proof of the 
proposition is now complete. 


Remarks. In our uniqueness discussion for covariant fiberings, we made 
repeated use of the hypothesis that Mp is equivalent to a linear group on the 
fiber F. There is much ground for the suspicion that this hypothesis is 
superfluous in the sense that it is always true. That is, there is the well 
known conjecture of Samelson that any compact group of differentiable auto- 
morphisms of Euclidean space is equivalent to a linear group. In our case, 
even a weaker theorem is needed to conclude that My is equivalent to a 
linear group on F. Namely, let K be a compact subgroup of a Lie group G, 
and let F’ be a closed Euclidean (differentiable) subspace of a space H on 
which G acts transitively. If K keeps F invariant, it is equivalent to a linear 
group on F. 

This conjecture appears to be difficult to prove even in the case that G 
is the group of rigid motions in Euclidean space and K is a subgroup of the 
orthogonal group. 
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ON THE LIE AND JORDAN RINGS OF A SIMPLE ASSOCIATIVE 
RING.* 


By I. N. HERsTEIn. 


Given any associative ring A we can form, using its operations and its 
elements, two new rings. These use the elements of A and the addition as 
defined in A, but new multiplications are introduced to render them rings, 
albeit not necessarily associative rings. The first of these, the Lie ring A” 
of A uses a multiplication defined by [a,b] —ab—ba for any a,be A where 
ab is the ordinary associative product of elements in A. The second of these, 
the Jordan ring of A, A’, has its multiplication defined by ao9b ab + ba 
for any pair of elements a, 6 in A. 

Being defined in a manner so decidedly dependent on the associative 
product of A, it is natural to expect that an intimate relationship should 
exist between the structure of these two new rings and that of A. In this 
paper we study one phase of this relationship, namely the connection between 
the ideal structure of A as an associative ring with the ideal structure of A¥4 
and A’ as Lie and Jordan rings respectively. To be more specific, we inves- 
tigate how simplicity of A as an associative ring reflects into analogous 
properties of A” and A’. 

When we say that U is an ideal of A’, or, equivalentiy, when we say 
that U is a Jordan ideal of A, we mean that U is an additive subgroup of A 
and that for any ze U and any ye A, roy—azy-+ yz is an element of U. 
We similarly define Lie ideals of A and ideals of A¥. 

Although the main results of this paper deal with the case in which A 
is a simple ring, many of the other results do not require the assumption of 
simplicity in order to remain valid; so, unless otherwise stated, we make no 
assumption of simplicity for A. 


1. The Jordan ring of A. We begin with 


Lemma 1. If U is a Jordan ideal of A, and if a and b are elements 
of U, then for any x in A (ab+ ba)x—z(ab-+ ba) ts an element of U. 


Proof. Since a is in U, a Jordan ideal of A, then for all zeA, 
a(xb — br) + (xb br)a is also in U. But 
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a(xb--- bx) + (4b — 
= {(ax—-za)b + b(ax— za) } + {x(ab + ba) — (ab -+ ba) x} 
and since beU, the first term on the right hand side of this equation 
is in U; this, coupled with a(zb—bzx) + (a4b—bdz)a in U leads to 
«(ab + ba) — (ab-+ ba)xeU, which is the lemma we set out to prove. 


Lemma 2. If A is a simple ring of characteristic different from 2, and 
if U is a Jordan ideal of A, USA, then any element a of U with the 
property that ac—aaeU for all x nm A must necessarily satisfy a=0. 


Proof. By assumption, ar—zaeU for all xe A. On the other hand, 
since U is a Jordan ideal of A, ax+2aeU for all x in A. Adding, we 
obtain that 2areU for all ee A. Since A is of characteristic #2, 2A —A, 
so we have that ave U for all re A. However, for all y, since axe U, a Jordan 
ideal of A, (ax)y+ y(ar) eU; and since by the above arye U, we must have 
that yaxe U. In this way AaA CU. Since A is simple, AaA —A unless 
a=0(. Thus the lemma is established. 


THEOREM 1. If A is a simple ring of characteristic different from 2, 
then A’ is a simple Jordan ring. 


Proof. Suppose that UA is a Jordan ideal of A. For any a,beU 
and any ze A, by Lemma 1, (ab+ba)a—z(ab+ ba) is in U. Since 
ab +- ba is an element of U, by Lemma 2, ab + ba=0. In particular, 2a? — 0, 
and so a?=0 for anyain U. If aeU, then for all ce A, ax+2aeU; so by 
the above, with 2a, we have that a(ax+ 2a) + 
since a? we are left with 2arva—0, and so, ava=0, for all re A. But 
then aA is a nilpotent right ideal of A, which is, of course, impossible in a 
simple ring unless a0. Thus U = (0) and we have proved that A’ is a 
simple Jordan ring. 


(Note: the argument used in the proof of the above theorem actually 
can be refined to prove somewhat more, namely: if A is an associative ring 
such that no homomorphic image of A possesses nilpotent right ideals, then 
any Jordan ideal of A is at the same time an ordinary ideal of A. I owe 
this remark to Professor Irving Kaplansky.) 


2. The Lie ring of A. For ae A, by [a,A] we shall mean the set 
{ax—z2aa|«xeA}. [A,A] shall then represent the subgroup of A generated 
by all the commutators zy—yz for all z, y in A. When we refer to an 
ideal of A we shall mean an ordinary, two-sided ideal of A under the asso- 
ciative multiplication of A. 

A ring R, all of whose elements are nilpotent, is said to be locally 
nilpotent if the subring generated by any finite set of elements of FR is 
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nilpotent. An ideal of R is said to be locally nilpotent if, as a ring, it is 
locally nilpotent. 
We proceed to 


TuroreM 2. Let A bearing with no non-zero locally nilpotent ideals. 
Suppose that in A, 2x0 implies that r=0. Suppose further that U, an 
associative subring of A, is also a Lie ideal of A. Then either U contains a 
non-zero ideal of A or U is contained in the center of A. 


Proof. Suppose first that U, as a subring of A, is not commutative. 
Then for some z, y in U, zy—yx=0. Since U is a Lie ideal of A and 
since ce U, x(ys) —(ys)x is in U for every s in A. But z(ys) — (ys)@ 
= (xy — Since and since U is a Lie ideal of A, 
as— saz is in U; since U is, in addition, a subring of A and since y is also 
in U, y(as—sz) is in U. Thus from the above equation we have that 
(cy—yx)seU for allse A. Thus for any re A, since U is a Lie ideal of A, 


—yx)s — (ay — yx) sr = r{ (xy — yx)s} — — yz) s}re U. 
Knowing that (zy—yz)sreU for all r,se A from the argument above, we 
can now conclude that r(azy—vyzr)s is in U for every r and s in A. In 
this way the ideal A(zy—yx)A CU. Hence if the theorem were false, 
A(xy—yxr)A=(0). This would force (xy—-yx)A to be a nilpotent ideal 
of A, which by assumption would mean that (czy—yr)A=(0). ry—yer 
would then become an absolute zero divisor, which is again impossible in a 
ring free from locally nilpotent ideals. So we have been forced into a contra- 


diction. We must therefore suppose that U is a commutative subring of A. 


We now propose to show that if U is a commutative ring then it must 
lie in the center of A. We assume that there is an ge U and an seA so that 
0. Since xs? is in U, a commutative ring, — 
= (xs°—s*x)x. However, from = (xs—szx)s + we 
have that «{(as—sr)s + s(xs—sx)} = {(xs—sx)s + Since 
zs — sz is also in U, it must commute with z; making use of this in the last 
equation above we obtain that 2(as—szx)*=—0. By assumption on A this 
leads to (as —szr)? =0. y=as—sxA~0eU, so for all te A, (yt—ty)? =0. 
Since = 0, left multiplying (yt—ty)*—0 by y and right multiplying it 
by t, we obtain that (yt)*— (0) for all te A. By a result of Levitzki [1] 
yA is a locally nilpotent right ideal. But then, by another result of Levitzki 
[2] AyA is a locally nilpotent ideal of A. In this way we arrive at a 
contradiction. So y=0, and 2 is in the center of A. That is, U is con- 
tained in the center of A. 

It is generally well known, although to this author’s knowledge nowhere 
in the literature, that a simple ring can not be locally nilpotent. For the 
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sake of completeness we record a proof of this here, since we must make use 
of it in the next theorem. So suppose that A is simple and locally nilpotent. 
Thus if a40eA, AaA=—A. Thus for some in A 

The subring 7 generated by 11, 72,° i8 nilpotent, say T* 0. 
If we substitute the expression above for a in the right hand side fou each a 
occurring we obtain a=r,’as,’-+- - --+ r;/as;’, where the rj and s;’ are in 
Continuing this way we obtain such an expression for a where the multipliers 
on the right hand side come from J, and so are all 0; but then a0, a 
contradiction. This proves the assertion that a simple ring can not be locally 
nilpotent. 

With this now established we have as an immediate corollary to Theorem 2 


THEOREM 3. If A is a simple ring of characteristic different from 2, 


then any proper Lie ideal of A which ts at the same time a subring of A 
must lie in the center of A. , 


Lemma 3. Let A be any associative ring, and let U be a Lie ideal of A. 
Let T(U) ={teA|[t,A]CU}. Then T(U) is both a Lie ideal and a sub- 
ring of A. Moreover U CT(U). 

Proof. T(U) is trivially a Lie ideal of A. Suppose that a,be T(U), ce A. 
Then (ab)c—c(ab) = {a(bc) — (bc)a} + {b(ca) — (ca)b}, and since both 
a and 6 are in T(U), the right hand side of this equation is in U. Thus 
[ab, A] C U, whence abe T(U) and T(U) is a subring of A. Since U is a 
Lie ideal of A, U CT(U). 

We are now in position to prove 


THEOREM 4. Let A be a simple ring of characteristic different from 2. 
Let U be a Lie ideal of A. Then either U is contained in the center of A 
or U D[A, A]. 


Proof. T(U) is both a subring and a Lie ideal of A. By Theorem 3 
either 7(U) is contained in the center of A or T(U) =A. If T(U) is 
contained in the center of A, then so is U since UC T(U). If, on the other 
hand T(U) =A, then by the very definition of T(U), [A,A]C U. 


3. Case of characteristic 2. Suppose that A is a simple ring of charac- 
teristic 2. Theorem 4 need no longer be true in this case. In fact, if A is 
the set of 2X 2 matrices over a field Z of characteristic 2, or if A is a 
division algebra of dimension 4 over its center, a field of characteristic 2, 
then the theorem is definitely false. We propose to show that these constitute 
the only exceptions to our main result. 
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In the chain leading from Theorem 3 through Theorem 4, the charac- 
teristic of A does not enter. Thus we will consider those situations in which 
Theorem 3 fails to hold true in case A is of characteristic 2. 

We suppose that A is a simple ring of characteristic 2. Suppose that U 
is both a Lie ideal and a subring of A and that USA. From the Jacobi 
identity we obtain, as we did in the proof of Theorem 2, that if z,yeU and 
se Ay then (cy+yr)seU. That is, (ry+yxr)A CU. Hence as before, 
A(ay+yx)A CU. By the simplicity of A, A(zy-+ yzx)A is all of A unless 
zy + yx =—=0; we are thus forced to assume that zy + yx =0 for all x and y 
in U. If U CZ, the center of A, we have nothing left to prove. Suppose 
now that there exists an a in U and ais not in Z. Thus as+saeU for all 
seA. Consequently a(as-+ sa) + (as-+sa)a=0 by the above; that is, 
a’?s = sa? for all se A; so a?eZ. Since ar+racU, we also have that 
(ar+ra)*eZ for all re A. Should Z = (0), then by the argument used in 
Theorem 2, Levitzki’s theorems would apply, and would lead to a contra- 
diction with the simplicity of A. So we can assume that Z~ (0). We can 
likewise assume that a? 0 (for if (av-+ 2a)*—0 for all and if a? —0, 
then Levitzki’s theorems could again be used) for some aeU, a#Z. 

ZA (0) is a field of characteristic 2. Since Z is not trivial, A is a 
primitive ring, and so is a dense ring of transformations on a vector space V 
over a division ring D. We want to first show that V is at most 2-dimen- 
sional over D, and from this to deduce that A is 4-dimensional over Z. If 
we extend Z to a field Z’ we obtain a new simple ring A’ and the dimension 
of A’ over Z’ is the same as the dimension of A over Z. Also, since az + xa 
and ay + ya are in U for z,y in A, these two commutators always commute ; 
from this it follows (aw-+ wa)?eZ’ for all we A’. So all the properties of 
A carry over to A’. We make a special choice for Z’, namely, since a? =AeZ, 
we define Z’—=Z(VA). Thus in A’, a®—p?, peZ’; the element a’ =—a/p 
then satisfies (a’w-+wa’)*eZ’ for all we A’ and (a’)?=1. All this dis- 
cussion has achieved is that without loss of generality we may assume that 
in A there exists an element a, af Z, a®?=1, (ax+2a)*eZ forall ze A. On 
this basis we shall show that A is 4-dimensional over Z. Since (a+1)?—0, 
a+1=0, A has zero divisors, so is not a division ring. As we noted earlier, 
A is a dense ring of linear transformations on a vector space V over a division 
ring D. 

Let us first suppose that we can find v, and v; in V so that v1, ve = v,a, 
Vz, V4 == U,a are linearly independent over D. Since A is dense on V there 
exists an ze A so that: = 0, vet = 0, = Vg, = Now v, (ax + 2a) 
=v.r-+0—0. Thus, since (ar+2a)?eZ and since v,(ax-+ 2a)? —0, we 
must have that (az-+ 2a)? =0. However, v3(ar ra) = vt + = 0, + V4, 
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so 0 =v; (ax + 2a)? = (v, + v4) (ax + 2a) = v2 + v3 0 since v2 and are 
linearly independent over D. Thus we arrived at a contradiction. 
So we must assume that if v,,v2—v,a, and v; are linearly independent 


over D then 
(1) = + Vero + With Az, € D. 


Since D is the commuting ring of A and since a? 1, this yields on right 
multiplication by a that 
(2) Vs = = + Vedi + 
From (1) and (2) it follows that A, As—=1. Thus = (v; + v2)A+ 03. 
From this we get that for all ve V, va= (v,; + v2)A(v) +4, where A(v) €D. 
There is a ye A so that (ay + ya)? 0, for otherwise we could again use the 
Levitzki theorems (on a+ 1) to reach a contradiction with the simplicity 
of A. But if (ay+ ya)? ~0eZ, we may assume that (ay +.ya)? =1 (other- 
wise we would extend Z and proceed as we did with a in getting a? —1). 
Now, v(ya) = (01 + 02)A(vy) + vy. 

v(ay) = ((%1 + v2)A(v) + 0)y = (01 + v2)A(V) y + dy. 
Adding v(ya) and v(ay) we obtain 


v (ay + ya) = (V1 + v2)A(VY) + (V1 + 
Thus, 
v= v(ay+ ya)? 
= (0, + V2) (ay + ya)a(vy) + (01 + V2) y (ay + ya)A(v). 


Letting v2) (ay+ya) and 02)y(ay+ ya), we have 
shown that u, and wu, constitute a basis of V over D. V is then 2 dimensional 
over D, contradicting that v;, v. and vs; were linearly independent over D. 

So we have finally come down to this situation: given v,w in V, then 
v, va and w are linearly dependent over D. We claim that there is a v in V 
so that v and va are linearly independent over D. For if va=va, Ac D, 
then v = va? = = (va)A = so hence and since 
vAva for sme ve V. Thus for this v, v and va are linearly independent 
over D. This, combined with the fact that v, va and w are linearly dependent 
for all we V, implies that w is a linear combination over D of v and va. 
Thus V is two dimensional over D. Since A is a dense ring of transforma- 
tions on V over D, A must be all 2 & 2 matrices over D. All that remains 
now is to show that D—Z. 

We have now reduced the whole problem to the following: let A be the 
set of all 2 X 2 matrices over a division ring D of characteristic 2; suppose 
that for some element ae A, a¢Z, a? is the unit matrix and (ax-+ 2a)? is in 


| 
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Z, the center, for all x in A; from this we want to conclude that D=Z, or 
what is equivalent in this case, namely that D is commutative. 


Now, where a, y, 6, are in D. For any r,seD we have 


By carrying out the computations we see that the first element in the second 
row of this matrix { }* is the sum yrar+yr?a-+yrsy-+ysyr. Hence this 
sum is 0 for all r,se D. In particular, if s=0, yrar+yr?a—0. Thus the 
top identity reduces to yrsy-+ysyr=0 for all r,seD. If yO, then 
rsy = syr, and since sy runs through all the elements of D as s does, we have 


that 


rt =tr for all r,te D, whence D is commutative. So we suppose that y= 0. 
0 
0 
B=0. It follows that a? is the unit matrix. From this we have a? = —1; 
since we are in a division ring of characteristic 2, this means that a—§ —1, 


Using the element (7 ) of A and proceeding as before, we obtain that 


and so a is the unit matrix forcing it to lie in Z, contrary to supposition. In 
this way we have proved that D is commutative. 

Thus A has now become revealed as nothing but a total matrix algebra 
of degree 2 over a commutative field of characteristic 2. In the course of 
the proof we have extended the center Z on several occasions, possibly 
changing A somewhat, but under these various extensions the dimensions of 
the new rings over thewr centers have not changed. Thus we have shown that 
Theorem 3 is correct even in characteristic 2, provided A is not 4-dimensional 
over its center. This then leads us to our principal theorem: 


~ 


THEOREM 5. If A is a simple ring and if U is a Lie ideal of A, then 
either U is contained in the center of A, or else U contains [A,A], except 
in the case that A is a 4-dimensional simple algebra over its center, which 
1s a field of characteristic 2. 
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SOLUTION OF SOME PROBLEMS OF DIVISION.* * 


Part II. Division by a Punctual Distribution. 


By LEON EHRENPREIS. 


In Part I of this series [3] it was shown that every constant-coefficient 
partial differential equation possesses an elementary solution and, moreover, 
if D is any polynomial of derivation and S a distribution of finite order, then 


the equation 
(1) D+*T=8S 


has a solution 7 which is a distribution of finite order. Moreover, if S is an 
indefinitely differentiable function, we can choose for T an indefinitely dif- 
ferentiable function. In this paper, we shall extend the above results to the 
case in which D is any punctual distribution (that is, linear combination of 
derivatives of measures which represent masses concentrated at a single point). 
Thus, the results for differential equations are extended to differential-dif- 
erence equations with constant coefficents. In particular, every differential- 
difference equation with constant coefficients has an elementary solution. 

The idea of the proof is to use the space Dy (see [3]) which, with a 
slightly different topology, is the Fourier transform of the space D of L. 
Schwartz (see [7]). Under Fourier transformation, the distribution D goes 
over into an exponential polynomial P. We then must show that, if PF,—-0 
in Dy, then also F,—>0 in Dy. This results from a certain minimum modulus 
property of P which we shall explain now in case we are dealing with dis- 
tributions on the real line. Then P is an exponential polynomial of one 
variable, and has a certain “periodic” nature (see [6]): There exists an 
L > 0 so that, in every interval of the real axis of length LZ, there is a point 
at which the modulus of P does not get too small. Also, P is an entire 
function of exponential type. Thus, by using the minimum modulus results 
of [5], we can produce certain circles on which the modulus of P does not 
get too small. Once this is established, the result follows as in [3] for pure 
polynomials by means of the maximum modulus principle. 

All the results of this paper can be extended to systems of equations as 
in [3]. 


* Received August 31, 1954. 
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The notation of this paper will be that of Part I of this series (see [3], 
Section 2), and the results of that paper will be used here in an essential way. 


2. Solution of the problem. By an exponential polynomial we shall 
mean here a linear combination of products of polynomials by pure imaginary 
exponentials. Given any punctual distribution FH, there is an exponential 
polynomial Q = FE such that, for any feD, F¥(L*f) —QF (see [4], [7]); 
conversely, any exponential polynomial Q may be written as FH for some 
punctual distribution 

Let Q be an exponential polynomial different from zero one one variable, 
and write exp(ia:) +: --+Q,exp(ta,:), where the Q; are poly- 
nomials and where Call L=a,—a, and let 
QO, = bX" (It is allowed that b) —0.) 


Lemma 1. In the above notation, there exists a K >0 which depends 
only On a, 42,° * *,a, and on the degrees of Q; such that each interval I in 
the complea plane which is parallel to the real axis and has length = 2(L + 1) 
contains a point y at which 


(2) | Q(y)| =K | bo | exp(—| ma), 


where « is the distance of I from the real azis. 
Remark. In case L = 0, this is an easy consequence of the results of [3]. 


Proof. Let c be the midpoint of J, and cail S=7_.Q. Then 8 is again 
an exponential polynomial. Moreover, the exponentials that occur in S are 
the same as those that occur in Q and, for each exponential, the polynomial 
coefficient is of the same degree in S as in Q. In addition, if b.’ denotes the 
coefficient of X” exp(ia,-) in S, then 


(3) | bo” | | bo | exp(—| 


Now, let us use the theory of mean-periodic functions of L. Schwartz 
(see [6]). We can find a measure u whose carrier is contained in 
[—L—1=2=L-+1] which depends only on a, a2,- - -,a, and the degrees 
of the polynomial coefficients of exp(iaj-) such that bo’ f{Sdu. Let v be 
some point in |x| = at which S attains its maximum. Then, if 
denotes the total variation of u, 


| bo’ | =| fSdu| SK~*| S(v)| or | S(v)| 2K | bo’ | 2K | bo | exp(—| a,2]), 


by (3). The result follows immediately. 


288 LEON EHRENPREIS. 


Lemma 2. With Q as above, suppose that |(t2Q) (z)| S M(x)exp(1| z |) 
for all complex numbers x, z, where M is a positive function and 1>0. 
Let y be any complex number which satisfies (2). Then for any r>0 we 
can describe a circle about y of radius 1’ such that rS7’ S 2r and 

min | Q(z) | = M(y)* exp(clr’) | by |4exp(—d | a,a|), 


where B, c, and d are constants and where d 1s a positive integer. 
Proof. This is just Theorem 5 of Section 4 of [5]. 


Now, let D be a punctual distribution different from zero and let P = FD. 
By PD, we denote the space of functions PG for Ge Dy with the topology 
induced by Dy (see [3]). The space D* Dy is defined similarly. 


THEOREM 1. PG—>G is a continuous linear map of PDr— Dr. 


Proof. The proof will be by induction on the number of letters p which 
occur in P. For p=0, P is a non-zero constant and the result is obvious. 
Let p> 0 and assume that the theorem is proven for all exponential poly- 
nomials in fewer than p letters. Without loss in generality, we may assume 


that we can write 


where the P; and the Q; are exponential polynomials (the exponentials occurring 
in the Q; being independent of z,) with 0, and where a, < << +++ <M. 
The proof will be completed if we can show that PF — P,{F is a continuous 
linear map of PDy— P,’Dy, where d is the constant that appears in Lemma 2. 

This map being obviously linear, we need prove continuity only at zero. 
Let N be a neighborhood of zero in P,4Dy. By Theorem 7 of [3] we can 
find a finite sequence of polynomials A,,- - -,A,¢ and an increasing sequence 
of positive numbers b;, so that N contains the set of Ge P,4Dp which satisfy, 
for all 7, 

max | S1, 


zeCinCo, 
for r==1,2,---,¢ and j==1,2,- - -,2*. 
For any complex number 2g, let z*eC be the point (z,0,---,0). Then 


it is easily verified that r2«P —F[exp(iz*-)D], where exp(iz*-)D is the 
punctual distribution defined by exp(iz*-)D-g = D-exp(iz*-)g (see [4], 
[v]). From this it follows immediately that we can find positive numbers 
a, b, B such that, for any complex number z and any zeC, 


(4) | (r2eP) (2)| Sa(1+ ++ | 
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Set L—a,—a, and let qg be an integer >d|a,|. For each 1, set 
c= bug +4(L+1). Let s, T be positive constants to be specified later, and 
let A,’,A2’,- - -,Age’ be the polynomials TA,,- - -,TA:, - -,TXA:, 
-,TX*A;.2 Let N’ be the set of Ge which satisfy, for 
each I, v, 7, 

max | exp(ilp;z) A’y(z)@(z)| S1, 


zeCinCe, 


so that N’ is a neighborhood of zero in PDy. We claim that, for a proper 
choice of and s, PGe N’ implies N. 

Let Ge Dy be so chosen that PGe N’; fix 7 and 1 and let (21, - -,2n) 
eCiMCy,. We assume that J(z,) = 0, the other case being treated similarly. 
Denote by P’ the exponential polynomial in one variable: 2’ P(2’, 22, - +, 2p), 
and Po’ =P o(22,: * *,%p). Let J be the interval in the complex plane which 
is parallel to the real axis, center z,, length 2(2-+1). By Lemma 1 we can 
find a point z eZ such that | P’(2o)| = K | exp(t|a|20)| | Po’ |, where K is 
independent of (21,22, - *,2n). By Lemma 2 and the above, we can describe 
about 2 a circle of radius r’ with 2(2+1) =” =4(L-+1) such that, for 
all 2’ on this circle, 


(5) | P’(2)| | 2 |)? | Po’ |*| exp(id | a | 20), 
where B, d, and 8 are independent of (21, 22,° Zn). 
Now, for any on the circle |z—2)|=1’, (2,22, lies in 


if 1=q, or in C,, if 1<gq. Moreover by (5), for any 2 on this circle and 
any 2, 
S| exp(— id | a, | + igz)exp(i(l — (2; 2n)) | 
xX | Ao(2’, * Sn)P(2’, %n)(1+ | 2 *,2n)\; 


where is a constant independent of (2:,22,: -,2n). Now, 


| exp(— id | a, | z + ige’)| Sexp4(L+1)q, 


because q=dla,|. It follows easily from this that we can choose s and T 
independent of (21,22, * *,2n) and of G, I, j, so that the right side of (6) 
is <1. By the maximum modulus theorem, we also have 


| Po’ 


Ao(21, 22,° * Zn) @(21, Sn )exp(tl py (2:1, S11. 


We have proven that PG—P,’G is a continuous linear map of 
PDy—>P,"Dy. But, Po4 is an exponential polynomial in fewer than p 


*X is the polynomial X(z,,...,2,) = %. 


n 
e 
? 
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variables. Thus, by our induction hypothesis, PG—G is a continuous linear 
map of PDy— Dry, which is the desired result. 


From the above we have 
CorotLaRy. g—D*g is a topological isomorphism of Dronto D* Dp. 


THeEorREM 2. For any SeD,’ there existsa Te Dy’ such that D* T=S. 
In particular, every differential-difference equation with constant coefficients 


possesses an elementary solution in Df’. 


Proof. It is easily seen that D is a punctual distribution (see [4]).’ 
Now, D*g—>S-g is a continuous linear function T on D* Dy, because it is 
the composition of the continuous linear maps D*g—>g and g—>S-g. By 
the Hahn-Banach theorem (see [1]), 7 can be extended to a continuous 
linear function on Dy, that is, to an element TeD,’. We have, for any 


ge Dp (see [4]), 
Thus, D * T 8S, which is the desired result. 
The case S=8 (Dirac’s measure) shows that D has an elementary 
solution (see [7]). 
For any 1>0, PD, is the space of PG for GeD, with the topology 


induced by D; the spaces D* D, are defined similarly. D*€’ is the space 
of D+ S for Se €&’ with the topology induced by €’; D*€ is defined similarly. 


THEOREM 3. For any 1>0, PG—G ts a continuous linear map of 
PD,— D.. 


Proof. It is clear that, for some m>0, PD; C Dn. The result now 
follows from Theorem 1 and the fact that the spaces PD;, D; have the 
topologies induced by Dy (see [3]). 


CoroLLary. For any 1>0, g>D*g is a topological isomorphism of 
2, onto 


THEOREM 4. S—>D+*S8 is a topological isomorphism of €’ onto D« €’. 


Proof. The map is one-to-one by the Paley-Wiener theorem (see [4], [7]) 
and is clearly continuous, linear, and onto. We must therefore verify con- 
tinuity, at zero, of the inverse. By the results of [4], the topology of €’ can 


‘For any Se’, 8 is the distribution S- f= S-f for any fe®. Our definition of 
convolution differs slightly from that of Schwartz (see [4]). 
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be described as follows: A fundamental system of neighborhoods of zero in €’ 
consists of those sets N for which we can find a compact set K C Dy and a 
neighborhood of zero M in Dy so that N consists of those Se€’ for which 
S*feM for all fek. 

Let NV be a neighborhood of zero in €’, so we can find a compact set 
K C Dy and a neighborhood of zero M in Dy, so that N contains the set 
of Se€’ which satisfy S*feM for all fe K. By the corollary to Theorem 1, 
DM is a neighborhood of zero in D* Dy. Let U be the set of all D* Te €’ 
for which (D*T) *geD*M for all ge K, so U is a neighborhood of zero in 
D«€’. We claim that D*TeU implies Te N. For, if D*TeU and geK 
(see [4]), De (T*g) = (D#T)*geD*M. Thus, T*geM, which means 
that Te N. This completes the proof of Theorem 4. 


THEOREM 5. f—>D*f is a continuous linear map of € onto €. 


Proof. The continuity and linearity of the map are clear. Let geD; 
then h:D* S—>S-g is a continuous linear function D*€’, since it is the 
composition of the continuous linear maps: D*S—>S and S—S-g. h can 
be extended to a continuous linear function h on €’ by the Hahn-Banach 
theorem. Now, € is reflexive (see [%]), so there exists a ke€ with 
h:-T=T-k for all Te€’. Thus, for any Se€’ (see [4]), 


De 
By the Hahn-Banach theorem, D* k= g, which is the desired result. 


3. General remarks. The method developed in Section 2 can be used 
to solve other types of division problems. Let us consider first the case where 
n=1. Let S be a distribution whose Fourier transform (see [4]) can be 
repersented as e(#’) where F is an entire function of finite order which is 
slowly increasing on the real axis. Now (see [4] or [5]), f—-S*f does not 
map Dy— D, unless S is of compact carrier. But, suppose that F is mean- 
periodic. Then, for certain spaces © of functions whose Fourier transforms 
are spaces of entire functions, f>S*f maps O—® and the analog of the 
corollary to Theorem 1 can be proven for these spaces by means of the formal 
development (see [6]) of mean-periodic functions, and by use of the methods 
of Section 2. 

In case n> 1, we need additional hypotheses (besides mean-periodicity 
of F’) in order to guarantee that our induction procedure will work. This 


‘For @ a slowly increasing function, e(@) is the element of D’: 
e(G) -H = (ax) da for any He D. 


| 
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is because no analog of the formal development of L. Schwartz is known for 
n>1. It is, however, not difficult to see what hypotheses on S will be 
sufficient to make our induction procedure work. 

The above method will be discussed at length in a future publication. 
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MEAN PERIODIC FUNCTIONS.* * 


Part I. Varieties Whose Annihilator Ideals are Principal. 


By Leon EHRENPREIS. 


1. Introduction. Let C be complex Euclidean n-space. By & we denote 
the space of entire functions in m complex variables with the topology of 
uniform convergence on the compact sets of C; thus, # is a complete, reflexive, 
locally convex, metrizable, topological vector space. We shall say that fe H 
is mean-periodic (see [12]) if the linear combinations of its translates are 
not dense in #. Denote by #’ the dual of # with the topology of uniform 
convergence on the bounded sets of #. (Since the closed bounded sets of # 
are compact, #’ is also given the topology of uniform convergence on the 
compact sets of 9.) Then fe #& is mean periodic if and only if there exists 
an Se &’ such that the convolution S * f=0 (see Proposition 5 of Section 2). 
Let f be mean periodic; our two fundamental problems are the following: 
Let V be the closure of the set of linear combinations of translates of f. 
Does V contain an exponential polynomial? (An exponential polynomial is 
a linear combination of products of exponentials by monomials.) If the 
answer to the former question is in the affirmative, then is every geV the 
limit of the exponential polynomials of V ? 

More generally, let W be any non-empty set in & with W different from 
{0} which is closed with respect to translations, linear combinations, and the 
topology of &#. We shall call such a set a variety. An example of such is 
the set V above. Now, we can ask the same two questions for W as were 
asked for V above. In case n 1, these two questions were answered in the 
affirmative by L. Schwartz (see [12]) and, moreover, it was shown by him 
that every variety is the closure of the set of linear combinations of the trans- 
lates of some fe&#. The present paper is consecrated towards giving a 
partial extension of these results to the case n > 1. 

Let W be a variety. Denote by W’ the set of all Se #’ for which S * f —0 
for every fe W. It is easily seen that this is the same as the set of Se 9’ 
such that S(f) 0 for every fe W. It is clear that W’ is a closed ideal 
(under convolution) in #’. W’ is called the annthilator ideal of W. 


* Received August 31, 1954; revised January 14, 1955. 
* Work supported by National Science Foundation Grants NSF5-G205 and NSF5- 
G1010. 
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The main result of this paper is the following: Let W be a variety 
whose annihilator ideal is principal. Then W contains an exponential poly- 
nomial and, moreover, each f ¢ W is the limit of exponential polynomials of W. 
Thus, any two varieties with the same exponential polynomials are identical, 
i.e., a variety is completely determined by its exponential polynomials. 
Another way of putting this is: Let V be the variety generated by the 
exponential polynomials of W, that is, V is the closure, in H, of the exponen- 
tial polynomials of W; then V = W. 

Naturally, the question arises as to whether the above result can be 
extended to other spaces instead of #. It will be seen that the possibility 
of extension depends on the ideal theory of the Fourier transform of the 
space in question. In fact, our main problem is the following: Let K be a 
topological ring consisting of entire functions. When is every closed prin- 
cipal ideal in K determined by its local ideals (see [3])? We shall show 
that the answer is in the affirmative if K is 


1. The ring & of entire functions (this was shown in [3]). 
2. The ring of entire functions of exponential type. 

3. The ring of polynomials. 

4. The ring of entire functions of finite order. 


Naturally, it is possible to extend the above to other rings. 

We shall also present here a simplified version of the solution to the 
fundamental problems of mean periodic functions in case that n—1 even 
for varieties whose annihilator ideals are non-principal. (The first solution 
was given by L. Schwartz in [12].) 

In part II of this series we shall consider nonprincipal annihilator ideals 
and arbitrary n. 

The principal results of this paper were obtained in the Spring of 1953 
while the author was under contract NSF S-G205 with the National Science 
Foundation. -I have learned from Professor L. Schwartz that Malgrange 
has since obtained similar results and has extended them to other spaces 
of distributions of Schwartz (see [10]). 

Unless otherwise specified, all cross references in this paper refer to the 
section in which they are given. If, for example, in Section 3 we refer to 
Proposition 1, it will be understood that the reference is to Proposition 1 of 


Section 3. 


2. Fourier transform and convolution in #’. For any reC, 2; is the 
j-th component of x; by ||z|| we mean |2,{+]|2.|+---+]|2,/. and we 
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define | = max(| If a,yeC, then + 
and exp (#-) is the function on C:y—exp(zr-y). If f is an 
entire function of n complex variables, we shall say that f is of exponential 
type Sa (where a= 0) if, for any «> 0, 


f(z) = O[exp(a+e)|| ||)]. 


The exponential type of f is the g.1.b. of all a which satisfy the above rela- 
tion. For any Se’, fe &, we shall usually write S-f instead of S(f) 
with a similar notation for other dual spaces. 

Let Se &’; since the topology of & is that induced by the space J of 
continuous functions on C with the topology of uniform convergence on the 
compact sets of C, S can be extended to a continuous linear function u on J. 
Now uw is, by definition, a measure of compact carrier on C, so that we may 
write, for fe #, S:f— ffdu. By the Fourier transform of S we mean the 


function M on C: 


M(z) =S-exp(tz-) = fexp(iz:t)du(t) = (F(S)) 


It follows immediately from the fact that wu is of compact carrier that the 
integral above converges uniformly for z in any compact set of C, so that M 


is an entire function. A simple argument shows that M is an entire function 
of exponential type. Since the set {exp(—1z-)}zeo is dense in &, it follows 
that M determines S uniquely. (Of course, there are infinitely many measures 
which represent S, any two of which differ by a measure which is zero on #.) 

Conversely, let N be a given entire function of exponential type on C. 
Then we wish to show that WN is the Fourier transform of some Se #’. In 
case n = 1, this follows from a theorem of Borel (see [12], also [16], p. 286). 
In case of n > 1, the result can be proven in a similar manner, but we shall 
give a different proof because it is also applicable to other situations. Before 
giving the proof, we shall need a few preliminary considerations. 

Denote by H’ the space of Fourier transforms of elements of #’ with 
the topology to make F:%’-—>H’ a topological isomorphism. For ¢ any 
complex number, &(c) is the imaginary part of c, @(c) is the real part of c. 
For any b > 0, C, is the set of 2 = (2,22, - +, 2n) €C such that, for each j, 
| X(z;)| Sb. For j7=1,2,- - -,n, we denote by Z; the function on C:z— z;. 
For any Se #’, and any integers ky, ko,: - -, kp, 


Now, if fe &, let f(z) =D Zn’ be the Taylor expansion 
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of f at zero. Then it is clear that the series > fryte...tZ1%Zok* + - Zn con- 
verges to f in &#. Thus, 
(1) S f= >> 


the series being known to be convergent. The particular choice of f = exp(tz-) 


yields 


(2) S-exp(iz-) = (F(S))(2) 


We have proven 


Proposition 1. For any (tether thn ken!) 
are the coefficients in the Taylor expansion of F(S) at zero. In particular, 
Kn!) are the Taylor coefficients, at zero, of an 


entire function of exponential type. 


It is not very difficult to show directly that the numbers Sz,x...., render 
the right side of equation (1) convergent whenever fi,x,...x, are the Taylor 
coefficients of an entire function, if and only if + + ken!) 
are the Taylor coefficients of an entire function of exponential type. (This 
will be discussed in great detail in a forthcoming article by the author on 
infinite derivatives.) From this it is not difficult to show that every entire 
function of exponential type is the Fourier transform of some Se #’. How- 
ever, we prefer to give still a third proof, since it will help to illuminate the 


structure of the topology of H’. 

The following proposition describes the convergence of sequences in H’. 
By a similar method we could describe the bounded sets of H’. Since #’ 
is known to be bornologic (that is, a subset N of &’ is a neighborhood of 
zero if, for any bounded set B in &’, we can find a b>0 so that BBC WN), 
we have a complete description of the topology of H’. 


Proposition 2. Let {fi} be a sequence of entire functions of exponential 
type which are in H’. A necessary and sufficient condition that fi—+0 in H’ 
is that there exist an a> such that 


(3) max | (2)! 0. 


Denote by Si the inverse Fourier transform of fi. Then, if (3) ts satisfied, 
we even have Si-h—>0 uniformly on the set of h which satisfy 


(4) max | h(x)| 1. 
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Proof. Suppose first that fi/—0 in H’. It is known? that this implies 
that Si-/-—>0 uniformly for & in some neighborhood of zero. Thus, there 
exists an a > 0 so that Si-k-—>0 uniformly on the set NV of k& which satisfy 
a <1. For any zeC, we clearly have e“llllexp(iz:)eN from 
which (3) follows immediately. 

For any h satisfying (4), denote by Nijr....z, the Taylor coefficients of h 
at zero. Then we may write (see [2]) 


where we may take for the chain [T the cartesian product of the n circles, 
center origin, radius a, which lie in each of the coordinate plans. Thus, 
From (3) it follows easily that, if f/1.x...x, denote the Taylor coefficients 
of fi, then, given « >0, we can find a J so large that, for 7 >J and all 
Thus, by Proposition 1, for any A satisfying (3), 
| | |Z | 
This means that 8/-h->0 uniformly for all h satisfying (4) ; since this set 


of h is clearly a neighborhood of zero in &, we have the desired result. 
From Proposition 2 we deduce immediately 


Proposition 3. Let {fi} be a sequence in H’ and a, b and 8<a be 
positwe numbers such that, for all j, 
(6) | fi(x)| Sbexp[(a—8S)|| ||] for any ze. 
Suppose moreover that fi—>0 in the topology of #. Then also fi—0 in the 
topology of H’. Moreover, if Si denotes the inverse Fourier transform of f5, 
then Si-h—>0 uniformly for all h which satisfy (4). 


Proposition 4. The topology of H’ is stronger than that induced by &. 


Proof. Let B be a filter base in 9’ which converges to 0; let K be a 
compact set in C. For any fe&, denote by B-f the filter base obtained 
from B by replacing each S of B by S:f. Now, it is clear that {exp(iz-) }eex 


* See, for example, [14], vol. I, p. 91, where a similar result is proven for the space 
€ of Schwartz. 


= 
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is a bounded set in H. Thus, the filter bases B-exp(iz-) for ze K converge 
uniformly to zero. The result follows from the definition of the Fourier 


transform. 


THEOREM. H’ consists of all entire functions of exponential type. An 
entire function f is of exponential type Sc tf and only if, for any «> 0, the 
inverse Fourier transform S of f can be represented by a measure u whose 


carrier is contained in CE, 


(For any d>0, C4 is the set of all ze C such that |z|<d.) 


Proof. The sufficiency of the condition being easily verified, we pass to 
the necessity. Denote by K the vector space of all entire functions of 
exponential type, so that H’ C K; we want to show that H’=K. Now, we 
know that every polynomial is in H’; we shall show that, for any fe K, we 
can find a sequence of polynomials f/ which converge to f in the topology 
of 9 and such that {f/} is a Cauchy sequence in H’. Since the space H’ 
is known to be complete, we shall deduce that f eH’. 

To this end, let fi,x....x, be the Taylor coefficients of f at the origin. 
Define 

Then it is clear that fi-—>f in the topology of 9%. Moreover, it follows from 
Proposition 3 that {fi} is a Cauchy sequence in H’. Since H’ is complete, 
we can find a ge H’ such that g = lim f/, the limit being taken in H’. Now, 
by Proposition 4, ee fi, from which it follows that g—f. 


It follows also from Proposition 3 that, for any « > 0, S is bounded on 
the set of he # which satisfy 


max |h(x)| 


|x| Sc+e 
Thus, S can be represented by a measure of carrier contained in Ct which 
is the desired result. 


For any f ze C, we denote by 7,f the function on C: (7,f)(x) = f(~—z); 
it is clear that 7.fe%. 7+,f is called the translate of f by z. We see easily that 
(z,f) —>72f is a continuous map of C X & into & and also that, for fe #, 
z—>r,-f is an analytic map of C into & over every region in the complex plane 
(see [8]). 

Now, for any fe #, Se &’, we define the convolution S*f by (S *f) (z) 
= S-7_,f for any zeC. If wu is any measure which represents S, then we have 


(S*f)(z) = 


From the integral expression above, it is clear that S*feH. 
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Proposition 5. For any Se’, feH, S*f is the limit in & of linear 
combinations of translates of f. 


Proof. Let u be a measure of compact carrier representing 8 and let K 
be a compact set in C. Then, by the continuity of translation, {7-2f}zex is a 
bounded set in &; this set of functions is thus equicontinuous on every 
compact set of C, hence on a compact set U C C whose interior contains the 
carrier of u. It follows from the theory of the Riemann-Stieltjes integral. 
that, given any « >0, we can find points 2,42, - -,2, in U and complex 
numbers w;,U2,° * *,U, such that, for all ze K, 


| Stef du — > u;(r-2f) (2;) | me 


or, what is the same thing, 


| (S * f) (2) — > u;(t-2,f) (z)| Se, 
from which the result follows. 


Proposition 6. If B is any bounded set in MH, then S—S*f are, for 
fe B, equicontinuous linear maps of #’—>H#. If K ts any bounded set in 
HR’, then f>S*f are, for Se K, equicontinuous linear maps of H—> H. 


Proof. Since the maps are both clearly linear, we need verify equi- 
continuity only at zero. Let N be a neighborhood of zero in H; we can 
find positive numbers a, b such that N contains the set of fe H for which 
max|f(z)| <b. By the continuity of translation, the set {r_,[}|2|<asen = B’ 


|o|Sa 
is bounded in &. Let M be the neighborhood of zero in #’ consisting of all 
Se #’, such that |S-g|=b for all ge B’. Then clearly, for Se M, feB, 
we have S*feN. 

On the other hand, since H is metrizable, hence bornologic (see [6]), 
we can find a neighborhood of zero P in H such that | S-f| <b for all Se K, 
feP. Let Q be a neighborhood of zero in # such that, for all fe Q, |z| Sa, 
we have r_,feP. Then, for Se K, feQ we clearly have S+feN. 


For any S, Te #’, the convolution S+TeH%’ is defined by S*T-f 
=S-T*f for any feM#. (S*T is in &’ by Proposition 6.) 
Proposition 7. S,T—+S*T is a continuous bilinear map of 


—>H’. Moreover, Se T=T*S. 


Proof. ‘The map being obviously bilinear, we need verify continuity only 
at zero. Let N be a neighborhood of zero in &’ and B a bounded set in H’. 
Then, there is a bounded set K C & so that N contains the set of all 
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Se H’, such that |S*f|<1 for all feK. By Proposition 5, the set 
U={T*f}renyex is bounded in &. Thus, there is a neighborhood M of 
zero in &’ such that, for Se M, ge U, |S-g|S1. Hence, for SeM, TeB, 
S*TeN. 

Now, let w be a measure of compact carrier representing S, and v a 
measure of compact carrier representing JT. Then, for any feH, 


S«T-f=S8-T*f= fdu(z) 
= fdu(z) ff(z+2)du(z) 


Thus, T*S=S8*T. 

From the above it follows that, if V is any bounded set in #’, then 
T—S*«T are, for Se V, equicontinuous maps of #’—> Hf’. Thus, in the 
terminology of J. Dieudonné and L. Schwartz (see [6], [7]), 8, ToS*T 
is a separately continuous bilinear map of #’ K H’>H. Since 7 is a 
complete metrizable space (hence of type (#)), this map must be continuous. 


Now, let us describe S*f in terms of the Taylor coefficients of f and 
F(S) at zero. Let w be a measure of compact carrier which represents 8. 
Then we see easily that, if ¢ denotes the map of C>H:t(r) =+_2f, then 
ftdu defines the function S*f of &#. It follows that, if D is any operator 


of partial differeniation of the form D = - OZ, then 
we have 

(7) (D(S*f)) (0) = f (Df) du. 

We have thus 


Proposition 8. For any integers ky, +, kn, and any Se HM’, feH, 
we have 
(8) (S * f) kyke...Kn — 3 


the sum on the right being extended over all integers 1,,12,- - -,1n, the series 
on the right being absolutely convergent. 


From this we deduce 
THEOREM 2. For any 8,Te&H’, 

(9) F(S*T) —F(S)F(Z). 
Proof. From (8) we have, for any fe &, 

(10) S*T-f=8-T* f= * f) 


Sisko. ee Kn Zz Ig+Ke,..., In+Kn* 
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at the origin, of entire functions of exponential type. Thus, we can find 
an a> 1 so that 


= and = O 
Since f is an entire function, 
Using these estimates we have, for some « > 0, 


Since the number of lattice points in real 2m dimensional Euclidean space 
in the circle of center origin, radius r is O(r®"), the series above clearly 
converges. Thus, we may interchange the order of summation in (10) to 
obtain 

In 
Ty In 

We conclude that the coefficients of the Taylor expansion of F(S *T) 

at the origin are 


F(S)F(T) 


Thus, F(S* 7) =F(S)F(T), which is the desired result. 


Remark. Theorem 2 could be easily proven by direct use of the defini- 
tions, but we have preferred the above proof because it illustrates the relation- 
ship between the Fourier transform and the Taylor coefficients of entire 
functions. This relationship will be made the object of a detailed study 
by the author in a forthcoming paper on infinite derivatives. 

From this we have immediately 


Corottary. For 8, T, Se (T*U) =(S*T)*U, that is, 


convolution is associative. 


Let us denote by H the dual of H’, since # is a reflexive, &# is top- 
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ologically isomorphic to H, the topological isomorphism which we denote by 
F being given by 


F(f) -F(S) =8-f, 


for any fe&#, SeH’. For any aeC and any non-negative integers 
kx, kn, we denote by the element of H 


for any fe #’. 


kn, we have 


Proposition 9. For any aceC and any integers ky, 


(12) exp (ia-)) = Shite “ka, 


Proof. For any Se’, write f=F(S); then 


by Taylor’s formula (see [2]), where for a= *,@n) we have written 
We shall sometimes consider the formula (11) for fe & as defining the 


element Qf’, 


3. The spectrum of a variety. By the results of Section 2, we may 
consider & as a topological module, under convolution, over the commu- 
tative topological ring &’. By Proposition 5 of Section 2 and the fact that, 
for fe MH, aceC, f we see that the varieties of are exactly the 
closed submodules of & which are stable under 8’. Moreover, by Proposition 
6 of Section 2, the annihilator ideal of any variety is closed. 

By an ideal in 9’ (H’) we shall mean a closed ideal different from #’ 
(H’). Let I be an ideal in #’ and consider the set W of fe & for which 
S-f—0 for all SeZ. We claim that W is a variety. By the Hahn-Banach 
theorem, W is not reduced to {0}. Let fe W; we claim that, for any Tc H’, 
T*f is again in W. For, if Sel, then 


645 


f 


because S+ TeJ. Thus, W is stable under 9’; since W is closed by Proposi- 
tion 6 of Section 2, W is a variety. We call W the annihilator variety of I. 


W 
B 
Si. 
Ih 
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Proposition 1. Let W be a variety and W’ its annthilator ideal. Then 
the annihilator variety of W’ is W. Conversely, tf I ts an ideal and I’ tts 
annihilator variety, then I is the annihilator ideal of I’. 


This is an immediate result of a general theorem on bipolars in topological 
vector spaces (see [6]). 

Proposition 1 shows us that the correspondence between varieties and 
their annihilator ideals is a one-one correspondence between the varieties of 
and the ideals of 9’. Under Fourier transform, this yields a one-one 
correspondence between the varieties of 9 and the ideals in the ring H’ of 
entire functions of exponential type. Thus, any problem involving the 
varieties of H can be translated into a problem in the theory of ideals in 
rings of analytic functions. 

Our main task now is to translate the fundamental problems of mean 
periodic functions into problems about the ring H’. Let us note the following 
first: Let W be a variety and Z7,4Z,%---Z,™exp(a-:)eW. Then, since 
derivation is the limit of linear combinations of translations, it follows that 
Z,4Z,"2- -Z,'exp (a:) © W whenever 1, 1, S +, ln Now, let 
us denote by {a;} a fixed ordering of the sequences j,,j2,° J, for 
++ any rsn. Then, for any j—1,2,---,2*—1, 
let aj=ji,jo,° * *, jr and let zeC; we call s; the j-th part of the spectrum 
of W at z, where s; is the set of r-tuples (1,,12,- - -,1-), such that 


but, for no r-tuple -,k,) withk, Zl: - Zl, and some 
kp > 1p, i8 exp (z-)eW. In some cases, we may have to 
allow some of the J, in some of the r-tuples of s; to be infinity, for example, 
the r-tuple (0, 0,13,1,,- - -,1,) will be part of s; if 


for any integers /,, l., but no r—2 tuples (ks, with 
ky 213, = Ly, =I, 


which is different from - -,J,) can be used in place of - 
By the spectrum of W we mean the set of 2”-tuples (a, 1, where 
exp (a-) e W and s; is the j-th part of the spectrum of W at a. 

Thus defined, the spectrum of W is indeed a very complicated affair, 
since each s; consists of a finite, but unbounded, number of r-tuples of integers. 
In case that n —1, it is clear that s, (which is the only s; that appears) is 


e 

n 

h 

h 

i- 
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just a single integer. Thus, in this case, our spectrum coincides with the 
spectrum as defined by L. Schwartz [12]. 

Now, let J be an ideal in H’. By the cospectrum of I we mean the 
spectrum of the annihilator variety of the inverse Fourier transform of J. 
By Proposition 9 of Section 2, we may describe the cospectrum of I as follows: 
The cospectrum of J consists of all 2” tuples (a, 81, S2,° such that 
a is a common zero of all the functions of J and, for each j, if a; corresponds 
to the sequence j1,J2,° then s; is the set of r-tuples (1,,J2, - such 
that, for any fe, 


but for no other r-tuple (ki, -,k,-) with 2h, +, Zl, is 
equation (1) satisfied for all feZ. In some cases, we may have to allow 
some of the J, to be infinity; the definition in that case is analogous to the 
definition of the spectrum when infinity appeared in some of the r-tuples. 

From our previous remarks it follows that if (1,,12,- - -,1,) is such that 
equation (1) is satisfied for all feZ, then if 4, Sh,k2.25h,:-°-,kSl,, 
equation (1) is satisfied for all f eZ with (ki, k2,---,k,) replacing 

For any two varieties V, W, we shall say that the spectrum of V is con- 
tained in the spectrum of W if every exponential polynomial of V is in W. 
For two ideals J, J in H’, we say that the cospectrum of J is contained in 
the cospectrum of J if the spectrum of the annihilator variety of the inverse 
Fourier transform of J is contained in the spectrum of the annihilator variety 
of F-*(J). This is the same as saying: 

If (2, 81,82,° * *,8on,) is in the cospectrum of J, then for any j, if 
= jis and if (1,,1.,- - -,1,) is an r-tuple of s;, then equation (1) 
holds for all feJ. (With a suitable modification if some lp = 00.) 

For any f eH’ and any ideal J of H’, we denote by fI the closure of the 
set of fg for geJ, so fI is again an ideal. We shall show later that, in fact, 
{fg}oer is itself closed. If J is another ideal in H’, we write IJ for the 
closure of ges- 

Now, let V, W be two varieties. Then clearly, VM W is again a variety, 
or {0}. By V+ W we denote the smallest variety containing V and W (this 
is easily seen to be the closure of the set of f+ g for feV,geW). We have 
the obvious 


PROPOSITION 2. Let V, W be varieties, and V’, W’ their respective 
annthilator ideals. Then the annihilator ideal of V+ W is V’N W’, and the 
annthilator ideal of VM W is V’+- W’ (the smallest ideal containing V’ and 
W’) or BH’ if VAW= {0}. 


MEAN PERIODIC FUNCTIONS. I. 305 


We shall now introduce three operations on the spectra (or cospectra). 
Let V and W be varieties and M, P their respective spectra. 


(a) The spectral intersection MOP consists of all 2"-tuples (2, $1, 5,, 
. such that there exist 2"-tuples (2,11, m2,° and 
(2, P15 €P, with the property that if (1,,/2,- - -,J,) is an r-tuple 
of s;, then there exist r-tuples k2,- +,k,-) of mj and (q1, *,Qr) Of pj 
tion, if (1,,/.,- - -,J,) is in s;, then there is no other r-stuple (41, t2,° 
in s; With ¢; Sl,t.51,---,t-Sl,. (Of course, suitable modifications have 
to be made with infinity.) 

(b) The speciral sum M + P consists of all 2”-tuples (2, 1, 82,° Sons) 
such that there exists either a 2”-tuple (2, m1, mz,° men) M or a 2"-tuple 
(2, P15 * With the properties that 

1. If there is no 2”-tuple (z, m1, mo,° - +, Mon) eM, then s; = p; for all j. 

2. If there exists no 2”-tuple (2, p1, po,* +, then s;—=m,; for 
all j. 

3. If both 2"-tuples exist, then for each 7 we form sj’ as the collection of 
all r-tuples that belong to both p; and m;. In this case s; is the largest sub- 
set of s/ that fulfills the condition that, if (1,,1.,---,l,) is in s; and if 
(ki, is another r-tuple with kj -,kpSl,, then 

(c) The spectral product MP consists of those 2"-tuples (2, 51, S2,° 
for-which there exists a 2”-tuple 


(2,1, or (2, pi, *, PomaleP 
such that 

1. If (2,m,me2,° does not exist, then s;—=p; for all j. 

2. If (2,p1,p2, **,pPon+) does not exist, then s;=m,; for all j. 

3. If both exist then, for each 7 we form the set s/ consisting of all 
r-tuples of the form (k, + to,- where (ky, +, ky)em; 
and (¢,,¢2,---,¢,)ep;. Here s; is obtained from s’; exactly as in the definition 
of the spectral sum. 

If I, J are ideals in H’ and O, Q their respective cospectra, then the 


cospectral intersection OM Q, the cospectral sum O-+-Q, and the cospectral 
product OQ are defined in exactly the same manner. 


Proposition 3. Let V and W be varieties and M, P their respective 
spectra. Then the spectrum of VOW is just MOP. Let I, J be ideals in 


| 
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H’ and O, Q their cospectra. Then the cospectrum of I+J is ONQ and 
the cospectrum of IJ is OQ. 


Proof. The first part is obvious and the second part then follows by 
Proposition 2. The third part follows easily from the definitions and the 
product formula for differentiation. 

The question naturally arises as to whether the spectrum of V + W is 
M+ P, or, what is the same thing, if the cospectrum of [NJ is 0+ 9. 
In case that n—1, this question has been answered in the affirmative by 
L. Schwartz (see [12]). We shall discuss the general case presently. 

From Proposition 3 we deduce immediately 


Corotitary. For any ideals I, J in H’, the cospectrum of IJ contains 
that of I. In particular, if feH’, then the cospectrum of fI contains that 
of I. 

We shall now formulate the main problems of the theory of mean-periodic 


functions: 


Problem 1. Does every variety contain an exponential? Or, does every 
ideal in H’ have a zero? 


Problem 2. Is every variety determined by its exponential polynomials, 
that is, if W is a variety and fe W, if f the limit of exponential polynomials 
of W? Equivalently, if J is an ideal in H’ and if fe H’ has the property that 
the cospectrum of f contains that of J, is feZ? (The cospectrum of a ge H’ 
is the cospectrum of the principal ideal generated by g.) 


Problem 3. If V, W are varieties and M, P their respective spectra, is 
the spectrum of V + W equal to M+ P? That is, if J and J are ideals in H’ 
and if their respective cospectra are N and O, is N+ 0 the cospectrum 
of IN J? 


Problem 4. What conditions must the spectrum of a variety satisfy? 

Problem 5. If W is a variety, does there exist a single fe W such that 
W is the variety generated by f? 

Problem 6. Is every ideal in H’ finitely generated? 


In case n= 1, Problems 1, 2, 3, 5, and 6 were answered in the affirmative 
by L. Schwartz in [12]. The solution to Problem 4 in that case is an imme- 
diate consequence of the results of that paper: Let {(z;,n;)} = be a sequence 
of tuples, where the z; are distinct complex numbers with no limit point and 
the n; are integers. Let {a;} be an enumeration of the complex numbers 2;, 
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where each z; appears n; times in {a,}, and where | a, |<|ax,1| for all k. 
A necessary and sufficient condition the R be the spectrum of a variety is that 


(12) lim sup | a; |/k <0. 


For, if R is the cospectrum of an ideal in H’, then there is an entire function 

of exponential type which vanishes at each z; with order n;; thus, condition 

(12) holds. On the other hand, if condition (12) holds, then the function 

f(z) =z J] (1—2?/a,?) is an entire function of exponential type (where p 


is the number of a;=0). RF is then the cospectrum of the ideal generated 
by the functions 
fx(z) = (1—2?/a;’). 
For general n, a problem analogous to Problem 4, but for rings of indefinitely 
differentiable functions instead of H’, was discussed by H. Whitney in [18], 
but even in that case the results are only very sketchy 

Assume now that the answer to Problem 2 is in the affirmative, and let 
W be a variety. Let {P;} denote an enumeration of the monomials in n 
variables. For each k, consider the set Q;, of points a such that P, exp(a-) e W. 
We claim that each Q; is closed in C. For, if J denotes the Fourier transform 
of the annihilator ideal of W then, by Proposition 9 of Section 2, there is a 
partial differential operator D;, such that @Q; may be described as the set of 
points 1b where 6 is a common zero of all functions Dyg for gel. 

For each k, let {c/*} be a sequence of points in Q; whose closure is Q,. 
We enumerate all the points c* in some sequence and, for each j, k, we choose 
a complex number in such a manner that the series dj exp(c/'z) 
converge uniformly for z in any compact set of C and so define an entire 
function fe W. 

It seems reasonable to exepect that the variety generated by f contains 
all the functions exp(c/-)P,, so that, by our assumption, the variety 
generated by f would be W. However, we are not able to demonstrate this 
fact, which would imply that every variety is generated by a single element 
(Problem 5). 

Concerning Problem 3, it is clear that M + P is contained in the spectrum 
of V+-W. Call J, J the Fourier Transforms of the respective annihilator 
ideals of V, W. By Proposition 1 the Fourier transform of the annihilator 
ideal of V+W is INJDIJ. Now IJ is clearly not reduced to zero so 
tht V+tw+M. 


Assume now that the solution to Problem 1 is in the affirmative. Then 


t : 
, 
t 
je 
e- 
ce 
d 
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the exponential polynomials of V-+W are just the limits of the linear 
combinations of the exponential polynomials of V and W. We do not know 
whether the solution to Problem 3 is in the affirmative even in this case. 

In what follows we shall solve Problem 2 in case that J is a principal 
ideal. We shall also give a more simple solution to Problems 1-6 in case 
that n =1 than that given by Schwartz in [12]. 


4. Solution of the main problem. In order to solve the main problem 
(Problem 2), we shall make use of the following extension of the Weierstrass 


preparation theorem (see [2]): 


THEOREM 1. Let P bea function of the complex variables w, 21, %2,° * * 5 Zk, 
21, *,2y, which is analytic at the origin, let 


D= 


be a partial differential operator and let s be a positive integer with the 


following properties: 


1. P(0) =0. 
2. If E is any partial differential operator in the letters w,21,° + * Zk; 


but for which at least one of these variables is omitted, then (EP) (0) =0. 
3. The numbers py, * Pk» are defined as follows: 
(a) If px and qe, * are any integers, then 
[ P | (0) = (0, 


(This defines p, uniquely.) 
(b) Suppose py, -,p; have been defined. Then pj, 1s defined by 


the condition that, if < ANd * are any integers, then 
(c) (0°DP/dw*) (0) =1. 


(Thus, the numbers p; are all defined.) 


Then for any function B of +, * which is analytic 
at the origin there ts a unique function Q, analytic at the origin, such that 
D(QP)—B is, when considered as a power series in w with coefficients 
functions of which are analytic at the origin, a poly- 
nomial of degree <s. 


Remark 1. It is allowed that k—0, or r=0. In case k=O, our 
theorem reduces to the classical Weierstrass preparation theorem. 
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Remark 2. If P is any function which is analytic at the origin and 
satisfies P(0) —0, then we can find an operator D such that the hypotheses 
of Theorem 1 are satisfied. For, let P be an analytic function of the complex 
variables Call &-+-1 the smallest integer such that there 
exists a partial differential operator EH involving #-+1 of the variables 
=W, *y = the integers °°, px,S are then 
defined by part 3 of the hypotheses of Theorem 1. 


Proof of Theorem 1. Write P = > P,w" where P, are analytic functions, 
at zero, of 2z;,z; For each u, let 


where Pyp,vo...v4vnq 18 the homogeneous term of order v;,4, in the expansion of 
P,, aS a power series in the 2; 
By the product rule for differentiation, we may write 


D(QP) =PDQ +: -+QDP. 
We denote the general term in the above sum by P”Q’, and we write 
with a similar notation for Q’, B, etc. 
We are trying to satisfy the equations 
[D(QP) ]m—Bm=0 for m=s, 


or, what is the same thing, 


[D (QP) | 0, 


whenever m=s and 04, 0. Now, [D(QP) ] 18 Sum 
of terms of the form 


V1 Uk+1 

, 
n4=0 


Nk+2=0 


Ms 


( Q’P”) 


0 


From our hypotheses, we get 


(a) For P’ for all u. 
(b) DPyo..0.—0 for u<s and 


Thus, 


[D(QP) ] = A + (QDP) mny...nen 


y 
ut 
8 
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k+1 m ni-1 Nk+1 
P”’ADP i=1 u=0 v4=0 VK41=0 


(We shall understand that }.a;—0.) Now, we may write 
j=0 


(QDP) mny...mea =F + m-n,0...09 
u=0 


where 
k+1 m ni-1 Nk+1 
4=1 u=0 v4=0 UK+1=0 
We have 
m m-s-1 
u= u= 


= G+ SAY- 
Thus, in order to satisfy the equations 
[D(QP) — Bmny...ma = 0 
for m= 8,1, * *, x11 = 0, we must have 
= Bmny...ma— A G. 
Or, replacing m by m-++s in the above, the equations to be satisfied are 
(1) Qmm...mea = — A’ — — @, 


where A’ is obtained from A by replacing m by m+ s, and E’, @’ are obtained 
similarly from H, G@ respectively. 
For any m,,° -,%x.1, we define 
k 
where the c; are defined by 


suppose *,¢;1 have been defined, then 


j-1 
=2 


The proof that equations (1) are solvable will be by induction on 
g(m,1,° Mer). If +, =O then m=0 and each n;—0. 
Thus, the terms A’ and £’ are both zero since they involve sums of the 


form Thus, Qo..o—= Buo...0. 


j=1 
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Assume now that we have proven that equations (1) determine Quy,...vea 
uniquely whenever g(U,01,° <<g(™M,1,° * Then, clearly, 
G’ is uniquely determined. On the terms of E’, g attains its maximum when, 
for some 7 =k+1, 

In that case 


iFj 


because each c;=1-+s. Thus, LH” is also uniquely determined. 


Let us write, for P’ ADP, Q’ = -G2,%*)Q. Then, by 
the hypotheses of the theorem, P’y»,...»,0=0 if 

(a) v, << t, and any U,V2,° +, Vx. 


(c) +, 8. 


Consider the terms Q’up,..,, in A’ (for a fixed P”) for which 


(y) UE = View = Men — 1. 

(8) U=M, Ny — = ° 4 — = = 


(It may happen that some of these terms do not occur, but we shall neglect 
this fact since it will be seen that, in this case, the equations (1) are certainly 
solvable. ) 

Given any term Q’yy’,....’,,, in A’ for this same P”, let us notice that this 
term is uniquely determined by Quw’,v':+t;,....v'x+tev'ea: From (a), (b), and (c), 
given any such term for which the subscripts wu’, v’,,- + -,0’x4, do not satisfy 
any of the conditions (@), (8), (y), or (8), we can find a term Q’up,..om 
whose subscripts satisfy one of these conditions, and such that 


We shall show that in cases («), (8), and (y) 
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Case (a). We have 


k-1 
+ 1) + 


k k-1 
= mM + + + 8+ D — Ce 
i=1 i=1 


=g(M,N1,° * —1. 


Case 
g(u, tk, Ven) SM + SH 


k-j-1 k 


+S + + —1) + ~ 
i=1 i=k-j+1 
k-j-1 


= 9(m,n,° Nks1) —1. 


Case (y). 


k 
+ Vers) Sm + 8 + Dd Ci + Pr Chea (err — 1) 


Case (8). In this case, clearly, 
The term in question is 
because = 1, where d is some constant 20 (which may depend on 
Thus, equation (1) takes the form 
(3) (1+ 24) = + 
where depends only on those for which 
Thus, equation (1) determines the Qmn,...n,, uniquely. 


Analyticity of Q. We have shown that Q exists and is unique as a formal 
power series; we shall now show that this power series converges in the 
neighborhood of the origin. 

We shall produce positive numbers k,a,@;,° - -,@x.1 all > 2 so that 


(4) | (x) | = Ka™a,"a." 
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for all x in a suitable neighborhood of zero N in complex Euclidean r-space XY. 
Since nothing is altered in either the hypotheses or conclusion of Theorem 1 
upon application of the linear transformation 


for c > 0, we may assume that both B and P are analytic in the unit ball in 
complex Euclidean & + 1--1-space. (The unit ball in C is the set of zeC 
such that |z| <1.) Thus, there exist constants L >0, M>0 so that, for 
all m,m,° and all eeX with <1, we have 


| | | | SM, 
for all P”. 

The proof that equation (4) is satisfied will be by induction on 
g(M,11,° * *, Mx). For N we choose the unit ballin X. Next, choose K > 2 
so that for all re NV 

| Qov..0(#)| SE. 


(Such a K can be found by virtue of the definition of Qoo...o-) 
Now, assume (4) is satisfied for all w,v,,- - -,Uxs,; such that 


g(t, Vea) (Mm, *, Mer) > 0. 


Let us examine the terms Q’uy,,v....v4., Which appear on the right side of 
equation (3). Hach is a constant multiple of some term Qy’y’,...0%,, With 
Moreover, each of these constant multipliers does not exceed 
(my + ps) (ms (me + 
On the other hand, there is a term d on the left side of equation (3) with 


where it is understood that, in the above product, each term which is <0 
is to be replaced by 1. Thus, the ratio of the maximum constant multiplier 
on the right side of equation (3) to 1+ >d does not exceed 


Further, no term Quwv’,...0'x, Can be involved on the right side of equation (3) 
more than 


times. 


Set 
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From the above considerations and equation (3) we have, for any ze N, 


M+8 4-1 Nk+1 
M+8 NgtPz NktPk Nk+1 


Vq=9 


M+8 


U=0 


m+8 Nk+1-1 m-1 
+ G(u, 11, ° Nk Vir) G(u, m,° |, 
Uu=0 u=-0 


because of («), (8), (y), and (8) above. 
Thus, 


| (2) | = 


We want to make this = Ka™a,™- - -a,,,". This will be the case if 


1 
1 


1 
1— 


This can be done by choosing successively a,4@1,° - -,@x,, all > 2 so that each 
summand above is = K/(k+2)(L+ MKhq). 

With this choice of a@,a,,- - +,@,,, the induction process can be com- 
pleted. Thus relation (4) is satisfied. This means that Q is analytic in a 
suitable neighborhood of the origin, which concludes the proof of Theorem 2. 


Let ae C and let f,g be functions which are analytic in the neighborhood 
of a. We shall say that the cospectrum of f contains the cospectrum of g at a 
if there exists a neighborhood N of a so that, for any be N and any non- 
negative integers ¢,,- - -,t,», the conditions 


j 
b 
( 
( 
ni 
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whenever 8, S 8: +, 8, ty, imply 
[ 82 62,8") f | (b) azz () 


for all s, St,,s.Ste,- + +,S,ty. In part II of this series we shall discuss 
in detail the concept of the cospectrum of a local ideal at a (see [3]). 


THEOREM 2. Let aeC and let P,g be functions which are analytic in a 
neighborhood of a. Suppose that the cospectrum of g contains the cospectrum 
of P at a. Then there is a function h analytic at a such that g=hP ina 
suitable neighborhood of a. 


Proof. The theorem is trivially true in case that P—0, for then we 
must have g=0; we therefore assume P~0O. It is clearly no loss in 
generality to assume that a0. If P(0) 0, then the result is obvious; 
we assume also that P(0) 0. D,w,21,: are now defined 
as in the hypotheses of Theorem 1 (r+k+1=—n). 

By Theorem 1, there is a unique function S analytic at the origin such 


that 
(5) D[P(w, 2,2) 8(w,2,2)] =w* + K,(2, 2) ws, 
j=0 


where K; are analytic at the origin. It is shown in the proof of Theorem 1 
that S(0) —So...>—1. Thus, the operator D and the function PS also 
satisfy the hypotheses of Theorem 1. Hence, by Theorem 1, we can find a 
function Q analytic at the origin and such that 


(6)  D[P(w, 2,2) 8 (w, 2, 2)Q(w, 2, —Dg(w, 2,0) = H,(2, 2) 
j=0 


where the H; are analytic at the origin. 

Let M be a ball in C of radius so small that all functions which appear 
in equations (5) and (6) are analytic in M, and such that S40 in M. Then 
we integrate equations (5) and (6) p, times with respect to 21, p. times with 
respect to -, px, times with respect to z,, where all paths of integration 
begin at the origin and lie entirely in M. Then we obtain 


P(w, 2,2) S(w, 2,2) = SE, (z, r) 
j=0 


P(w, r)S(w, r)Q(w, Z, —9(u, Z,Z) 


Let us note that K;(0,0) 0 for 7—0,1,---,s—1. For, were this 
not the case, the integer s would not have required minimum property of the 
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hypotheses of Theorem 1. It is fairly easy to see, moreover,\ using the 
properties of the operator D, that, for each 7 <s, vs 
lim =0. 


20, 
By hypothesis, the cospectrum of g contains the cospectrum of P at 0; 
since S(0) +0, the cospectrum of g contains the cospectrum of PS at 0. 
Thus, there exists a neighborhood of zero N C M so that, for any be N and 
any integers t,,- - -,t,, the conditions 


[ /9Z,%- ‘ -0Z,") (b) =0, 
for 8, t,,° imply 
[ (08+ /9Z - g|(b) ==(), 


whenever s,=1,,°.° 

Now, for a) 0, the zeros of the polynomial a,.X‘ + a; 
depend continuously on (@;/d,2/d,° * *,@:/d)). Thus, by the above, we 
may choose a point (2,2) such that K,(20,2%.) #0 and such that all the 

8 . 
zeros of )wi have the property that (c, 2%, 2) lies in N. 


j=0 
We wish to show that all H;—0. Assume this is not the case; then we 


may assume that (2,2) is so chosen that H; (20,2) ~0 for some t. 
It follows from the above that if (b,2,7)) eN has the property that 6 


is a k-fold zero of SE j(%0,%) wi, then 6b is also (at least) a k-fold zero 
j=0 


of SAj(%,2%)wi. But, we have seen that > K;(%,2%)wi has s zeros 
j=0 j=0 


counting multiplicity, with (06;,%,%)eN for all 7. Thus 
D A;j(%,2%)wi has at least s zeros. This can only be the case if all 
j=0 


H j(%0,%) =90. This contradiction concludes the proof of Theorem 2. 
We have the immediate 


Corottary. Let aeC, f, g be functions which are analytic at a and such 
that the cospectrum of f contains the cospectrum of g at a. Let L be a linear 
transformation of CC. Then the cospectrum of fL contains the cospectrum 
of gL at La. 


Remark. If a proof of this corollary could be found which is independent 
of Theorems 1 and 2, then this corollary, together with the Weierstrass 
preparation theorem, could be used to give a simplified proof of Theorem 2 
without the use of Theorem 1. 
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Let f, ¢ be entire functions on C. We shall say that the cospectrum of f 
contains .he cospectrum of g if, for any ae C, the cospectrum of f contains 
the cosnectrum of g at a. It is clear that, if f and g are of exponential type, 
this «inition coincides with the previous one (see Section 3). 


TuroreM 3. Let f, g be entire functions such that the cospectrum of f 
contains the cospectrum of g. Then there is an entire function h such that 


f=gh. 

Proof. f/g is clearly analytic outside of the set of zeros of g. According 
to the theorem of removable singularities (see [2]), it is sufficient to prove 
that f/g is bounded in the neighborhood of each point. This is an immediate 
consequence of Theorem 2. 


The passage from arbitrary entire functions to entire functions of 
exponential type is accomplished by Theorem 4 below; for n 1, Theorem 4 
is a result of E. Lindeléf (see [10]). 


THeEorREM 4. Let f, g, h be entire functions of n complex variables, with 
g=fh~0. Suppose that f and g are of exponential type. Then h 1s also 
of exponential type. 


The following minimum modulus theorem, which is itself of interest, 
is the key tool in the proof of Theorem 4: 


THEOREM 5. Let k be an entire function of exponential type of one 
complex variable with k{0)A0 and |k(z)|SMeexp(A|z|), for all z. 
Then for any r>0 there is an with rSr’ S2r such that 


min | k(z)| = exp(B log M + cAr’ + dlog | &(0)]|) 
where B and c are certain constants, and where d is a positive integer. 


Let us assume the truth of Theorem 5 and conclude the proof of 
Theorem 4. We shall prove by induction on p the following proposition ap: 
Let H, K be constants, f40 an entire function of exponential type of p 
variables, and / an entire function on C (psn) such that, for any 
(21,° @n) €C, 


| %p)| | 2n)| SK exp(H ||z 


Then h is of exponential type. 

Now, @ is trivially true, because for pO, f is a constant 40. Let 
p > 0 and assume a, is true whenever q < p. Suppose that | f (2's, 2’2,-- +, 2’p)| 
S for all (21,--+,2p). Let 2n) 
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be any point in C such that f (0, 22,- -,2p)) 40, and also 40. By Theorem 
5 we can find an with |z,| =2|z,| such that 


= | f(0,22,- (| 22| -+]|%|) 
where B, c, and d are certain constants. (Because z—>f(2,22,° - *,2p) is an 
entire function of exponential type of one complex variable which is different 
from zero at the origin.) 
From this it follows that, for any z with |z|—r’, 
LB | f(0,22,° |¢exp(BN (| + ¢N1’)| h(z,22,° | 
< 
Thus, 
| 22,° - +, %p)|*| 
S KL* exp((H—BN)(|22| ++ + (H—eW)r’) 


because 7” =2|z|. Hence, by the maximum modulus theorem 


< KL exp(H —BN)(|z.| 


This inequality holds for all (z,,- - -,2n) such that 2,40 and f(0, 22,- - -, Zp) 
~0; by continuity it holds without these restrictions. 

Now, (22,° > f(0, *,%p) is an entire function of exponential 
type in p—1 variables. Thus, by our induction hypothesis, h is an entire 
function of exponential type, i.e., Proposition @, is established. This com- 
pletes our induction; Theorem 4 results immediately. 


Proof of Theorem 5. We claim it is sufficient to consider the case in 
which & is an even function. For, assume Theorem 5 is proven for even 
functions and set f =kk, where ke (a) =k(—vz), so f is an even entire 
function of exponential type. Suppose that !&(z)| = Meé4l*l, so that 
| f(z)| S M’e*4l¢l for all complex numbers z. Then, by the assumed result 
for even functions, given r > 0 we can find an 7” with r=7r’ S 2r such that 


min | f(z)| 2 exp(2B log M + 2cA | z| + dlog | f(0)|), 


for some constants B, c, and d. 
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Let 2 be a point on |z|=7’ at which |%| attains its minimum. Then 
| f (40) | = | &(20)| | #(—20)| S| | &(z)|. 
Thus, 
| f(2)| S| | 
= min | &(z)| max | &(z)| S Me4” min | k(z)|. 
Jz|=r’ Jzel=r’ Jzl=r’ 
We conclude that 


le|=r’ 2|= 


> exp[ (2B —I)log M + (2¢c—1) Ar’ + 2d log | &(0) |], 


which is the desired inequality. 
Theorem 5 results immediately from the above and 


THEOREM 6. Let k be an entire function of finite order of one complex 
variable with k(0) 40. Call p the genus of k and assume that k is invariant 
under the linear transformation z—>wz of the complex plane into itself, 
where w is a primitive (p+ 2)-nd root of unity. Then for any r>0 there 
isan r with S2r such that 


min | &(z)| = 2 | &(0) exp[—2 2-40) (20+2__ 1) log M(2/*r) ], 
Jel=r’ j=0 
where, for any y>0, M(y) =max|k(z)|. 
lz|=y 


p+2 
Proof of Theorem 6. From the fact that, for any k< p+2, Sot —0, 
j=l 


we deduce easily that the Weierstrass-Hadamard product for k (see [16]) 
takes the form k(z) =8][(1— 2*?/a/*?), where §=k(0). 
We write k(z) = 681, (z)72(z)a3(z) where 
7,(z) consists of all terms of [J for which | a;|=7r/2, 
m2(z) consists of all terms of J] for which r/2 < !a;|<4r, 
a3(z) consists of all terms of JJ for which | a;| > 4r. 


(By convention, an empty product is to be replaced by unity.) 
For 7; we use the trivial estimate that, for |z| =r, 


| 1 — /q pr? > Op+2__ > a, 


= | 2/a; 


so that | 7:(z)| 21 whenever |z| =r. 
For z, and z; we shall need Jensen’s formula (see [16]). If m(z) 
denotes the number of zeros of & of modulus <2, then for any y > 0, 
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(1/2n) {Tog k(ye**)dé@ — log | k(0)| S log M(y) —log | 8]. 


But, m is a non-decreasing function, so 


Hence, ; 
(10) 4m (y) (m(x)/2) da tog M(2y) ||. 
From (10) we see that in z, there are not more than 


B= (2/p+ 2) (log M(8r) —log|8|) terms aj. 
Now (see [11], p. 86, problem 66) we can find an 7’ such that r=r’ S2r 
and such that 
(11) II | (| a;|—1”)| 22(r/4)?. 


Also, if | z| 


(12) | — | 


= (a;—2) (aj—wz) -— =| (| | 


Thus, if |z| 


II | 1 gPr? /q p+? | > (41) II | — | 


a; 


= TT | (| |? 


> (4r) (1/4) > 


by (11) and (12); that is, | = 2(4)-*8@) for |z|—7’. It is clear 
that this implies 
(13) | r2(z)| = 2| 8 |Sexp(—4log M(8r)). 


For 7, we use the estimate 


(14) | 1— 2? | > 1— | z/a; = exp(—| z/a; |?**). 


This results from the fact that, for 0<u< 4, 


log(1—u) =—u— u?/2 — u3/3 —: - - > — 4, 


so that 1—u > exp(—u). 

For any j= 2, consider the annulus In R; there 
are not more than 8; = (2/p + 2) (log M(24**r) —log|8|) terms a; by (10). 
For each of them, 
(15) | 1° /a; | S 2r/25r — 2-4, 
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Thus, if |z|—7’, using (14) and (15), 
(2)| exp(—S | = exp(—¥ (p +2) B20). 
j= 


Now, > —1/29?—1<1. Thus, 


j=2 


(16) | z3(z)| = exp(— Dd (p+ 2) 8200-1 
j=2 
= | 8 exp[— 2 > 2@)G-/ — 1) log M (24*?r) J, 
j=2 
for all z with |z|= 7’. Putting all our estimates together, we have 


min | &(z)| = | 8| min | (z)| min | (z)| min | 


= 2 | exp[ —> (2+? — 1) log M (2/*r) ], 
j=0 
which is the desired result. 


Combining Theorems 3 and 4 we have 


THEOREM 7. LEHvery principal ideal in H’ 1s completely determined by 
its cospectrum, that is, if f,geH’ and if the cospectrum of g contains the 
cospectrum of f, then g lies in the ideal generated by f in H’. 


THEOREM 8. Let feH’ and let I={fh}acy. Then I ts closed, 1.e., 
every principal algebraic ideal in H’ ts an ideal in H’. 


Proof. Let g be in the closure of J; it is clear that the cospectrum of g 
contains the cospectrum of f. Thus, by Theorems 8 and 4, gel. 


Remark. It is easily seen that the set J above is even closed in &, 
and hence weakly in H’ (that is, if H’ is given the weak topology of the 
dual of H’). 


From Theorem 7 and the results of Section 3 we deduce 


THEOREM 9. Let V be a variety whose annthilator ideal is principal. 
Then V contains an exponential polynomial. Moreover, V is completely 
determined by its exponential polynomials, that is, every fe V is the limit 
of exponential polynomials of V. 


Theorem 9 is the generalization to n variables of the theorem of Ritt, 
Valiron, and others to the effect that every solution of a differential equation 
of infinite order with constant coefficients is the limit of exponential poly- 
nomial solutions of the equation (see [12]). 


= 
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5. Extension to other spaces. In this section, we shall investigate 
rings © of entire functions with the following property: Let f,ge and 
suppose that the cospectrum of g contains the cospectrum of f. Then there 
is an he such that g—fh. Theorem 2 of Section 4 tells us that, for any 
aeC, if %, denotes the ring of functions analytic at a, then every principal 
ideal in $3, is determined by its cospectrum at a (that is, if F,G@e$. and 
if the cospectrum of G contains the cospectrum of F at a, then G=FH for 
some He,). Thus, the above property of D can be reformulated as follows: 
Every principal ideal in © is determined by its local ideals, that is, by the 
ideals it generates in $3, for all ae C (see [3]). Theorems 3 and 4 of Section 
4 show that we may take for © the ring of entire functions or the ring of 
entire functions of exponential type. In this section we shall show that we 
may take for © the ring of polynomials or, for any c= 0, the ring of entire 
functions of order <c, hence also the ring of all entire functions of finite 


order, and more general rings. 


THEOREM 1. Every principal ideal in the ring of polynomials is deter- 
mined by its local ideals. Equivalently, if P is any polynomial and Q a 
polynomial whose cospectrum contains the cospectrum of P, then Q=PS 
for some polynomial 8. 


Proof. According to Theorem 3 of Section 4, we must show the 
following: Let f and g be polynomials in n letters with f+40 and let h be 
an entire function of n complex variables such that g —fh; then h is also a 
polynomial. The proof will be by induction on p of the following proposition : 
Let f ~0 be a polynomial in p letters (p=) and h an entire function of n 
complex variables such that, for all (2:,- - -,2n) eC, 


| f (415° Sp)h(a,° (1+ ]a]+- | |)*, 


for some k=0. Then h is a polynomial. 

For p= 0, f is a non-zero constant and the result is immediate. Assume 
p> 0 and that the result is true for polynomials in fewer than p letters. Let 
(21,° *,2n) eC, and write 


f(X1, Xo, ° =foXI+- f, Xi + - . fo, 


where the f; are polynomials in X.,- - -,X, and where f,40. By the results 
of [9], we can describe a circle y of radius <1 about z, so that, for all ze, 


| f (2, ° | =B| |, 


where 8 is a positive constant which depends only on the degree of f. Thus, 
for any zey, 
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(2+ 


Hence, by the maximum modulus theorem, 


| 2-*Bfo (22, ° Zp) h (21, 225° ‘5%)|S (1+|2| +: : 


Now, 2*@f, is a polynomial in fewer than p variables. Thus, by our induction 
assumption, h is a polynomial. Theorem 1 now results immediately. 


Let f 0 be an entire function of n complex variables. We say that f is 
of finite order if there is an A= 0 so that 


(1) | f(2)| = O(exp(| 


The greatest lower bound of all numbers A which satisfy (1) is called the 
order of f. In order to prove the analog of Theorem 1 for the ring of entire 
functions of finite order, we shall need the following form of the minimum 


modulus theorem (see [16]) 


THEOREM 2. Let f be an entire function of one complex variable, with 
| f(z)| S Mexp(.z|4), and such that f(0)~0. Then for any r>0 there 
isan” with S2r and 


min | f(2)| Zexp(alog M + + log | f(0)|), 


where a, £, and y are constants which depend only on A, and where we may 
choose, for y, a positive integer. 


Proof. Call p the genus of f (see [16]). Then, as in the proof of 
Theorem 5 of Section 4, it is sufficient to consider the case in which f is 
invariant under the linear transformation z—> wz of the complex plane into 
itself, where w is a primitive (p+ 2)-nd root of unity. The result now 
follows immediately from Theorem 6 of Section 4. 

Exactly as in the proof of Theorem 4 of Section 4 (except that we use 
Theorem 3 instead of Theorem 5 of Section 4), we deduce 


THroREM 4. For any A> 0, denote by Qu the ring of entire functions 
of order =A. If f, ge Qu and if h is an entire function such that fh—g, 
then we must have he Qy. Every principal ideal in Q,4 is determined by its 
local ideals, or, what is the same thing, if P,SeQ4 have the property that 
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the cospectrum of S contains the cospectrum of P, then S=PT for some 
TeQ,. 


We have the immediate 


Corottary. All the results of Theorem 4 for the rings Qa hold also for 
the ring Q of all entire functions of finite order. 


The results of Theorem 4 and its corollary extend to the following more 
general situation: Let ¢ be a positive, even, continuous function of one real 
variable, with ¢ monotonically increasing to infinity. We call ¢ an admissible 


function if 
(a) (x) =O(|2|?) for some p. 
(b) There exists a p satisfying (a) such that, for all r>0, 


(2) < dg (r), 
j=0 


where d is a constant depending only on ¢. A family ® of admissible 
functions ¢ is called an admissible family if there exists an admissible 
funtcion y (not necessarily in ®) such that, for every r and every ¢e®, 
¢(r) =vy(r). As examples of admissible functions we have the functions 
¢(r) =7” for any p>0O. An example of an admissible family is all 
funtcions ¢(7) =7? for all p>q=0. 

If ¢ is an admissible function, we denote by Q¢ the ring of entire 
functions f of n complex variables which satisfy 


(3) f(z) = O[exp(¢(|| 2 
For any admissible family ®, we define Qe —[] Q¢ and, for an arbitrary 
pe® 


family of admissible functions, we define Q*y—\()Q. Then we can easily 
wev 


generalize Theorem 4 and its corollary to 


THeorEM 5. Let ® be an admissible family. Then for any f,ge Qe, 
if h ts an entire function satisfying fh—=g, then we must have he Qs. 
Every principal ideal in Qe is determined by its local ideals, that is, if 
P,Se Qe have the property that the cospectrum of S contains the cospectrum 
of P, then S=PT for some Te Qe. These results also hold for the spaces 
Q*y for any family VY of admissible functions. 


Remark 1. Theorem 5 obviously contains Theorem 4 and its corollary 
and Theorem 6 of Section 4 as special cases. 
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Remark 2. Theorem 5 itself can be extended to more general families, 
for the condition (b) in the definition of admissible can certainly be improved 
and even condition (a) can be slightly ameliorated. However, a recent 
result of Hayman on the minimum modulus makes it extremely unlikely 
that condition (a) can be entirely omitted (see Proc. Lond. Math. Soc., 1952, 
pp. 469-512). 


6. The case n—1. Throughout this section we shall suppose that 
n—=1. We shall give a simplification of the solution by L. Schwartz [12] 
of problem 2 of Section 3. It is fairly simple to prove from this (see [12]) 
that every ideal in H’ is the ideal generated by two functions of H’, and that 
every variety in & is the variety generated by a single element. In Section 3 
it was shown how this solution of Problem 2 implies that the spectrum of 
the union of two varieties is the spectral union of their spectra. Thus, the 
results of this section will conclude the solutions of all the problems of 


Section 3. 


Proposition. Let I be an ideal in HW’ and Fel, FAO. Suppose that, 
for some ace C0, F has a zero of order m >0 and some Gel has no zero at a. 
Then F/(Z—a) el. | 


Proof. Let W be the annihilator variety of the inverse Fourier trans- 
form of J; denote by S the inverse Fourier transform of F/(Z—a), 
and call V the variety generated by {S*f};ew. From the formula 
T-S*f—T*S-f for any feM, Te H’, it follows immediately that T is in 
the annihilator ideal J of V if and only if 7'*8S is in the annihilator ideal 
of W. 

Call K the Fourier transform of J. The above shows us that Pe K if 
and only if PF/(Z—a)eJ. Assume F/(Z—a) ¢I; then (Z—a) eK but 
1fK. Thus, V is not {0} and, in fact, consists exactly (see Section 2) of 
the solutions «exp(ia:) for aeC of the ordinary differential equation 
—1t(df/dZ) —af=0 for fe&#. Hence, exp(ia-)e W, which implies (see 
Section 3) that every QeTZ has a zero at a. This contradiction completes 


the proof. 


THEOREM 1. Lvery variety contains an exponential polynomial, or, 
what is the same thing, every ideal in H’ has a zero. 


Proof. Assume I is an ideal in H’ with no zero, and let fel, f0. 
We may assume f is even (for if f is not even, we may consider ffeZ). Let 
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be the Weierstrass-Hadamard factorization of f. For each k >0, set 


fu(2) (1—2/a;). 


Then by induction on the above proposition, we find easily that each f, J. 


Moreover, it is easy to see that we can find positive numbers A, M so that, 
for all & and all zeC, 


| fe(2)| STL (1+ | |?/| aj |*) Meat 
j= 


Further, it is clear that f,—>1 in 9. Thus, by Proposition 3 of Section 2, 
fe—>1 in H’. Since J is closed, this means that 1eJZ which contradicts the 
fact that J is an ideal (since an ideal is 4H’). 


THEOREM 2. Every variety is determined by its spectrum. Equivalently, 
if I is an ideal in H’ and if the cospectrum of f eH’ contains the cospectrum 
of I, then fel. 


Proof. Let V be a variety; call W the variety generated by the exponen- 
tial polynomials of V and suppose fe V, f¢ W. By the Hahn-Banach theorem 
we can find an Se’ which is zero on W but such that S-f0. Consider 
the variety X generated by {S*g} ev (X #0 because S*f~0); we claim 
X has no exponential polynomials. 

Denote by F the Fourier transform of 8, and by J, J, K the respective 
Fourier transforms of the annihilator ideals of V, X, and W. Assume there 
exists an exponential polynomial in XY; then there is an ae C at which every 
GeJ vanishes. As in the proof of the above proposition, GeJ if and only 
if GFeI. Thus, the above implies that every multiple of F which is in J 
has a zero at a of order > m = order of zero of F at a. Now, by construction, 
the cospectrum of F contains the cospectrum of J. Thus, there is a Gel 
whose order & of zero atais =m. Then (G/(Z —a)*)F = G(F/(Z —a)*) el, 
but has a zero at a of order m. This contradiction proves that X has no 
exponential polynomials. This contradicts Theorem 1 and so completes the 
proof of Theorem 2. 


7. General remarks. The methods of Section 6 apply also to other 
spaces (but still only for »~—1), for example the space € of Schwartz (see 
[14], [12], and [8]) of indefinitely differentiable functions. In that case, 
the proof of the proposition of Section 6 can be carried out as before. The 
proof of Theorem 1 of Section 6 does not seem to extend to €; however, if J 
is an ideal in E’ (see [8]) which has no zero, then for fel, f40, and f 
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rapidly decreasing on the real axis, it is shown by Schwartz (see [12]) that 
also f’eZ. From this it follows easily (see [12]) that leZ. This proves 
the analog of Theorem 1 of Section 6 for E. The analog of Theorem 2 then 
follows as before. 

There are two essential difficulties in extending the methods of Section 6 
ton >1. The first is the fact that the ideals in the spaces 8, (see Section 5) 
need not be principal for n>1. Thus, no analog of F/(Z—a) which is 
used in the proof of the proposition of Section 6 can be found. But even if 
this difficulty could be surmounted, the following difficulty remains: For 
n> 1, there exist functions in 9 other than exponential polynomials which 
are solutions of constant-coefficient partial differential equations. Thus, an 
entirely new approach is needed for the problem. This will be done in Part II 
of this series. 

Each Se &’ defines an element of the space D’, or even of E’ (see [8]), 
namely the restriction T of S to D. It is clear that D is dense in &, so that 
T determines S uniquely. We want to show now that the Fourier transform 
M of S defined in Section 2 is, essentially, the inverse Fourier transform U 
of T, as defined in [8]. Using the notation of [8], if Fe D, and if v is a 
measure of compact carrier which represents S (hence also 7), then by an 
easily justified change in the order of integration, 


U:f=T- f= fF(z)dv(z) = fdv(z) ff (x) e “dx 
= ff(x)dr fe‘ *dv(z) = fM(—z) f(x) = iM 
Thus, U =jM which is the desired result. 


THE JoHNS HOPKINS UNIVERSITY AND THE INSTITUTE FOR ADVANCED STUDY. 


BIBLIOGRAPHY. 


[1] S. Banach, Théorie des Opérations Linéaires, Monografje Matematyezne, Warsaw, 
1932. 

[2] S. Bochner and W. T. Martin, Several Complex Variables, Princeton, 1948. 

[3] H. Cartan, “Idéaux et modules de fonctions analytiques de n variables com- 
plexes,” Bulletin de la Societe Mathematique de France, vol. 78 (1950), 
pp. 28-64. 

[4] , “Variétés analytiques complexes et cohomologie,” Colloque sur les Fonc- 
tions de Plusieurs Variables, Bruxelles, 1953. 


LEON EHRENPREIS. 


— —-, Faisceaux Analytiques, Seminaire E.N.S., Paris, 1951-52, Chapt. XV-XX 
(mimeographed ) . 

J. Dieudonné and L. L. Schwartz, “La dualité dans les espaces (¥) et (£F),” 
Annales de VInstitut Fourier (Grenoble), vol. I (1950), pp. 61-101. 

L. Ehrenpreis, Theory of distributions for locally compact spaces, Columbia Uni 
versity Thesis, 1953 (to appear). 

——,, “Analytic functions and the Fourier transform of distributions,” Annals 
of Mathematics (to appear). 

——., “Solution of some problems of Division, part I,’ American Journal of 
Mathematics, vol. 76 (1954), pp. 883-903. 

B. Malgrange, “Sur quelques propriétés des equations de convolution,” Comptes 
Rendus des Séances de l’ Académie des Sciences, vol. 238 (1954), pp. 2219- 
2221. 

G. Pélya and G. Szegi, Aufgaben und Lehrsdtze aus der Analysis, vol. II, Berlin, 
1925. 


L. Schwartz, “Théorie générale des fonctions moyenne-périodiques,” Annals of 
Mathematics, vol. 48 (1947), pp. 857-929. 
, Etude des Sommes d’Exponentielles Réelles, Paris, 1943. 


, Théorie des Distributions, vol. I-II, Paris, 1950-51. 

——.,, “Analyse et synthése harmonique dan les espaces de distributions,” 
Canadian Journal of Mathematics, vol. 3 (1951), pp. 503-512. 

E. C. Titchmarsh, The Theory of Functions, Oxford, 1932. 
, Theory of Fourier Integrals, Oxford, 1937. 

H. Whitney, “On ideals of differentiable functions,” American Journal of Mathe- 
matics, vol. 70 (1948), pp. 635-658. 

N. Wiener, The Fourier Integral and Certain of its Applications, Cambridge, 1933. 


328 

[5] 

[6] 
[7] 
[8] 
[9] 

( 

t 

[11] t 

[13] 

[14] 

[15] 

a 

[16] di 

[17] ay 
[18] 

[19] tl 

by 

(; 

p. 

(3 

Tl 

ap 

(4 

for 

fur 

(5 


ON UNIFORM DINI CONDITIONS IN THE THEORY OF LINEAR 
PARTIAL DIFFERENTIAL EQUATIONS OF ELLIPTIC TYPE.* 


By Puitie HartTMan and AUREL WINTNER. 


1. Introduction. Since Hdélder’s thesis [8] and the subsequent work 
of Korn and Lichtenstein (for references, cf. [14]) dealing with existence 
theorems for linear elliptic partial differential equations of second order, it 
has become standard practice to assume a uniform Hdlder degree of con- 
tinuity for the data. That is, it is assumed that the given functions (or 
suitable derivatives of them) satisfy a condition of the form 


(1) | f(P) —f(Q@)| S const. | PQ |, 


The proof of the existence theorems then depends on obtaining an a priori 
estimate for the degree of continuity of the second order derivatives of the 
solutions of the given, or of a related, partial differential equation. This 
a priori estimate is also of the form (1) (cf. [10], pp. 25-82) ; it allows the 
definition, and the proof for the convergence, of a sequence of successive 
approximations (cf. [11]). 

It will be shown in the present paper that, in some of the existence 
theorems, the uniform Hélder degree of continuity for the data can be replaced 
by assumptions of a uniform degree of continuity, 


(2) | f(P) —f(Q)| S const. a(| PQ |), 
where a=a(r) is a monotone function satisfying Dini’s condition (cf. [4], 
p. 102 and [5], pp. 210-219), that is, 


(3) tr a(r)dr<o, da(r) = 0. 


+0 


The proof of the resulting existence theorems will not depend on successive 
approximations. They will depend on an a priori estimate of the degree of 
continuity of the form 

(4) | f(P) —7(Q)| Const. B(| PQ |) 

for the second order partial derivatives of solutions. In (4), B=A(r) isa 


function determined by a(r) and satisfying 


(5) B(r) as r-0, 


* Received December 27, 1954. 
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Const. is a function of const. in (2), and K is a constant depending on 
the diameter of the domain under consideration. (In the case (1), 
a(r) =(r) =r, and K is a Korn constant.) The fact that B(r) need not 
satisfy a Dini condition means that a sequence of successive approximations 
cannot in general be formed; cf. the example in Section 13 below. The 
existence proof can, however, be completed by using the method of equi- 


continuous functions. 

Dini’s results [5], involving a condition of the type (2), (3) in the 
theory of elliptic partial differential equations, antedates the work of Korn 
and Lichtenstein. But Dini only considers the simple equation wz, + Uyy 
+ Dyu,+ D.u,+ Du=E. Dini’s conditions are not expressed in the form 
(2), (3); instead of this, he merely requires that, uniformly in P, 


(7) ff |P—@|-"dQ0 as ro, 

IPQ\<r 
where n = 2 is the number of independent variables and dQ is the n-dimen- 
sional element of volume (area). This milder condition (2’) can replace (2), 
(3) below if it is assumed, in addition, that, uniformly in P, 


| —f(Q)| log | PQ| as QP. 


(For conditions, sharper than (2’), for the existence, but not for the 
continuity, of the second derivatives of a logarithmic potential, cf. [15].) 


2. Statement of the results. In this paper, the method described in 
connection with (2)-(5), a method which has other applications also, will be 
used to give a detailed proof of the following theorem: 


(*) Let (gic) = (gix(t,y)) be a 2 by 2, positive definite, symmetric 
matrix defined in a vicinity of (x,y) = (0,0) in such a way that the matrix 
elements f = 911,912 = 921,922 satisfy (2), where a=a(r) is a continuous 
monotone function satisfying (3). Then, in a vicinity of (x,y) = (0,0), 
there exist mappings u=u(z,y), v=v(2,y) of class satisfying 


(6) (u,v) /0(a, y) 0 
and transforming the Riemann metric 

(7) ds* = g,,dxr? +- 2g,.drdy + goody? 
into the conformal normal form 


(8) ds? =7(du* + dv’), 


r=r1(u,v) >0. 
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In addition, the first order partial derivatives of uw and v will satisfy a 
condition of the type (4)-(5), where B(r) is determined by a(r), the Const. 
in (4) is a function of the const. in (2) and of the bounds for giz, 
(911922 — 912")? and g.,*, finally K is a constant (depending on a(r) and 
the diameter of the (x, y)-neighborhoods involved). 

When a(r) =r, the assertion (*) reduces to a result of Lichtenstein 
({13]; for another proof, cf. [2]). It is known ([7]; cf. [3], Appendix) 
that (*) is false if it is only assumed that the gj, are continuous. 

The partial differential equations connected with the problem of trans- 
forming (7) into (8) are of the form 


(9) = — Bru, — Cuy,, Vy = Au, + Bywy, 
where 
(10) By=B.=—gi2/g, C= 91/9, = (det 


Following the procedure of Lichtenstein [13] to obtain a solution u, v of 
(9), it will be shown that if FR is sufficiently small, then the first boundary 


value problem of 
(11) (Aus + Bity)2 + (Bou, + Cuy)y=0 


on 2°? + y° = RF? has a C*-solution, provided that the assigned boundary func- 
tion is sufficiently smooth. By a C?-solution u—wu(z2,y) of (11) is meant a 
function of class C* on 2? + y? = R? which satisfies 


(12) f -+ Cu,)dx— (Au, + Byu,)dy = 0 


J 


for every piecewise smooth Jordan curve J in z? -- y= R (and which reduces 
to the given boundary values on z? + y? = R?). 

In the considerations below, it will not be assumed that B, = B,., as in 
(10), but only that the functions 


(13) a= A, b=4(B,+ c=C 

satisfy 

(14) ac—b?>0 and a>0. 

In other words, it will be assumed that (9) is elliptic but not that it is self- 


adjoint; cf. [1]. It will be clear from the proof that the method can be 
applied to the inhomogeneous equation 


(15) (Atte + Bitty) 2+ (Bote + Cuy)y + Du=E#, 


4 
i 
1 
4 
| 


332 PHILIP HARTMAN AND AUREL WINTNER. 


which in an integrated form is equivalent to 


(16) (Baus + Cuy)de— (Aue + Bity)dy = ff (Du— dedy, 
J 


where T is the interior of the arbitrary piecewise smooth Jordan curve J. 


(**) Let f=A(z,y), Bi(z,y), Bo(z,y), C(a,y) be functions on 
ety satisfying (2)-(3), let D(x,y), E(z,y) be continuous, and let 
(x,y) be of class C? there. Then there exists a number R, (> 0), depending 
on const. in (2) and on the bounds of | A|, | Bi |, | Be|, |C|, | D|, with the 
property that if RS Ro, then (15) (that ts, (16)) has a C'-solution u= u(a, y) 
on x? +y*?= R? satisfying the boundary condition on 2? + y? = 


(This solution is of class C* if A, B,, Bo, C are of class C* and their 
partial derivatives satisfy conditions of the type (2)-(3) and if D, E and the 
second order partial derivatives of } satisfy conditions of the type (2)-(3).) 


The main interest in this theorem lies, of course, in the existence of 
non-constant solutions for (15), rather than in the solvability of a boundary 
value problem. For references to known results which depend on (1), rather 
than (2)-(3), ef. [14], pp. 1294-1927. The last (parenthetical) part of (**) 
will be seen (Section 14) to be a consequence of a modification of the proof 
of the first part; the conditions (2)-(3) on D, EF and on the derivatives of 
A, B,, Bz, C and ¢ can be relaxed to a uniform Dini condition (2’), where 
n = 2. 

The assertions concerning (11) and (15) can be extended to the case of 
elliptic partial differential equations of second order in more than two inde- 
pendent variables. In this case, the definition of a C1-solution of the analogue 
of (11) or (15) is not given by (12) or (16) but by an integro-differential 
equation involving Green’s functions; cf. Section 7 below. 

The proof for the existence of C*-solutions of (11) will depend on 
variants of Korn’s procedures [10] (adapted to (2), instead of (1)), as 
modified by E. Hopf [9]. While Joc. cit [9], pp. 202-206, integrals depending 
only on the logarithmic singularity of the Green functions are dealt with, 
below it will be necessary to deal with the Green functions themselves, in order 
to obtain estimates which are valid inside (and on) the boundary curve of 
the domain. 

Although the ideas underlying the proof of (*), as indicated in Section 1, 
are quite simple, the details will be involved. The arrangement of the proof 
of (*) will be as follows: 

In Section 3, the main result (Lemma 1), dealing with a priori estimates 
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for the degree of continuity of the partial derivatives of C?-solutions of (11), 
will be stated, but not proved. Assuming Lemma 1, the existence theorem 
(Lemma 2) for the first boundary value problem belonging to (11) will be 
stated and proved in Section 4. A proof of (*) will then be deduced from 
this result in Section 5. 

The proof of the main Lemma 1 will be given in Sections 6-12. In 
Section 6, the sheaf of Green functions will be introduced and their desired 
properties will be stated, but not proved, in Lemma 3. In Section 6, there 
will also be stated the analogues (Lemmas 4 and 5) of Hopf’s variants of 
Korn’s results. In Section 7, following Lichtenstein ([13], Section 2), the 
differential equation (11) will be transformed into an integro-differential 
equation involving the Green functions. Assuming Lemmas 3, 4, 5 of Section 
6, the main Lemma 1 will be proved in Section 8. Finally, Lemma 3 will be 
proved in Sections 9-11 and Lemmas 4, 5 in Section 12. 

Section 13 will contain an example mentioned in Section 1 in connection 
with successive approximations and (2)-(3). 


3. A priori estimates. Let a—a/(r), where 0 =r < oo, be a continuous 
monotone function satisfying (3). In terms of a(r) and a given R > 0, define 
B(r) as follows: 

4r 2R 
log (8R/r) + f rta(r)de 
0 
for0 <r 2R (the choice of the factor 8 in log 8R/r assures that log 8R/r = 1 
for 0 <rS2R). By virtue of (3), 


(18) B(r) as r> 0. 


Let f=A(z,y), Bi(z,y), C(x,y) be real-valued functions 
defined on C + D, where 


(19) C:2°+y?=R? and D: R’, 
and let these four functions satisfy 

(20) |f(P) —f(Q)| Shia(| PQ |). 

Let the constant /, be chosen so large that 

(21) [f(P)| Sh. 


If a=a(z,y), b(x,y), ¢(x,y) are defined by (13), suppose that (14) holds. 
Let &, be so large that 


(22) (>0). 
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Let ¢=¢(z,y) be a (real-valued) function of class C? on C+D. Let 
the constant k, be chosen so that if f denotes ¢ or any of its first and second 
order partial derivatives, then 


(23) |f(P)| Ske. 


The main lemma will be the following assertion, supplying an a priori 
estimate for the degree of continuity of first order derivatives of C1-solutions 
of (11): 


with the property that if RS R, and if u=u/(z,y) ts a C*-solution of (11) 
on C+D satisfying the boundary condition 


1. There exists a pair of functions of say Ry(ki1) and c,(k;), 
(24) u=¢ on C, 
then the first order partial derivatives f = uz, uy are subject to the estimates 
(251) | f | 
(252) | —f(Q)| (| PQ |) 
on C+D, where B(r) =B(r;R) ts given by (17). 

Remark 1. Note that c,(k,) does not depend on Rk (= R,). 


Remark 2. It will be clear from the proof that conditions (2)-(3) on | 
f=—A,B,,B.,C can be relaxed to (2’), (3’) in the following sense: Let | 
EK = E(r, P) denote the set of points Q in «* + y? S R? satisfying |Q—P|Sr. ' 
Assume that 


a(r)—Lub.  (dQ-— ary) 
E 


exists, where the l.u.b. refers to P in x? + y?= R? and f =A, B,, B, and C, 


and satisfies ¢,(r) ~0 as r>0. Then 
i 
2 = f 
D-E 
(exists and) satisfies «.(r) >0 as r—0. Assume that ( 
e;(r) =1.u.b. (log | PQ |-*)| f(P) —f(Q)|, u 
(exists and) satisfies <.(r)—>0 as r—0, where l.u.b. refers to P in d 
2?+y?= Q in E(r, P) and f =A, B,, Then Lemma 1 remains true 


if (17) is replaced by 
B(r) =r log (8R/r) + a(r) +e(r) 
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Remark 3. It does not follow from the statement of Lemma 1 that if 
a(r) =r, where 0<A<1, then B(r) can be chosen to B(r) =r (Korn). 
That this is so follows, however, from the fact that if (17) satisfies a Dini 
condition, 


f <a, 

+0 
then Lemma 1 can be improved by omitting the term a(r) log1/r in (17). 
The proof of this fact is similar to the application (p. 209) of the Korollar 
(p. 204) in [9]. 

It will be clear from the considerations to follow that it is sufficient to 

prove Lemma 1 for the case that A, B,, B., C and ¢ are smooth; so that w is 
of class C®. 


4, Existence theorem for (11). The existence theorem, mentioned for 
(11) above, is the following Lemma 2. The assumptions on A, B,, B2, C and 
@ are those mentioned in connection with (19)-(22) and (23), respectively. 


LemMA 2. Jf R=R), there exists one and only one C?-solution 
u=u(az,y) of (11) on C+D satisfying the boundary condition (24). 


The existence assertion in this lemma will be deduced from the fact that 
Lemma 2 is known if A, B,, B., C and ¢ are smooth (say, analytic) ; cf. [13], 
Sections 2-4 (where it is assumed that B,=B., but this assumption is not 
actually used). 

There exist sequences {An}, {Bin}, {Bon}, {Cn} of analytic functions on 
C+D satisfying, as 


uniformly on C+D and such that the inequalities (19)-(22), where k, is 
independent of n, are satisfied (the existence of such approximating sequences 
follows, for instance, from the theory of Fourier series). Similarly, there 
exists a sequence {¢,} of smooth functions in C+ D satisfying, as no, 


(26.) 


uniformly on C + D and such that ¢, and its first and second order partial 
derivatives satisfy (23), where k, is independent of n. 

Let (11,) denote the partial differential equation (11) in which A, B,, 
B,, C are respectively replaced by An, Bin, Bon, Cn and let (12,) denote the 


integral relation corresponding to (12). Finally, let (24,) denote the 


4 
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boundary condition in which ¢ is replaced by gn. If w—unp(z,y) denotes 
the solution of the boundary value problem (11,), (24,) and if R= Rp, it 
follows from Lemma 1 and from (26,) that the sequences {un}, {Unc}, {Uny} 
are uniformly bounded and equicontinuous on C + D. 

Consequently, after a selection and a renumbering of a subsequence, it 


can be supposed that, as noo, 
27 u = lim Uy U, = lim Ung Uy = lim Up 
? y y 


exist uniformly on C+D. It follows from (262) and (24,) that (24) holds. 
From (26,), (27) and a term-by-term integration of (12,), as n—>0, it is 
seen that (12) holds for every piecewise smooth Jordan curve J in D+ C. 
This completes the existence proof. 

The proof of uniqueness follows standard procedures for the proof of the 
weak maximum principle. The identity (12) in J implies the Green relation 


u{ (Bou, + Cu,)dx — (Au, + B,u,)dy} 


J 
—— f (au,? + 2bu,uy + cuy*)dxdy, 
e 


where the double integral is over the interior T of J; cf. [6], Lemma, p. 761. 
Choose J =C and suppose that u—0 on C. Then 


ffs (au,? + + cuy?)drdy =0; 
D 


so that, by (14), uz=u,=0 on C+ D, hence u=0. Thus (11) has exactly 
one C?-solution satisfying the boundary condition w=0 on C. In view of 
the linearity of (11), this completes the proof of the uniqueness in Lemma 2. 


5. Proof of (*). Assertion (*) can now be proved by arguments of 
Lichtenstein [13], Section 5; its proof will be given only for the sake of 
completeness. 

In terms of the gix, define A, B, — B., C by (10). Then, by assumption, 
f=A,, B, =B., C satisfy (20)-(22) on C+D for suitable choices of R and 
k,. Thus, if R is sufficiently small and ¢ is suitably chosen, the boundary 
value problem (11), (24) has a (unique) C?-solution u—u/(z,y). It follows 
from the integrated form (12) of (11) that there exists a function v = v(z, y) 
(unique up to an additive constant) which is of class Ct on C+D and 
satisfies the system (9). 

Hence, all that remains to be shown is that u and v satisfy (6) if R is 
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sufficiently small and ¢(2,y) is suitably chosen. To this end, choose a k, > 0, 
and let (x,y) be a function of class C? on C+D such that ¢ and its first 
and second order partial derivatives satisfy (23) and, in addition, the 
tangential derivative of ¢ at some point of C is not 0. For example, let the 
point (z,y) be (0,R) and let |¢.(0,R)|—k,A0. Since (24) implies 
that the tangential derivatives of w and @ coincide on C, it follows that 
Since in (252) does not depend on R(=R,), 
it follows from the definition of B(r) = B(r;R) that uz(z,y) 40 in C+D 
if R is sufficiently small. 

The inequality u,(z,y) #0 on C+D implies (6), in view of (9) and 
(14). This proves (*). 


6. Green’s functions. In what follows, real- or complex-valued func- 
tions f(x,y) of (x,y) will be denoted by f(z). Correspondingly, f,(z), where 
s=2 or s=y, denotes Of (z, y) /ds. 

Let a, b, c, d be real constants satisfying (14). Let =é+%m,2=—=2r+ 1 
and let G(f,z) = G(€,z;a,b,c) be the Green function of 


(28) + 2bWey + CWyy = 0 

on the circle D belonging to the boundary condition 

(29) w=0 on C. 

Thus, if hh(2,y) is a sufficiently smooth function on C + D, then 
(30) wiry) — 2 


D 
is the solution of 


(31) + + CWyy =h 


in D which vanishes on C. 


The proof of Lemma 1 will be made to depend on some properties of the 
sheaf of Green functions @(f,2;a,b,c), where the constants (a,b,c) are 
subject to the inequalities 


(32) Sack, d? =ac— = 1/k,, 
in which k, is a positive constant. 


For the purpose of denoting partial derivatives of G in Lemma 3, let 
o=€ or o—7, and s,t=—z or y, finally e =a, or 


‘ 
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Lemma 3. There exists a constant Co=C2(k,), independent of R, such 
that 


(33) | Se-/|f—z|, | Gee | 
(34) | Gos | S | Goee | SC2/ 
(35) | Gost | S £—z 


for || <BR, |z|<R, Az. 


Lemma 3 will be proved in Sections 9-11 below. 
The following two lemmas are analogous to E. Hopf’s variants ([9], 
pp. 202-206) cf Korn’s results ([10], pp. 25-32). 


Lemma 4. Let H(f,z3;2) be defined for £(¥z), 2, % subject to 
|z| << R, let H possess there continuous partial deriva- 
tives with respect to x and y, and let it satisfy, for some constant ks, 


(36) | H | = k;/| H(&, 2; Zo) — H(é,2;2°)| ka( | % — 2°|)/| |, 


(37) |H.|Sks/|€—z|? for s=a and s=y. 
Then, if h(x,y) is a continuous function on C+D and ky, ts a constant 
satisfying 
(38) |r| Sh, 
the function 
D 
satisfies 
(40) | —v(z°)| S 2 —2° |), 


where K is an absolute constant and 


B*(r) ='(r;R) =Ra(r) + rlog (8R/r). 


Lemma 5. Let L(f,2;2) be defined for £(-z), 2, % subject to 
<R,|z2| <BR, |2|<R, let L possess continuous partial derivatives with 
respect to x and y there and let it satisfy, for some constant ks, 


L(£, 23%) —L(E, 23 2°)| S ksa(| 2% —2°|)/|€—z 
(43) | Ls | Sks/|€—z|* for and s=y. 


(41) 


(42) |L| Sks/|¢—z 


2 


9 


Let h=h(x,y) be continuous on C+D and let ky satisfy (38). Let 
=I(z,y) be defined on C+D and satisfy 


(44) | 1(21) —1(z2)| S kea(| 21 — 22 


}e 
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Then the function 


(45) = ff L(G 20540) dy 
satisfies 
(46) | —p (22) | S Khe gkskoB? ( %— 22), 


where K is an absolute constant and B?(r) =B?(r;R) is defined by 


2r 4r 2R 
a(r)(f ra(r) dr + log(2R/r)} + f ra(r)dr+r f rta(n)dr. 
0 r 
The proof of Lemma 4 is similar to, but simpler than, the proof of 
Lemma 5 and will therefore be omitted, Lemma 5 will be proved in Section 
12 below. 
Granting Lemmas 3, 4 and 5, the proof of Lemma 1 will be given in the 
next two sections. 


7. The integro-differential equation. In this section and the next, it 
is assumed that A, Bi, B.,, C and @ are smooth (say, analytic). Let 
u=u(z,y) be a solution of the boundary value problem (11), (24). Put 


so that (24) gives 
(48) w==0 on C 


and (11) becomes 


(49) $)y)o+ (Bo(w+ o)a+C(w+ >)y)y=9. 


Let 2 = 2%) + ty be a point of D. The differential equation (49) for w 
can be written as 


(50) + WA Way + CoWyy =h, 
where 


h hy = — — — Codyy, 
(51) hz = (A — Ao) (w+ $)2+ (Bi— Bio) (w+ 

hs = (B2— (w+ (C—Co) (w+ $)y3 
(the superscript 0 denotes that the argument of the function is 2) = 2 + tyo). 
In view of (48) and (50), 


(52) f h(£)G(L, 25 doy Dos Co) dédn. 


D 
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Since G vanishes on the boundary of D, partial integrations of the terms 
involving h.,, hs, transform the last formula into 


(52’) ff (hiG + + dédn 
D 


(the fact that the singularity of G at £—z is of logarithmic order assures 
that this partial integration is permissible). 

Since hz vanish at and f =A, B,, B.,C satisfy (20), the Dini 
condition (3) and standard procedures in potential theory show that, if 


or s=y, 


(53) (2) = f f (hiG, + hoGes + dédn, 
D 


where the argument of h,, he, hs is £ and that of the partial derivatives of G 
is (€, 2340, Do, Co). 

8. Proof of Lemma 1. For a bounded function f on D, let 
(54) | f | =lu.b.|f| on D. 


The symbol c, will denote a constant depending on k&, and independent of 
R(=R,), c. a constant depending only on k,, and K an absolute constant 
From the definition of h, and from (21), (23) and (33), 


f hi G,dédn | cok 
D 


From the definition of h. and from (21), (23) and (34), 


2R 
D 


A similar estimate holds for the third term on the right of (53). Hence 
| wz || + || w, || does not exceed 


2R 


R 
rta(r)dr) + | + | w, I) f rta(r)ar. 
0 0 


Thus, if R is so small that 


2R 


(55) 2c.k, rta(r)drs, 


0 


| 
§ 
( 
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it follows that 
R 
(56) | we | r%a(r)dr). 


If R=R,(k,) is a fixed positive number satisfying (55), then the 
assertion of Lemma 1 concerning (25,) follows from (47) and (56). 
Lemma 4 is applicable to the first term on the right of (53), that is, to 


(57) v(Z) -ff hi Gs(€, Zo 5 Loy Bo, Cy) 
D 


if G., h, are identified with H, h, respectively. In fact, the first inequality 
of (36) is a consequence of the first in (33), with k; = c.; the second in (36) 
follows, with k; = 3c.k,, from the second in (33), and from (13) and (20). 
The second line in (51) shows that k, in (38) can be replaced by 2h,ho. 
Thus the assertion of Lemma 4 implies that 


(58) —v(2°)| S 20 —2° |) S KeskeB(| —2° |). 


If hz, hs; in (53) are replaced by their equivalent expressions given by 
(51), the last two terms of (53) become four terms, to each of which Lemma 5 
is applicable. For the sake of definiteness, one of the four terms, say the term 


(59) —= ff (A—Ac) (w + 4) 205 ds Co) dy 
D 


will be considered. If Z in Lemma 5 is identified with G¢,, it follows from 
(20), (34) and (35) that (42), (48) hold, with &; a constant (depending 
only on k,). Let 1 be identified with A, so that (44) holds with k,g—hk,. 
Finally, let h in (45) be identified with (w+ ¢),2 in (59), so that (38) 
holds with k, =k. + || w, ||. Thus Lemma 5 implies that 


| —e(2°) | S Kei (ke + || we |) 8 (| 2—2°|), 


where c, =c¢,(k,) and B?(r) Sc,B(r) for a suitable choice of 
¢:=c,(k,). It follows from (56) that this can be written as 


R 
0 


Since the other terms resulting from (53) can be treated similarly, it is 
seen that 


(60) | —ws(2°) | (| 2—2°|), 


341 
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if c, = Ro) and R=R,. The inequality (23), when applied 
to the case in which f is a second order partial derivative of ¢, shows that 


| (20) —s(2°) | S he | |. 


Since B(r) 2r when r= 2R, the assertion of Lemma 1 concerning (252) 


follows from (47) and (60). 
This completes the proof of Lemma 1. 


9. The inequalities (33;), (34;), (35;), j—=1,2. Lemma 3, that is, the 
properties (33)-(35) of G, will be deduced from properties of the Green 


function 
(61) y(Z,Z) =log | (R? — ZZ) /R(Z—Z)| 
belonging, in |Z|< R, to Laplace’s equation and the boundary condition 


u=0on |Z|—R. 
The change of independent variables 


(62) 


transforms (28) into 

(63) + Wry =h, 

C into an ellipse C, and D into the interior Dy of Co. Let g(Q,W) be the 
Green function belonging to (63) on Dy. Then 

(64) G(é,z) =d"g(W(f),W(z)), where W=U +11, 

W=W/(z) is the affine transformation (62), and d*—0(U,V)/@(z,y). 
Thus if Z=Z(W) =Z(W;a,b,c) is a conformal mapping of D, onto the 
circle |W|< R, it follows that 

(65) g(Q, W) =y(Z(2),2(W)). 


The formulae (64), (65) give G explicitly in terms of (61) and a 
mapping function Z—Z(W). The latter is expressible in terms of elliptic 
functions (cf. [16]) and can be chosen so as to be analytic in the real para- 
meters a, b, c, as well asin W. In view of (64) and (65), a formula for G is 


(66) G(£,z;a, b,c) =d"y(Z,Z), 


where 


(67) Z—Z(W(z)), Z=Z(W(e)), 


and y is defined by (61). 
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The following notation is used below for the variables which occur: 
The symbol c. will denote a positive constant, not always the same, depending 


only on k, and independent of R. The letter K will signify some positive 


(absolute) constant. 

In order to follow the dependence of G on R, let Z=Z1(W) be the 
function Z(W) for the case R=1. Then Z(W), belonging to R, is 
Z(W)=RZ'(W/R). Note that the affine transformation (62) does not 
depend on # and is linear and homogeneous, so that W(z)/R=W/(z/R). 


It follows that 


(68; ) |Zw| Se; (682) | Zww | Sc./R; (683) | Zwww | S ¢2/R?. 


If b or c and Z=Z(W,a,b,c), then 
(69,) |Z. | = ck; (692) | ZWe | F¢2; (693) | Zwwe | = c./R. 


In particular, the ratio Z(W,) —Z(W.)|/| W.—W.| is bounded from 
above and from below by ¢2, c2*, respectively. Hence (62) and (22) imply 


that i 
(70;) co*S|Z(W(z)) Se, 


(702) |Ze(W(z)) —Ze(W(t))| Se2|z—€ |. 


The inequalities (69) and (702), involving partial derivatives with 
respect ea, 6b or c, were derived by considering Z—Z(W,a,b,c) as a 
function of W and a, b, c. The function Z(W(z)) =Z(W(z;a,)b,c),a, b,c), 
where W= W(z;a,b,c) is the affine transformation (62), depends however 
on a, 6, c in a (slightly) more complicated fashion. The derivative of Z(W(z)) 
with respect to ea, b orc is ZwW,+2Z,. Since W, depends linearly on z 
and y, it follows that |W, | c.R and | W.(z) —W.(¢)| Se2|z—€|. Hence 
(69,) and (70.) hold if Z, is also an abbreviation for ZwW,.+ Z,. It is in 
this sense that Z, will be used below. Similar remarks hold for (69,) and 
(69,). 

Let the function (61) be written as yy, + y2—log R, where 


(71,) yi =— log | Z—Z|, (71.) y2= log | R?—ZZ |. 

Let the equations (66)-(67), where yy, or y—vyo, define G, and G,; so 
that G—d*(G,+G,—logR). The proofs of (33)-(35) will be given 
separately for Gi, Gz. The inequalities analogous to (33), (34), (35) for 
(, will be referred to as (33;), (34;), (35;), where 7 —1, 2. 


é 
e 
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10. Proof.of (33,), (34,), (35,). If s=wz or s=y, then (66)-(67) 
give 
(72) Cig VixX 5 + 
where, for 7—1, 
(73) = (H—Y)/|Z—Z|?. 
Since (68,) implies that | X,|, | Y, | S ce, the first inequality in (33,) follows 
from (67) and (70,). The second inequality in (33,) follows from (692) 


and (702). 
In order to prove (34,), differentiate (72) with respect to o = € or oy. 


This gives 
(74) = + +° 


where or t=y according as or o—7, and +: - - indicates two 
more terms. When j ~—1, the first factor of the first term on the right is 


(75) yixe=1/|Z—Z |?>—2(2—X)?/|Z—Z |*; 


the other factors yixn, yiyz, yiyn are similar. Thus the first inequality in 
(34,) follows from (67), (68,) and (70,). If j=1 and if (74) is differ- 
entiated with respect to e—a, b, or c, then (702) shows that y,x=-,: - - have 
majorants of the form c./| while (69,) and (69.) show that Y., Xse,° 
have majorants of the form c.. This proves (34;). 

In order to prove (35,), let 71 and let (74) be differentiated with 
respect to {=a or t=y. It is clear that the resulting terms involving a 
third order partial derivative of y (with respect to Y, Y, =, H) are majorized 
by ¢2/z—£|*, while, by (682), those involving a second order partial deriva- 
tive of y, and a second order partial derivative of XY or Y, are majorized by 
Since 2R >|z—Z|, the inequality (35,) follows. 


11. Proof of (33.), (34.), (35.). The proofs of these inequalities will 
be similar to those of (33,), (34,), (352) but they will depend, in addition, 
to (68), (69) and (70), on two elementary inequalities and on some remarks 
on the inequalities (70) for the case when |z|—R or |€|—R. Both of 
the required elementary inequalities, which can be interpreted in terms of the 
geometry of the circle, will be proved for the sake of completeness. 


The first elementary inequality is 
(76) R?—ZZ| =| Z—Z |/4, 


In order to verify (76), note that if Z, is the mid-point of the line segment 


344 
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joining Z and R*/Z, then |Z, | > R. Hence, the perpendicular bisector of 
this segment does not intersect the circle |Z|—=#R. Consequently, 


But R-* | R?—ZZ|=—|Z/R| -|Z—R?/Z|, and so (76) holds if |Z|=4R. 
On the other hand, if |Z| <4$R, then R*| R?—ZZ|=>3R=|Z—Z |/4. 
This completes the verification of (76). 

The second elementary inequality is 


(77) R(R—|Z|)/| R?—ZZ| S2. 


The proof of this is obvious if it is remarked that the left side does not 
exceed | R/Z |. 

The derivations of the inequalities (68)-(70) show that they are valid 
if the arguments z, £, W of the functions involved are on the boundaries 
C, C, C, of the appropriate circular or elliptical domain. This fact will 
now be used to derive the following consequences of (70,), (702), respectively : 


(78,) See, 
(782) | (| Z(W(z)) |? — R?) Joe | Se.(R—|Z}) (e=a,b, orc). 


In order to verify the second inequality in (78,), let z be fixed (|z| < R) 
and let z) be a point of C nearest z. Thus |z—2,|—R—J|z|. Then 
Z(W(2))| and so 


|Z(W(z)) 


The second inequality in (70,) shows that the expression on the left is 
majorized by ¢:|z—2%|=c.(R—|z|). Hence the second inequality in 
(%8,) follows. The first inequality in (78,) is similarly proved. 
If R? is replaced by |Z(W(z))|?, then (78,) follows from the case 
=% of (70.2) (and the fact that 
The inequalities (77) and (78,) will be used together, in the form 


(79) Se, 
where Z and Z are given by (67). 

Finally, 
(80) R?—ZZ2=RK +13, 


where ®t and & are real and are given by 
(R?—|Z|*) + + H(H—Y), 


+ =(H—Y) 


4 

i] 

‘ 

| 
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or, equivalently, by 

R—(R?—|Z|*) 4+ $—X(H—Y) + 
The proof of (33,) can now proceed as follows: 
In the case j —2 of (72), 

(82) yox=(—ER+ HY)/| yor =(—HR—EQ)/| —ZZ|?. 


Thus |y.3|<R/R?—ZZ|, where S=X or S=Y. Hence the first 
inequality in (33,) follows from (76) and (70,). 

In order to prove the second part in (33), note that a differentiation 
of (72), where j= 2, with respect to e (—a, b or c) leads to terms each of 
which is majorized by one of the expressions 


R?—ZZ|?, 


by virtue of (81), (82) and (69), (70), (78). Hence the second inequality 
in (332) follows from (76) and (77). 

This proof of (33.) shows that (342), (352) can be proved in a manner 
similar to that used above for (34,), (35,), with ®t, 3 in (81) playing the 
roles of the real and imaginary parts, =—X and H—Y, of Z—Z. The 
details of these arguments will therefore be omitted. 

Since the factor d-* in (66) is simply the function (ac— b?)- of a, }, ¢, 
it is clear that Lemma 3 follows from the inequalities (33;), (34;), (35;) 
for j = 1,2. 


12. Proof of Lemma 5. The function (45) can be written as p(Zo, 20), 


where 


(83) — ff (UL) —1(2) L(G 2540) 
D 


In order to prove Lemma 5, it is sufficient to verify inequalities of the type 
(46) for both 
(84) | 20) —p(z, 2°) | 
and 
(85) | (22; 20) —p(Z1, 20) |. 

The second inequality in (42) and the inequalities (38) and (44) show 
that (84) is majorized by 


D 
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2k 
The last integral does not exceed 27 f a(n) rar, Hence 


0 
2k 


(86) | — 2°)| S 2akkskea(| 2 —2° |) f a(r)r-‘dr. 
0 
In order to appraise (85), let 
(87) r==2|2,— 2 


and let E—E(r) denote the portion of the circular dise |z—z,| <r con- 


tained in D, 
(88) E: |z—2a|<r,|2| <P. 


Then the difference whose absolute value occurs in (85) can be written as 


(89) (225 20) =1, + 1,— (Al) Is, 


with 
I,=A ff J (£, 23%) dédn, 


E 


(Ue) AL (62520) db 
D-E 


D-E 


where J(£,2;2) is the integrand in (83) and, for any function g(z,- - - 
depending on z, the symbol Ag denotes the difference g(22,- - -) —g(4,° ° 


By (38), (44) and the first inequality in (42), 
Sf 762520) | deity ff ade, 
E E 


If is on E and if z—2, or z=22, then |z—£|2r. Hence 


(91) [Ts | f ra(r)dr. 


It follows from (43) that | AL|<4k,r/|z,—|°, where z, is some 
point on the line segment joining 2, and z. If ¢ is not in E, then 
Since it 
follows that Hence Thus, 
by (38) and (44), 
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2R 


(92) | | <4 (Kkakske) f ra(r) dr. 


Finally, (38) and the first inequality in (42) imply that 


Shake ff 
D-E 


so that, by (44), 
(93) | (Al)Is | S (kskske) (27) a(4r)log(4R/r). 
By (89), (91), (92) and (93), the difference (85) is majorized by 
2r 2R 
K (kskske) {a(4r) log (4R/r) + rja(r)dr+r f r*a(r) dr}, 
0 $r 
where $r=|z,—22|. Hence, Lemma 5 follows from (86), by virtue of the 
definition of 87(7) in the formula line following (46). 


2R 
-\dédn < (aks) (2m) f rtdr; 
tr 


13. Anexample. Let F = F(r) be a continuous function on 0SrSR 
satisfying 
(94) F(r) 20 according as r=0 


and let S be the surface of revolution defined by 


(95) 8: f F(r)dr (r= (a? + y?)4= 0). 


(In this section, z is real and (z,y,z) are coordinates in space.) Thus 9 
is a surface of class C’. The element of arc-length on S§ is given by (7), 
where 
(96) gu F°ay/(2? + 

1 + (x? +9”). 


Let a—a/(r) be defined, for 0=rS }, by 


(97) a(r) =1/log*r or a(r) =0 according as r=0 
and let 
(98) F(r) =—1/logr or F(r) =0 according as r= 0. 


Then (97) satisfies (3) and f =F” satisfies (2) on a?-+y?S R? (=1/4). 


0 
| 
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It is easily verified that f gi, also satisfy (2)-(3) for 1,4—=1,2, where gy, 
is given by (96) and a(r) by (97). 

A mapping u—u(2,y), v=v(2,y) of class Ct transforming (7) into 
ihe conformal normal form is given by 


(99) Uu=p(r)a, v= p(r)y, (a? + y?)8, 


where, for r > 0, 
R 


(100) p(r) exp(— + ; 


r 


the conformal normal form (8) for ds? is 
(101) ds* = p-*(r) (du? + dv?) ; 


cf. [3], Appendix. The definition of p(0) follows by continuity from (102) 
below; the fact that u, v are of class C' can be seen from the derivation of 
(102) ; finally, 0(u,v)/0(z,y) is a consequence of p> 0. 


R 
Note that (100) satisfies Rp(r) exp f {r*(1— (14+ F?(r))4}dr; so 


that 


r 


R r R 
Rp(r) = exp( f —f) = Const. exp— f where Const. = exp J 
0 0 0 


0 


On writing (1+ as 1+4F?(r) +-- -, it is seen that 


= exp f +: -)dr. 


Since f rF? (r)dr=—1/logr, by (98), it follows that 


0 
(102) = (R/Const.) {1 + 0(1)) }. 
Henee, the factor p-*(17) in (101) satisfies, for small r > 0, 
(103) p-*(r) —p2(0) = (4R/Const.)?(— 1/logr). 
By the transformation rule for a metric tensor, there exists a constant 


c¢>0 such that at least one of the four partial derivatives f = ug, Uy, V2, Vy 
satisfies 


(104) f(x,y) —f(0,0)| = loge |. 


a 
0 
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On the other hand, the A(r) in (17) belonging to (97) satisfies B(r) = C/| log r | 
for a suitable choice of C—C(R). Hence, by Lemma 1, f — Uz, uy, v2, v, 


satisfy 


(105) | f(P) —f(Q)| SC/| log | PQ | |. 


This example shows that, in general, the function B(r) in Lemma 1 
cannot be replaced by a “smaller” function. It also shows that, while a(r) 
satisfies the Dini condition (3), the function B(r) need not, and that B(r) 
cannot be replaced by a function which satisfies a Dini condition 


f rB(r)dr<o. 
+0 
As observed in Section 1, it follows that when (1) is relaxed to (2)-(3), the 
usual method of successive approximations cannot supply existence theorems. 
The example of a ds? given by (96) is a modification of one given by 
Lavrentieff [12], p. 420, and used in [3], Appendix, for a related purpose. 
[In the last formula line of [3], p. 308, the term 7/2R should be 2?/2R. | 


14. Remarks on the proof of (**). It is clear from the proof of (*) 
that the terms Du, EF, those which occur in (15), but not in (11), cause no 
complications and that the proof of the main (non-parenthetical) part of (**) 
follows from that of Lemma 2. In fact, the same is true even if Du in (15) 
is replaced by F,u,-+ F.u,-+ Du, when D, F;, F, are continuous. In this 
case, however, Fy will depend also on the bounds for | Fi |, | Fs |. 

Since analogous remarks apply to the last (parenthetical) part of (**), 
the proof of this part of (**) will be indicated only for the case (11) of 
(15), where D—=H=0. It will be shown that, under the conditions stated, 
the proof of Lemma 1 can be modified so as to lead to an a priori estimate 
for the degree of continuity, and to a priori bounds, for the second order 
partial derivatives of C*-solutions u—=u(z,y) of (11). 

To this end, consider the integro-differential equation (52) for w 
(=u—¢?). Differentiation of (52) with respect to sz or s=y leads to 


(106) (Zz) -ff Gs(€, 23 do, bo, Co) dEdy. 


D 


This step can be made, since it is assumed that A, B,, Bo, C are of class C* 


and that wu, ¢ are of class C’. 
Since A, B,, Bs, C are of class C7, it follows from (*) that wz, w, satisfy 


a uniform Holder condition of any order A4<1 (with a Holder constant 
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depending only on A, R, and the bounds for the partial derivatives of A, B,, 
B., C). Hence, the motivation for (53) assures the validity of the formal 
differentiation of (106) with respect to ta or t=y at the point z=, 


D D 


where the argument of the partial derivative of G in the last integral is 
(£, 20340, 0o,€o). In fact, this motivation is more readily seen if the terms 


ho», Roy in h are written as 


Nog = + + (A —Ao)(w + $) a0 +° 
Nay = Boy(w + $)2 + (B2— Bao) (w+ >) ay +° 


Since Lemma 3 holds if oz or o=y (as well as c—€ or o—7 in 
(34)-(35)), the last formula and (107) show that, if R is sufficiently small, 
then the arguments leading to Lemma 1 supply a priori estimates for the 
degree of continuity and a priori bounds for ws. The proof of Lemma 2 
shows that under the assumptions of the last part of (**), C?-solutions of 
(11) are of class C?. 


APPENDIX. 


Potential Theory and Lebesgue Constants. 


Let f f(x,y) be uniformly continuous on an open bounded domain D 
of the (z,y)-plane. Then a formal solution ¢= (2, y) of Poisson’s equations 


(1) dae + byy =f 


on D is the logarithmic potential 
= 2 f(u,0) logr dude, 
D 


Where r?== (x—u)*+(y—v)*. Actually, the second derivatives of the 
function (2) need not exist on D if f(x,y), instead of satisfying something 
like a Holder condition, is just uniformly continuous. In fact, Petrini [15], 
pp. 132-133, has shown that the derivative ¢22 of (22) will exist at a point 
(a,b) of D if and only if the limit 


(3) lim ff f (u,v) (log r) uududv exists, 
6>0° 


D-E(e; a,b) 
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where E(e;a,b) denotes the interior of the circle of radius « about (a,b), 
and that a corresponding criterion holds for dy, and day (or ¢yex), with 
(log) replaced by (log?) (logr)u»—= (logr)ou in (3). (Incidentally, 
this implies that ¢,,(a, b) exists if and only if ¢y2(a, b) does [and is ¢yz(a, b)] ; 
in addition [cf. loc. cit., p. 134], the existence of ¢z2(a,6) is equivalent to 
that of dy, (a,b)). 

Petrini observes ([15], p. 138) that if D contains (0,0) and if 


(4) f(a, y) = 2?/(r? log r) (if (a, y) ~ (0,0), and f(0,0) =0), 


then (3) fails to hold at (a,b) (0,0). This proves that the second 
derivatives of (2) need not exist when f is just continuous. 

Another turn to Petrini’s criterion (3) was given in [17]. This turn, 
which in [17] made possible the passage from (1) to the homogeneous 
equation 


(5) Wor + Wy + fy=0 


(and which was further exploited in [7]), consists in the following observa- 
tion: Instead of finding an explicit example (such as (4)) which violates 
Petrini’s condition (3), it is sufficient to think of the limit (3) (if any) as 
a “singular integral” in the sense of Lebesgue, with 


(6) ff | (log r) uu | dudv 


D-E(e;a,b) 


as the“ «-th Lebesgue constant.” Since (6) tends to o as «—>0, it is sufficient 
to appeal to Lebesgue’s classical “norm construction” (cf. his Legons sur les 
séries trigonométriques (1906), pp. 85-87) in order to obtain a uniformly 
continuous f(x,y) for which the logarithmic potential (2) fails to possess 
second derivatives. 

The object of this appendix is to point out the fact that there exist 
on D (say on x?+y?<1) uniformly continuous functions f(x,y) corre- 
sponding to which the second derivatives 


(7 ) Poy = Pyy 


of the logarithmic potential (2) exist on D but (2) fails to be of class C? 
in any neighborhood of certain points of D (so that the derivatives (7) exist 
but are not continuous). In addition, the steps leading to this fact will 
make it clear that it can be transferred from (1) to (5), if use is made of 
the considerations applied in [17]. 

The above-quoted passage in Lebesgue’s book is that which, from the 
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unboundedness of the Lebesgue constants of the partial sums of Fourier series, 
constructs the existence of a continuous function having a divergent Fourier 
series. But a later passage (Lebesgue, op. cit., pp. 88-89) constructs, on the 
same basis, a continuous (periodic) function having a Fourier series which 
is convergent throughout but does not converge uniformly. The statement 
italicized above follows by using this second construction of Lebesgue (instead 
of appealing, as in [17], to his first construction, that in op. cit., pp. 85-87). 

It may be mentioned that, while (3) is necessary and sufficient for the 
existence of dx2(a,b), the uniform existence of the limit (3) on all compact 
subsets of points (a,b) of D is necessary and sufficient for the existence of 
a continuous dz, In fact, this statement follows from the considerations of 
[15], pp. 131-133, leading to (3), and from the fact that a function of a 
single variable has a continuous derivative if and only if the difference 
quotients have a uniform limit. 

Similar remarks hold for the existence and continuity of dz, = dyz and 
¢,,. The nature of these criteria for the existence and continuity of (7) 
is one of the reasons why, in contrast to a simple “explicit” example (such 
as (4)) for the non-existence of (7), a “construction” is needed to exhibit 
a case in which (7) exist but are not continuous. 

These criteria also show that the “construction” can be carried out so 
as to lead to bounded, but not continuous, functions (7). 
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CN ALGEBRAIC GROUPS OF TRANSFORMATIONS.* 


By ANDRE WEIL. 


In my Variétés abéliennes (Hermann, Paris, 1948; quoted hereafter as 
VA), I gave the rudiments of a theory of algebraic group-varieties. As these 
have become wholly inadequate to the present state of growth of algebraic 
geometry, a fuller treatment of this topic will be given here. 

To define a group in algebraic geometry, one simply takes over the 
usual definition and adds the condition that all the objects entering into it 
must have a meaning from the point of view of the algebraic geometer. This 
means that the elements of the group must be the points of algebraic varieties 
in finite number, that the mappings (z,y) zy and x—>2" which define 
the group-structure are mappings in the sense of algebraic geometry, i.e. that 
their graphs consist of algebraic varieties, and finally that these mappings 
are everywhere defined in the sense of algebraic geometry. The same can be 
done in an obvious manner for groups of transformations and for homogeneous 
spaces. 

For simplicity, we consider only groups and spaces consisting of a single 
variety; this corresponds to the assumption of connectedness in the theory 
of topological groups. In §1, we shall deal with those properties of groups 
and transformation-spaces which are birationally invariant, giving what will 
eventually prove to be a birationally invariant characterization of such spaces; 
this is obtained by writing down the basic axioms for groups and trans- 
formation-spaces at generic points only. Our main purpose is, starting from 
such objects, to derive from them birationally equivalent objects which are 
groups and transformation-spaces in the full sense described above. The 
method which will be followed is very simple, and, I believe, the most natural 
one which could be imagined ; it derives from the observation that the varieties 
from which one starts, even though they may not be true groups or trans- 
formation-spaces, nevertheless contain large pieces or “chunks” (more pre- 
cisely, open subsets) of such spaces; to isolate these is the purpose of § II. 
In § III, they are pieced together, by the technique of “abstract varieties,” 
so as to achieve the desired result; the way in which this is done at first 
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requires an enlargement of the groundfield. Then a modified procedure is 
given whereby our spaces can be exhibited as varieties over the original 
groundfield ; according to an idea which was first applied to similar problems 
by Matsusaka, and again quite recently by Chow, this is done by building up 
suitable symmetric products by means of the Chow points of 0-cycles. Some 


auxiliary results, belonging to the foundations of algebraic geometry, which r 
would have interrupted the treatment of the main topic, are dealt with in F 
an Appendix. A further paper, to appear in this same volume, will contain 
various applications of the general theory. fc 
' §I. Some birationally invariant results. I 
, The very convenient language of the Zariski topology will be used freely b 
! in the following manner. By a closed subset of a variety V, or by a closed 8 
set on V, we shall understand any union of subvarieties of V, other than V; ; 
thus V itself is not a closed set on V; there is some impropriety in this (the . 
proper words for our concept being “ non-dense closed set”), but this seemed : 
preferable to endless repetitions. An open set on V is defined as the comple- ( 
ment of a closed set on V (this should properly be called a “non-empty open . 
set”). If & is a field of definition for V, we say that a subset of V is . 
k-closed if it is closed and its components are algebraic over k, and if more- ¥ 
over it is invariant by all automorphisms over & of the algebraic closure k of k. ‘ 
A k-open set on V is the complement of a k-closed set. ‘ie 
By a variety, we mean an abstract variety unless the contrary is stipulated. 
The final models for our groups and transformation-spaces will be constructed u 
in §§ III-IV as abstract varieties; until then, little or nothing would be lost st 
(and nothing would be gained) if we confined our attention to projective or fe 
to affine varieties. | on 
1. Let V be a variety, defined over a field k. Let f be a mapping of 
V X V into V, defined over &. Consider the following condition on f: 
(G1) If x,y are independent generic points of V over k, andz=—f (2,4), 
then k(z,y) =k(z,z) =k(y,2z). 
This is equivalent to saying that k(x) Ck(z,y) and k(y) C k(a,z). 
It implies that any two of the points z, y, z are independent generic points th 
of V over & and determine the third one uniquely. th 


Let x, y, t be independent generic points of V over k; (G1) implies that 
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(f(z,y),t) and (2,f(y,t)) are two pairs of independent generic points of 
V over k. Thus, if (G1) is assumed, the following condition is meaningful : 


(G2) If x, y, t are independent generic points of V over k, then: 
f(f(#,y),t) f(y, t)). 


This is of course the associativity condition (but postulated only at indepen- 
dent generic points) for f. 

If (G1), (G2) are satisfied, we say that f is a normal (internal) law of 
composition on V, and that V, with this law, is a pre-group; f will then mostly 
be written as a multiplication, i.e. as zy instead of f(z,y). If V, with the 
law f, is a pre-group over k, it is so, a fortiori, over every field K containing F. 
Let a variety V’ be birationally equivalent to V over such a field K; let z,y 
be independent generic points of V over K, put z= cy, and call 2’,y’,z’ the 
generic points of V’ over K which correspond to z, y, z respectively. Then 
K(2’), K(y’), K(#) are respectively the same as K(x), K(y), K(z), and 
thus, since K(z’) C K(a’,y’), we may write 2’—f’(2’,y’), where f’ is a 
mapping of V’ & V’ into V’, defined over K. One sees at once that f’ satisfies 
(G1) and (G2); we say that it is the law of composition on V’, derived 
from f by transfer; and we say that V’, with the law f’, is a pre-group 
birationally equivalent to the pre-group V with the law f. This shows that 
the concept of a pre-group is invariant under arbitrary birational correspon- 
dences; a pre-group can thus be studied on any model, e.g. on an affine or 
a projective model. 


Proposition 1. Let V be a pre-group, defined over k. There is a 
uniquely determined mapping of V into V, which is defined over k and is 
such that, if we put s+=¢(s) for every s on V at which ¢ is defined, the 
following conditions are fulfilled whenever x, y are independent generic points 
on V over k: 


(i) = h(a); (ii) (iti) y= (e+) (ey); 
(iv) (y*); (v) = (y) (29). 


If we put z—zy, we have k(y) Ck(z,z), and therefore there is a 
mapping of V X V into V, defined over k, such that y=A(z,z) ; similarly 
there is a mapping » of V X V into V, defined over &, such that r= p(z,y). 
Take ¢ generic on V over k(2,y,z); put y’=yt, 2’ by associativity, 
the latter relation gives 2’ =<ay’. Put w—yp(y,z); by the definition of p, 
this is equivalent to yuz. By (G1), this implies that k(u,z) =k(y,z), 
and so u, 2, t are independent generic points on V over &; therefore, by (G2), 
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we have (wz)t=u(zt), which can be written as y’ = uz’; as this also shows 
that u, 2’ are generic and independent over k, the latter relation implies, by 
(G1), that k(u) C k(y’,2’). Therefore k(u) is contained in k(y,z), i.e. in 
k(z,y), and also in k(y’,z’), i.e. in k(a,y’). But, by (G1), y and y —y! 
are generic and independent over k(x), and so k(az,y) and k(z,y’) 
are independent regular extensions of /(x); their intersection is therefore 
k(x), and so we have k(w) C k(x), so that we may write u—¢(z2), where ¢ 
is a mapping of V into V, defined over k&. As x, u are no other than p(z, y) 
and »(y,z), the relation between them is symmetrical, and we have z= $(u) 
and k(x) C k(u), and so k(x) =k(u). We have thus verified (i), (ii), (iii). 
Also, by (G1), any two of the points z, y, z in z—=ay determine the third 
one uniquely provided they are generic and independent over k; from this 
it follows that w¢(z) is uniquely determined by the relation y= uz, and 
so the function ¢@ is uniquely determined by (ili). From now on, write 2* 
instead of ¢(z2). 

Let now v be generic on V over k(2,y); put s=(zy)vu—2z(yv). As 
x, yv are generic and independent over k, s = 2(yv) is equivalent to yy = x's, 
by (iii); and again by (iii), this is equivalent to v—=y"(a-'s) since y and 
yv are generic and independent over k by (G1). By (i), the points x1, y? 
and v are generic and independent over &, and therefore the last relation, by 
(G2) can be written as v= (y"a")s. As s=(ay)v, and zy, v are generic 
and independent over k, this shows that y-*a* = (xy)-*, which is (v). This, 
with zy, can be written as z*= yx", which, by (iii), is equivalent to 
t==y(z"'); applying (v) to the latter relation, we get x= 
which, in view of (ii), gives (iv). This completes the proof. 

With the same notations as above, we have A(z,z) az and 
p(2z,y) zy". One should observe, however, that the function A may be 
defined at a point (s,t) of V X V without the expression s-¢ being defined ; 
in fact, 4 may be defined at (s,¢) without being defined at s. A similar 
remark applies to yp. 


Corottary. With the notations of Prop. 1, assume that the function 
f(x,y) =ay ts defined at (a*,x). Then the function ts a 
constant e, rational over k. If, moreover, f is defined at (e,x), then exr—7z; 
if it is defined at (z,e), then re =z. 


With z, y and z—vcy as before, the assumption implies that 2-1z, i.e. 
(by Prop. 1(v)) (y%a-*)z is defined. In the relation (wv)z—wu(vz), with 
u, v generic and independent over k(z), specialize (u,v) to (y,a7) over 
k(z); by our assumption, the left-hand side is defined; also, u and vz get 
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specialized to y+ and 2-z, the latter being defined and equal to y by 
Prop.1(iii). Since, by our assumption, f is defined at (y,y), this gives 
yy; in other words, the function has the same value at and 
at y. As y, z are independent generic points of V over k, this implies that 
the function is a constant; as it is defined over k, its constant value must 
then be rational over k&. Putting ea ‘a and replacing z by 2, we get, 
in view of Prop. 1(i)-(ii), e=a(2"). Taking ¢ generic over k(z,y), 
specialize ¢ to z+ in the relation ¢t(ry) = (tx)y; the left-hand side becomes 
y by Prop. 1(iii), and the right-hand side becomes ey provided this is defined. 
Specializing y to a? in the same relation, we get te —¢ provided te is defined. 


2. Let V and W be two varieties, defined over a field &. Let f, g be 
two mappings, both defined over k, of V X V into V and of V X W into W, 
respectively. Consider the following conditions: 


(TG1) For a generic x over k on V, the mapping u>g(z,u) of W 
into W 1s a birational correspondence between W and W. 


This is equivalent to saying that, if 7, w are independent generic points 
of V and of W, respectively, over k, then k(z,9(z,u)) =k(a2,u). 


(TG2) If x, y, wu are independent generic points of V, V and W, 
respectwely, over k, then g(f(z,y),u) =9(2,9(y,u)). 


If (TG1) is fulfilled, (TG2) is meaningful, since in that case g(y, uw) 
is generic on W over k(x), while f(z, y) is generic on V over k(u) by (G1). 

When (G1,2) and (TG1,2) are satisfied, we shall say that g is a normal 
(external) Jaw of composition on W with respect to the pre-group V, and 
that W, with this law, is a pre-transformation space with respect to V; g will 
then mostly be written as a multiplication, i.e. as g(z,u) =u; then (TG1), 
(TG2) appear as k(2,2w) —k(z,u) and (zy)u—-2(yu). Just as before, 
we note that the concept of a normal law is independent of the field of 
definition, which may be enlarged at will, and that it is birationally invariant ; 
if V’ is birationally equivalent to V, and W’ to W, the laws f, g can be 
transferred in an obvious manner to V’, W’; the pair V’, W’, with the laws 
f’, g’ obtained from f, g by transfer, is said to be birationally equivalent to 
the pair V, W with the laws f, g. In particular, W, just as V, may be 
replaced by an affine model. 

Take z, y, wu as in (TG2); put z—ay, v=yu. By (TG1), v is generic 
on W over k(x); so is xv, again by (TG1); therefore z*(2v) is defined. 
But (TG2) can be written as zu—-v, and so we have z*(zu) =27(2v). 


: 


ANDRE WEIL. 


360 


As a1, z and w are independent generic points of V, V and W over k, we 
can apply (TG2) to the left-hand side, which is therefore equal to (2*z)u, 
i.e. to yw by Prop. 1(iii), i.e. to v. This proves 2*(zv) =v; as are 
independent generic points of V, W over k, this must therefore remain true 
for any pair of such points. 

The conditions stated above may be strengthened by assuming “ generic 
transitivity,” which means the following condition: 


(H) If x, u are independent generic points of V and of W, respectively, 
over k, then g(ax,u) ts a generic point of W over k(u). 


In that case, we say that W is a pre-homogeneous space with respect to 
the pre-group V. This condition is equivalent to saying that the graph of 
g on VX WX W has the projection WX W on WX W (in the sense of 
my Foundations; the set-theoretic projection then contains a open subset of 
W xX W, by Prop. 10 of the Appendix). 


3. The following result shows that a normal law of composition may be 
obtained from a mapping satisfying much weaker conditions than those 
stated above. 


Proposition 2. Let V, W be two varieties, defined over a field k. Let 
g be a mapping of V X W into W, defined over k, satisfying (TG1) and the 
following condition: 


(TG2’) There are two independent generic points x, y of V over k and 
a generic point z of V over k such that g(z,u) =g(2z,g(y,u)) for u generic 
on W over y,z). 


Let k(Z) be the smallest field of definition containing k for the mapping 
u—>g(z,u) of W into W, & being a generic point over k of a variety V. 
Then one can write and g(x,u) = 9 where is a mapping 
from V to V and gG a mapping from V XW to W, both defined over k; 
putting ¥ = ¢(y), we have k(z) C and may write = f(&, ¥), 
where f is a mapping from V X V to V, defined over k. Finally, 7 and 3 
satisfy the conditions (G1,2), (TG1,2) and define V as a pre-group and W 
as a pre-transformation space with respect to V. 


In the first place, the smallest field of definition containing k for 
u—>g(zx,u) is contained in k(x) and is therefore, by Prop. 3 of the Appendix, 
a finitely generated regular extension of k; this may always be written as 
k(Z), e.g. by taking ¢ as a suitable point in an affine space, which has then 
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a locus V over & and may be written as ¢(v). As g(a,u) is then rational 
over k(Z,u), it may be written as g(Z,w), or more briefly as tu; (TG2’) 
can then be written as g(z,w) =(Yu), which shows that the function 
u—g(z,uw) is defined over k(Z,%), so that &(Z) Ck(#,¥); we may then 
write = f(Z, 9), or more briefly =. It is clear that 9, f satisfy (TG1, 2) ; 
we have to show that f satisfies (G1,2). By (TG@1), if v—g(z,w), the 
mapping u— v is a birational correspondence between W and W, defined over 
k(Z); its inverse must then be defined over the same field, so that we have 
k(u) C k(@,v) and may write wu=h(z,v). Notations being as before, put 
w=g(y,u); as this, by (TG1), is generic over k(x) on W, the relation in 
(TG2’), which can be written as 7u—<Zw, is equivalent to w—=h(Z, Zu). 
This shows that the mapping u—> w is defined over k(<, Z) ; since its smallest 
field of definition is k(y), we get k(y) C k(a,Z). Similarly, we have w = yu 
and therefore u=h(¥,w); then the relation in (TG2’) can be written as 
iw = zh(¥, w), from which we conclude in the same manner that k(z) C k(Z, 9). 
This shows that f satisfies (G1). 

Now, if %,, are any two generic points of V over k, there is an iso- 
morphism o of k(Z,) onto over k which maps onto Take wu 
generic on W over k(a,,%2), and put u,—27,u, ue—Zu. Then o maps the 
graph of w—u, onto the graph of uu... If u;—ws, these two functions 
coincide, and therefore, by Prop. 4 of F-IV., o must induce the identity on 
the smallest field of definition of the first function. As this field is k(Z,), 
we have thus shown that implies 7,—Z,. Now let 9, u be 
independent generic points over k on V, V, V, W; put %,— (ay)? and 
t, = (Yt), these being defined because f satisfies (G1). We have to show 
that 7,—7.; by (G1), they are both generic over k on V, and wu is generic 
over k(Z,, 72) on W, so that we need only show that <uw—Z,u. By (TG1), 
Z(y(tw)) is defined; by (TG2), this is the same as (#¥) (fu), which, again 
by (TG2), is the same as Z,u since <¥, ¢, wu are independent generic points 
of V, V, W over k by (G1). Similarly <(y(iw)) is the same as Z( (9?) uw) 
by (TG2), and this is the same as Zu by (TG2) and (G1). This concludes 
the proof. 


= = 


The external normal law of composition g constructed in Prop. 2 
satisfies, in addition to (TG1,2), the following condition: 


(TG3) If x ts generic over k on V, k(x) 1s the smallest field of 
definition containing k for the mapping u—>g(xz,u) of W into W. 


Whenever (TG3) is satisfied in addition to (G1,2) (TG1,2), we wilJ 
say that V operates faithfully on W by g. 
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If V, W and a mapping g of V X W into W are given, and g satisfies 
(TG1, 2’,3), then Prop. 2 shows that (z,y) >z (where z, y, z are the points 
of V which appear in (TG2’)) is a normal internal law of composition on V 
and that g is a normal external law with respect to the pre-group defined 
by f on V. In particular, if V, W, f and g are given and f, g satisfy 
(TG1, 2,3), then f satisfies (G1, 2). 


§ II. Construction of chunks. 


4. Let V, W be a pre-group and a pre-transformation space and f, g 
the internal and external normal laws belonging to them, these being all 
defined over a field k; we will mostly write f, g multiplicatively, as has already 
been done in §I. Instead of saying that f is defined at a point (s,¢) of 
V XV, we shall frequently say that st is defined; similarly, when we say 
for instance that s*((st)a) is defined, for s, t on V and a on W, this will 
mean the following: (i) f is defined at (s,¢), with the value st; (ii) g is 
defined at (st,a), with the value (st)a; (iii) ra" is defined at s, with 
the value (iv) g is defined at (s,(st)a), with the value s-'((st)a). 
We recall that two expressions, built up from functions which are defined 
over k, coincide for all values of the variables for which they are both defined 
provided they are defined and coincide when the variables are given indepen- 
dent generic values over &. This applies for instance to the formulas in (G2) 
and (TG2) which express the associativity of f and g. 

We say that V is a group-variety or a group if f is everywhere defined 
on V XV and x->2-" is everywhere defined on V; then the corollary of 
Prop. 1 shows that there is a neutral element e on V with the usual properties. 
If V is a group, W will be called a trunsformation-space with respect to V if g 
is everywhere defined on V & W; if, moreover, V operates transitively on W in 
the usual sense, i.e. if to every pair a, b on W there is an se V such that 
b==sa, then W is called a homogeneous space with respect to V. 

In § ITI, it will be shown that, to every pre-group V, there is a birationally 
equivalent group V’, and that, to every pre-transformation space W with 
respect to V, there is a birationally equivalent transformation-space W’ with 
respect to V’.. The proof of this will include a proof of the fact that W is 
biregularly equivalent to an open subset of W’ if and only if it fulfills the 


following condition : 


(C) If a is any point of W, and x a generic point of V over k(a), 
then xa and 2x-1(xa) are defined. 
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A pre-transformation space W with respect to V which fulfills this con- 
dition will be called a chunk of transformation-space, or more briefly a chunk. 
For similar reasons, if W is a pre-homogeneous space, i.e. if g satisfies 
(H), we say that W is a homogeneous chunk if it satisfies (C) and the 


following : 
(HC) If aand z are as in (C), za ts generic over k(a) on W. 


Finally, V itself will be called a group-chunk if it is a homogeneous 
chunk with respect to left-translations and if z-* is everywhere defined on it, 
or in other words if it satisfies the following: 


(GC1) If s is any point on V, and x a generic point of V over k(s), 
then xs and x*(xs) are defined and zs is generic over k(s) on V. 


(GC2) For every s on V, s* 1s defined. 


Proposition 3. Call Q the set of those points a on W such that xa 
and «1(xa) are defined for x generic over k(a) on V. Then Q 1s a k-open 
subset of W; Q and all k-open subsets of Q are chunks; if aeQ, we have 
a1(ra) =a, k(xz,a) =k(x, xa), and a is a point of the locus of xa over 
k(a) on W. 


Jall F the set of points on V X W where g is not defined; by Prop. 8 
of the Appendix, this is a k-closed subset of VX W. Let I be the graph of 
the mapping (z,u) >2"*u of VX W into W, i.e. the locus of («,u, zu) 
over k for x, uw generic and independent over k on V, W. Call F’ the k-closed 
subset of V X W X W consisting of all points (z,u,v) with (z,v)¢«F; let 
F” be the union of the projections of the components of I'M F”’ on the product 
of the first two factors of VX WX W (this being understood as in F-IV; 
and F-VII;; F” is the closure, in the Zariski topology, of the set-theoretic 
projection of Tn F’ on VXW; ef. Appendix, Prop. 10). It will now be 
shown that is the same as the set Q, of the points a on W such that V Xa 
is not contained in 'U F”. In fact, for za to be defined, it is necessary and 
sufficient that V < a should not be contained in F’; let Q) be the set of points 
a with this property; it contains both Q and Q). If aeQ,—Q, 21(2a) is 
not defined; as x* is generic over k(a) at the same time as 2, this is equi- 
valent to saying that x(a-*a) is not defined; as 2a is defined, the point 
(v,a,a2-1a) is then in '¢Q F’, and therefore (2,a) is in F”, so that V Xa C F” 
and a¢Q;. Conversely, if aeQ,—Q,, then (2,a) is in the projection of one 
of the components of TM F’, and so, if (y,u,v) is a generic point of that 
component over #, (7.4) is a specialization of (y,a) over k&. As (y,u,v) is 
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on IT and za is defined, v has then the unique specialization z-*a over 
(y,u) —> (z,a) with respect to &; therefore (z,a,2*a) is in F’, and so 
z(x-1a) is not defined and a is not inQ. This proves that Q=Q,; the latter 
set being k-open by Prop. 7 of the Appendix, © is k-open. 

As z1(zu) =u for x, w generic and independent over k on V, W, we 
must have z1(za) =a whenever the left-hand side is defined, and so for 
a@eQ and x generic over k(a); this implies that k(a) C k(a,2a), so that 
k(z,a) Let y be generic over k(z,a) on V; then (2 ,2a) is a 
specialization of (y,va) over k(z,a); as the former point is not in F, and 
F is k-closed, (y,xva) is not in F, and so y(za) is defined. As yz is generic 
over k(a) by (G1) and is therefore a generic specialization of x over k(a), (yx)a 
is defined and is a generic specialization of za over k(a). By associativity, 
we have y(xa) = (yx)a since both sides are defined; as x*(za) is defined, 
it is a specialization of y(va), and therefore also of (yz)a and of za, over 
k(a). This shows that a is a specialization of za over k(a), i.e. that it is a 
point of the locus of za over k(a) on W. If now ’ is any k-open subset 
of Q, then the set C= W—(]Q’ is k-closed, and so, if va is in C, a must be 
in C; in other words, if a is in 9’, so is xa; it is then clear that 9’ is a chunk. 

The locus of za over k(a) could be described as the closure of the orbit 
of a under V on W. 


CorotuarRy. Notations being as in Prop.:3, call Qy the set of the points 
a of © such that W is the locus of xa over k(a). Then Q) 1s k-open or empty 
according as W is pre-homogeneous or not. In the former case, Q, and all 
k-open subsets of Q, are homogeneous chunks; and, if a, b are any two points 
of Os, there are two generic points x, y of V over k(a,b) such that za= yb. 


Except for the last assertion, this is an immediate consequence of Prop. 
11 of the Appendix, applied to the k-open set O of Prop. 3. Let now a, b be 
in Q,; take z, y generic on V over k(a,b), and put u=za, v=yb. Then 
the loci of wu and of v over k(a,b) are W, and so there is an isomorphism of 
k(a,b,u) onto k(a,b,v) over k(a,b) which maps uw onto v; this can be 
extended to an isomorphism o of k(a,b,x) onto some extension of k(a, b, v) ; 
then 2? is generic on V over k(a,b) and we have = 2%, i.e. yb, so 
that x? and y satisfy the conditions stated in the corollary. 

Finally, in order to construct a group-chunk from a given pre-group JV, 
one need only observe that the graph V, of the function r— 2" is a sub- 
variety of V X V, birationally equivalent to V, and that, if we transfer that 
function to V;, we get an everywhere biregular birational correspondence 
between V, and itself since it is the same as the function induced on V, by the 
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mapping (2, y) >(y,z) of V X V onto itself. Therefore we may assume that 
we have started from a pre-group V on which 2 was everywhere defined ; had 
that not been the case, one would merely have had to replace V by V, to 
make it so. Call now Q, the set of the points se V with the property stated 
in (GC1) ; by the corollary of Prop. 3, this is a k-open subset of V; as x2 
is an everywhere biregular mapping of V onto itself, it transforms Q, into a 


k-open set 2,71; then is a group-chunk. 

Thus we have constructed chunks for the three kinds of objects under 
consideration, viz., transformation-spaces, homogeneous spaces and groups. 
If W is a pre-transformation space, defined over k, the set W’ of simple 
points on W is a k-open set on W; by applying Prop. 3 to W’, we obtain a 
non-singular chunk. Similarly, one would get an everywhere normal chunk 
by taking for W’ the set of points where W is normal, this being k-open by 
Corollary 3 of Prop. 8 of the Appendix. It will presently be seen that 
homogeneous chunks and in particular group-chunks are always non-singular, 
so that no special procedure is required to make them such. 

By Corollary 2 of Prop. 8 of the Appendix, if one has constructed a 
chunk, one can at once derive from it a birationally equivalent chunk which 
is an affine variety; this also applies to homogeneous chunks. As to group- 
chunks, starting from a pre-group which we take to be an affine variety, and 
replacing it by the graph of the function 2 on it, we get for our pre-group 
an affine model V on which 2 is everywhere defined. Let V’ be a k-open 
set on V which is a homogeneous chunk; let x= (2%,,: - -,%m) be a generic 
point of V over k; take a polynomial P with coefficients in k which is 0 
on V—V’ but not on V; as z+ and P(x) are everywhere defined functions 
on V, so is P(a*). Call V” the locus of 


over k in affine space; this is biregularly equivalent to the k-open subset 
determined on V by the inequalities P(x) 40, P(a-+) A0. This is a group- 
chunk. We have thus proved the following: 


Proposition 4. To every pre-homogeneous space (resp. pre-group) 
defined over k, there is a birationally equivalent homogeneous chunk (resp. 
group-chunk) which is an affine variety, defined over k. To every pre-trans- 
formation space W and every point a on W with the property stated in (C), 
there is a birationally equivalent chunk W’ which is an affine variety and 
ts such that the birational correspondence between W and W’ is biregular at a; 
tf ais simple on W, W’ may be taken non-singular; if W is normal at a, W’ 
may be taken everywhere normal. 
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5. Proposition 5. Let V be a group-chunk and W a pre-transforma- 
tion space with respect to V; let k be a field of definition for V, W. Then, 
if s is any point of V, and ua generic point of W over k(s), su and s*(su) 
are defined; the mapping u-—>su is a birational correspondence between W 
and itself; and k(s,u) =k(s, su). 


Take z, y generic and independent on V over k(s,u) ; put y’ = ya" and 
u’ =u; by (G1) and (TG1), y’ and w’ are generic and independent over k 
on V, W, so that yw’ is defined; as we have shown a‘w’ to be defined and 
equal to u, we get, by associativity, y’u’ yu. We now show that the expres- 
sion obtained by substituting s for y in y’u’, i.e. in (ya) (au), is defined. 
In fact, since V is a group-chunk, the mapping (z,¢) —¢t-*2-1, where z, ¢ are 
generic and independent over k(s) on V, is defined at (s,¢), and its value 
t-1s1 at that point is generic over k(s) on V; this implies that the mapping 
(z,t) — (t-*2")* is also defined there; as this is only another expression for 
the mapping (z,t) —>zt, we conclude that the latter is defined at (s,¢), i.e. 
that st is defined, and that st is generic over k(s); substituting 2 for ¢, 
this shows that 2’ = sa is defined and generic over k(s) on V, and a fortiori 
that the mapping y— yz" of V into V is defined at s, with the value 2’. 
The mapping u—uw’ is defined at u, with the value wu’ which is generic 
over k(z,s) on W by (TG1). So 2 and w’ are generic and independent 
over k on V, W, and av’w’ is defined; more precisely, we have shown that 
the mapping (y,u)—> =(yr")(au) of VXW into W, which is 
defined over k(x), is defined at (s,w). As this is only another expression 
for the mapping (y,u) — yu, this implies that the latter is defined at (s,w), 
i.e. that su is defined, and that these mappings have the same value there, 
i.e. that a’u’—=su. By (TG1), 2’u’ is generic on W over k(z,s) ; therefore 
su is generic on W over k(s). But then our assumptions on s, u are also 
satisfied by st, su, so that it follows from what we have already proved that 
s*(su) is defined; its value must then be wu, since z1(rw) =u, and so 
we have k(u) C k(s,su), and therefore k(s,u) =k(s, su); this means that 
u— su is a birational correspondence between W and W. 


CoROLLARY. Assumptions being as in Prop. 5, assume also that V 
operates faithfully on W; let s, s’ be any two points of V, and let u be 
generic on W over k(s,s’). Then su=s’u implies s=s’. 


Take x generic over k(s,s’,u) on V. Since V is a group-chunk, zs is 
defined and generic over k(u) on V; and sw is defined and generic over k(x) 
on W by Prop. 5; by associativity, this gives (vs)w—=2(su). Similarly we 
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have Therefore su=s’u implies But 
then we can repeat the argument used in the proof of Prop. 2; there is an iso- 
morphism o of k(zs) onto k(as’), mapping zs onto zs’; as this transforms 
the graph of the function w— (xs)u into itself, and as &(as) is the smallest 
field of definition for this graph because of the assumption of faithfulness, 
o must be the identity, and zs—=<zs’. As s=a1(zs) and s’ =2"(zs’), this 


gives 


Proposition 6. Let V be a group-chunk and W a chunk of transforma- 
tion-space with respect to V. Let s be any point on V and (a,b) any point 
on the graph of the birational correspondence u—>su between W and itself ; 
then the latter is biregular at (a,b), sa and s*b are defined, and we have 
sa = b, =a. 


We first show that sa is defined. Take x, y, uw generic and independent 
on V, V, W over k(a,b,s); and consider the mapping (2,u) > y™* ((yz)u), 
defined over k(y), of VX W into W. By (GC1), tr yz is defined at s, 
with a value ys which is generic on V over k(s,a). By (C), the mapping 
(z,w) is defined at (ys,a), and so the mapping (2,u)—>(yz)u is 
defined at (s,a), with the value (ys)a. At the same time, (ys)w is defined 
since wu is generic on W over k(y,s), and y(su) is defined because su is defined 
and generic over k(y) by Prop. 5; by associativity, this gives (ys)u—y(su). 
As (a,b) is on the graph of u—su, and (u,sw) is a generic point of that 
graph over k(y,s), (a,0) is a specialization of (u,su) over k(y,s) ; but then 
the relation (ys)w—=y(su) implies (ys)a—=yb. By Prop. 3, the mapping 
v—y'v is defined at yb, i.e. at (ys)a, with the value b. We have thus 
proved that (x,w)—>y*((yxr)u) is defined at (s,a), with the value 0; as 
this is but an expression for (z,u) — zu, this shows that sa is defined and 
equal to b. Interchanging a, s with b, s-', and making use of Prop. 5, we see 
from this that s-*b is defined and equal to a. This implies a fortiori that the 
mappings usu, u—>s"*u are respectively defined at a, b, with values }, a; 
this means that the birational correspondence u—> su is biregular at (a,b). 


CoroLttary. Every homogeneous chunk is non-singular. 


Let W be such a chunk with respect to a pre-group V; replace V by a 
birationally equivalent group-chunk. For any a on W, take x generic on V 
over k(a) ; then w—> cu is a birational correspondence between W and itself, 
transforming a into the generic point za of W over k(a), and biregular at a. 
As za is simple on W, a must therefore be simple on W. 


‘ 
‘ 
{ 


ul 
et 


ANDRE WEIL. 


§ III. Construction of spaces. 


From now on, until the end of $111, V and W will denote respectively 
a group-chunk and a chunk of transformation-space with respect to V, both 
being at the same time assumed to be affine varieties; k will denote a common 
field of definition for V and W and for the normal laws given on them. 


6. Let n, n’ be the dimensions of V, W, and take N > 4n and also 
> 3n-+n’; take N independent generic points t,,- - -,¢y over k on V3; put 
K=k(t,,---,ty). Let wu be a generic point of W over K; put S,=W 
and u,—t,u for l1Sa=N. Take the wa as the corresponding generic 
points of the varieties S, over K; this defines birational correspondences T's, 
between any two of the S,; as we may write, by associativity, ug = (tgt,*) Ua, 
Tgq is the birational correspondence u— (tgt,*)u between W and itself. 
Proposition 6 of § II shows that 7g, is biregular at any pair of points on its 
graph. Therefore the varieties S, (with empty “frontiers”) and the Tg, 
may be used to define an abstract variety S. Call @ the generic point of S 
over K with the representatives u, and write i—=®(u), u—WV(t); ® is a 
birational correspondence between W and S, and W is its inverse; both are 
defined over K. Let a be any point of W; by Prop. 4 of the Appendix, 
there is an « such that ¢, is generic over k(a); as W is a chunk, tga is then 
defined ; this means that ® is defined at a, (a) being the point of S with 
the representative f,a on S,. As t.-1(taa) is then defined and has the value 
a,W is defined at the point (a) with the value a. This shows that © is a 
biregular mapping of W onto its set-theoretic image @(W) on S; as the 
latter is the set of points of S where © is defined, it is K-open on S by 
Prop. 8 of the Appendix. Once and for all, we will agree to denote by @ the 
image ®(a) of ae W by in 

All this can be applied to the case when W is taken to be the same as V, 
V acting upon itself by left-translations. Let G be the abstract variety thus 
obtained from V; call ®) the birational correspondence between V and G 
which takes the place of the mapping ® defined above; and call W, its inverse. 
We transfer to G the normal law on V by means of ©); in other words, for 
x, y generic and independent on V over K and #—,(zx), Y=)(y), we 
define 7¥ —®,(ry), which implies <*=—,(z"), and prove that this makes 
G into a group. In fact, the representative of 7-1 on Gg is tex = (tgr,) ty; 
if 5 is a point of G@ with a representative s, on Ga, we can choose 8 such that 
tg is generic on V over k(8,,t,). Then, since V is a group-chunk, tgs, is 
defined and generic on V over k(sq,¢,), and so r—>(tga-')t, is defined 
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at 8; this means that 51 is defined and has a representative on (g. 
Similarly, if we write t—ty,te?, the representative of zy on Gy is 
= ( (tt) ts) yp; let 5 be two points of G with representatives sg 
on G., Gg respectively; by Prop. 4 of the Appendix, we can choose y so that 
ty is generic on V over k(rq, 8g, ta, tg) ; the same will then be true of ¢, and 
also of tr, and of (tr,)tg* since V is a group-chunk; for a similar reason, 
this implies that (x,y) — ((tx)tg*)y is defined at (ra,sg), and this com- 
pletes the proof that @ is a group. 

Now, going back to the space S constructed before, we transfer to G, S, 
by means of the birational correspondences ®), ©, the normal law given for 
V, W; in other words, for z, wu generic and independent over K on V, W, 
and for €—,(r), we define —@(zxu), and prove that this 
makes § into a transformation-space with respect to G. In fact, the repre- 
sentative of 7% on Sx is ((tx,)tg*)ug, where t —t,t,* as before; the rest of 
the proof is then quite similar to the proof given above. 

Naturally, if W is non-singular, S is non-singular; if W is everywhere 
normal, S$ is everywhere normal. Finally, if W is a homogeneous chunk, 
S is a homogeneous space. In fact, in that case, let d@, 6 be any two points 
of S, with representatives a, bg in S,, Sg respectively. Take x generic over 
K (a,b) on V; put = 7a, For u generic over K(x) on W, we 
have = (xt,-*)ua; as W is a homogeneous chunk, = is 
defined and generic over K (a,b) on W, and therefore we have 2 ; 
similarly we have 2” = (#’) with = (xtg*) bg generic over K (a, 6) on W. 
That being so, there is an isomorphism of K(d,6,2’) onto K(d,6,x”) over 
K(a,6) which maps 2’ onto x’; this can be extended to an isomorphism o of 


K (a,b, onto some extension of K(d,6,2”). Then we have = 2b, 


and so 6 = 


7. From now on, it will be assumed that W and consequently S$ are 
everywhere normal. With this assumption, we shall construct an abstract 
variety S’, defined over k, and a birational correspondence F' between S’ and 
W, also defined over &, so that the birational correspondence @0F’, defined 
over K, between S’ and S is an everywhere biregular mapping of S’ onto S. 
This construction can then be applied to V itself, giving a variety G’ and a 
birational correspondence F, between G’ and V, both defined over k, such 
that @,°F, is biregular between G’ and G. Transferring the normal laws 
for V, W to G’, S’ by means of F, Fo, we see that we have thus constructed 
a group G’ and a transformation-space S$’, birationally equivalent to V, W 
over k; if W is pre-homogeneous and we have constructed S as a homogeneous 
space, S’ will be a homogeneous space. 
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In constructing S’, we may assume that V operates faithfully on W; 
in fact, if this were not so, one could replace V by another pre-group V 
satisfying this condition, according to Prop. 2 of $I, no. 3. 

Notations will now be the same as in no. 6, with the additional assump- 
tions that W and consequently S are everywhere normal, and that V acts 
faithfully on W, so that G acts faithfully on S. 


Let k’ be any field containing &. Let > (s;) be a cycle of dimension 0 
4=1 


on V, rational over k’, and assume that s;4s; whenever 1~4j. Then, if we 
put kh” =k’(s,,--+,s,), k” is a Galois extension of k’, i.e. separably algebraic 
and normal over k’. Call K” the compositum of K and k”; let u be a generic 
point of W over K”, and put w;— su. If m is the dimension of the ambient 


affine space to W, we write -,Wim). Put now 


(1) y(,U) 


where 7',U,,- - -,Um are indeterminates; let y be the point, in an affine 
space of suitable dimension, whose coordinates are all the coefficients of the 
homogeneous polynomial y(7,U) except that of 7"; this is the so-called 


“Chow point” of the cycle } (w;), and y(T,U) is its “Chow form.” 


As V acts faithfully on W, and the s; have been assumed to be distinct, 
the corollary of Prop. 5, § II, no. 5, shows that the w; are all distinct. We 
can therefore apply to them the following general result: 


Lemma. If in (1) we take the w; to be any set of distinct points, and 
ky ts the prime field, then the w; are separably algebraic over ko(y). 

By F-I;, Th. 1, we need only show that a derivation D of the field 
over ko(y) must be trivial. In fact, applying D to (1), 


we get: 
0 (T— > WipU > DwiyU 
i=1 
as the w; are all distinct, this cannot be an identity in T,U,,- - -,Um unless 
all the Dw;, are 0. 


Proposition 7. Notations being as defined above, we have k’(y) =k’ (u) 
provided the s; are all distinct and satisfy the following condition: 


(S) The set of points 5,=®)(s;) on G ts not mapped onto itself by 
any right-translation. 


The cycle } (wi) is the image of the cycle > (s;) by the mapping 
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z—>zu of V into W; it is therefore rational over k’(u). By the main 
theorem on symmetric functions (VA, no. 7, Th. 1), this implies that y is 
rational over k’(u), i.e. that k’(y) C k’(w). On the other hand, the lemma 
shows that the w; are separably algebraic over k’’(y); as we have u—s;"w; 
by Prop. 5 of § II, no. 5, w is therefore separably algebraic over k”’(y), hence 
also over k’(y). Let o be any automorphism over k’(y) of the algebraic 
closure of k’(y) ; as it induces an isomorphism of k’(u) onto k’(u7) over Kk’, 
u’ is generic on W over k’, so that sju% is defined by Prop. 5. This gives 
(sw)? = sifu’, i.e. But the decomposition of the homogeneous 
polynomial y(7,U) into linear factors is uniquely determined; applying o 
to (1), we see thus that the w;7 must be the same as the w; except for a 
permutation, i.e. that there is a permutation 1—~>o(7) such that wi? = woii). 
This can be written as s;7u% = So(;)u; as the s;7 are the same as the s; except 
for a permutation, we can write them as s;7=—s8,4), where 1—7(t) is a 
permutation. Then we have ®(s,(i)u%) =©®(So(iu), which can be written as 
(U7) = ie. ®(u%) Sowa. As G acts faithfully on S, 
the corollary of Prop. 5 shows that all the elements 5,(4)"'Soqi) of G, for 
1<i<r, must coincide; if is their common value, we have = 
which shows that the right-translation # maps the set 5; onto itself. By (S), 
this implies that 7 is the neutral element of G, so that (u’) =, and there- 
fore u’=u. As wu is separably algebraic over k’(y), this shows that 
k’(u) C R’(y). 


8. Proposition 7 shows that we may write y=f(u), where f is a 
birational correspondence, defined over k’, between W and the locus Y of y 
over k’ in affine space. If k’[y] is the ring generated over k’ by the coordi- 
nates of y, it is well-known that the integral closure of k’[y] in k’(y) is a 
finitely generated ring over k’, i.e. that it can be written as k’[y*], where y* 
is a point in a suitable affine space; call Y* the locus of y* over k’ in that 
affine space. As we have k’(y*) =k’(y) =k’(u), we may write y* = f*(u), 
f* being a birational correspondence between W and Y*, defined over k’. 
It is usual to say that Y* is derived from Y by “normalization” over /’. 
By Prop. 14 of the Appendix, since k” *< separably algebraic over hk’, k’’[y*] 
is integrally closed in k’(y*). 


PRoposITION 8. With the notations explained above, y* and % are 
corresponding generic points over K” on Y* and S in a birational correspon- 
dence between Y* and S which maps Y* biregularly onto the K’’-open set 
576(W) on S. 
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In the first place, we prove that the coordinates w;, of the w; are all 
in k’[y*|; as they are in k”’(y) because of the relations w;—sju and 
k’(w) =k’ (y), it will be enough to show that they are integral over the ring 
k’[y]|, or in other words (e.g. by F-App. II, Prop. 6) that they are every- 
where finite on W. In fact, let + be any place of k’(y) such that y(7) 
is finite. ‘Take r independent variables d,,- - -,A, over k”’(y), and extend 
a to a place w of k’(y,A1,- + +,Ar) at which every one of the r points 
(Ai, Is finite and ~(0,---,0). The relation (1), by 
which y was defined, can be written 


Ai AY (T,U) (aT (Ain) Uy). 
i=1 


Taking the values of both sides at 7’, we see that the right-hand side does 
not become identically 0 at that place; as y(7) is finite, this implies that 
no A; can become 0 at 7’; but then w;,(7) can be written as (Ajwi,)(2’)/Ai(z’) 
and is finite. This proves the assertion about the wi,. 

We have thus shown that the mappings y* > w; of Y* into W are every- 
where defined on Y*; as we have i—5,;1(w;), this implies that y* >i 
is everywhere defined and maps Y* into the set Q defined in Prop. 8. Con- 
versely, the definition of y can be written 


y(T,U) (T Uy) 


if we call %,(a%) the coordinates of ¥(i). As W is everywhere defined on 
@(W), this shows that the mapping 7—y is defined at every point of the 
set O. As k’[y*] is the integral closure of k’[y] in k’(y), it is therefore 
contained in the integral closure of the specialization-ring of every point 
of Q on S. But we have assumed that W and consequently S are normal, 
i.e. that the specialization-ring of every point of S (over any field of definition 
for S) is integrally closed. This proves that 7—>y* is everywhere defined 
on the set Q. In view of what we have proved above, © is therefore the set 
of points of S where this mapping is defined, and is K”-open by Prop. 8 of 
the Appendix; more precisely, it is K’-open if K’ is the compositum of K 
and k’. This completes the proof. 


9. Denote now by S any cycle } (s;) on V, rational over the ground- 


field k, consisting of distinct points s; and satisfying condition (S). From 
such a set S, and taking k’ —k, we can derive as above a point y, which we 
now write as ys, and furthermore a point ys* such that k[ys*] is the integral 
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closure of k[ys] in k(yg) ; as above, we call Ys* the locus of ys* over k; we 
write Qg for the open subset of S denoted by Q in Prop. 8. If we allow 8 
to run through any finite set of cycles with the properties stated above, then 
all the varieties Yy* will be birationally equivalent to W and to each other, 
and we can take the points ys* to be corresponding generic points of these 
varieties over k. It is then an immediate consequence of Prop. 8 that the 
affine varieties Ys* (with empty “frontiers”), and the birational corre- 
spondences between them for which the ys* are corresponding generic points 
of the Ys* over k, determine an abstract variety S’, and that this is biregularly 
equivalent over a suitable field (as a matter of fact, over K itself) with the 
union of the open sets Qs on S. In order to prove that S’ will be biregularly 
equivalent to § itself for a suitable choice of the cycles S, it is therefore enough, 
in view of the well-known “compactoid” property of open sets in the Zariski 
topology, to show that the family of all open sets Qg is a covering of S. In 
other words, we have to prove the following: 


PROPOSITION 9. Given any point a on S, there is a cycle S=} (s;) 
i 


on V, rational over k, consisting of distinct points s; and satisfying condition 
(S), and such that 5a¢«®(W) for all 1. 


Assume that a@ has a representative a, on Sq; take x generic over 
K(a) =K(a,) on V, and put w= (2t,")da, this being defined because W 
is a chunk. If we put, as usual, Z—©,(xr) and i —®(wu), we have then 
i= i, so that u=W(z7a). As the mapping is everywhere defined 
on V, this shows that the mapping x—>wu of V into W is defined at the 
points s of V such that Sé#e®(W), and at those points only. Let F be 
the closed subset of V where the mapping 7— uw is not defined; by Prop. 12 
of the Appendix, there is a maximal k-closed subset F, of V contained in F; 
then an algebraic point of V over & is in F if and only if it is in Fy. Call 
F, the union of the conjugates over & of all the components of Fy; this is a 
k-closed set on V, and its definition shows that the cycle S on V will satisfy 
the last one of the conditions stated in Prop. 9 if and only if it lies in V—F,. 

Now assume first that the field & is infinite. Applying Prop. 13 of the 
Appendix to the variety V’ = V—F,, and to the empty subset of V’ x V’, 
we obtain a separably algebraic point s, over k on V’; call s,,- - -,sq all the 
distinct conjugates of s, over k; if this set satisfies condition (S), which will 
be the case in particular if d= 1, then it solves our problem. Suppose that 
this is not so, and therefore that d>1. For any r>d, let S4,1,° - -, 8, be 
any set of r—d points on V—F,, distinct from one another and from 
$,°° °,8; put S’ {5,,---,5} and 8” If the set 
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S’ U 8” is mapped into itself by a right-translation + other than the identity, 
one of the following circumstances must occur: (i) + maps each one of the 
sets S’, S’”’ onto itself; then + is of the form s’-1v’, with s’, ? in S’, and there 
must be two elements 8”, of S” such that = (ii) maps S’ into 8”; 
as d > 1, we can choose two distinct elements s’, ¢’ in 8’, and then s” =s’r, 
t’’ —t'r are in 8”, so that we have ¢” = (t’s’-1)s”; (iii) + maps some 8’ « 8’ 
onto some and some onto some 8’; then =s’f"t,’.. Thus, 
in order to satisfy the requirements of Prop. 9, it is enough to take as 
*, 8, the conjugates over & of a point s = s4,, of V separably alge- 
braic over k, satisfying the following conditions: (a) no 5, ford +115, 
coincides with any of the points §; or 5;5;75, for 1S1,j,h Sd; (b) no pair 
of distinct conjugates of s over & lies on the graph of any of the birational 
correspondences W(Z5;15;), for 1S1,j7Sd. As to (a), 
it will be satisfied provided we take s on V —F,, where F, is the union of F,, 
of the set s;,- - -,Sa, and of the set of all conjugates over k& of those algebraic 
points on V whose image on G coincides with one of the points 5;5;*5;. Then 
our result follows at once by applying Prop. 13 of the Appendix to the 
variety V —F, and to the union of the graphs of the birational correspon- 
dences in (b). 

If k& is finite, we have to proceed differently. Take any algebraic point 
s, over k on V—F,; call s,,- - -,sa its distinct conjugates over k; if this 
set satisfies condition (S), it solves our problem. If not, we use a result 
of Lang-Weil (this JourNAL, vol. 76 (1954), p. 819) which says that, if / is 
sufficiently large, there must be a point s on V—F, which is rational over 
the (unique) extension of k of degree 1. We take / prime and >d. If s is 
rational over k, the cycle (s) solves our problem; if not, it is of degree | 
over k; call sas, - -, Sa. its distinct conjugates over k; they are distinct 
from s,,- - -,Sq, since the latter are of degree d over k. The set Sais, °° Sau 
may solve our problem. If it does not, the group g of right-translations 
mapping the set {5a1,° - *,5a..} onto itself is of order y>1; as that set 
must be the union of cosets with respect to g, v must divide 7, and so g is 
cyclic of order 1; call + a generator of g. Let 7’ be a right-translation mapping 
onto itself the set {5,,- - -,5a.}. If 7’ is not the identity and maps some 
element of the set {F5a.:,- - -,5a.:} into an element of the same set, it must 
be of the form +‘, and therefore of order 1; but this cannot be, since d+ 1 is 
not a multiple of 7. Therefore 7’ must map the set {S5a.1,- °°, 5a.1} into the 
set {5,,°- -°,5a}. As d<l, this is also impossible. Therefore the set 

solves our problem. 

This completes the proof of the results announced at the beginning of 
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no. 7. Writing now G, S instead of G’, S’, we may restate them in a some- 


what more complete form as follows: 


THEOREM. (i) To every pre-group V, defined over a field k, there ts a 
birationally equivalent group G, also defined over k; this 1s uniquely deter- 
mined up to an isomorphism. 


(ii) To every pre-homogeneous space W with respect to V, defined over k, 
there is a birationally equivalent homogeneous space with respect to G, also 
defined over k; this 1s uniquely determined up to an isomorphism. 


(iii) Let W be a pre-transformation space with respect to V, defined 
over k; let a be a point of W such that W 1s normal at a and that, if x 1s 
generic over k(a) on V, xa and x*(xa) are defined. Then there is a trans- 
formation-space S with respect to G, birationally equivalent to W over k in 
such a way that the birational correspondence between them is biregular at a; 
S may be taken everywhere normal, and it may be taken to be non-singular 
if a ts simple on W. Moreover, S is uniquely determined up to a birational 
correspondence which is biregular at every point of the form Sa, where @ 1s 
the point corresponding to a on S and § ts any point of G. 


Except for the statements about unicity, all this has been proved above. 
As to unicity, the statements in (i) and (ii) are special cases of the state- 
ment in (ili); and the latter is an immediate consequence of the fact that 
the operations of G are everywhere biregular mappings of S onto S. 


Appendix. 


If X is any cycle, we denote by | X | the support of X, i.e. the closed set 
which is the set-theoretic union of the components of X. 


Proposition 1. Let k(x) be a regular extension of a field k, and k(z, y) 
a regular extension of k(x). Then k(z,y) is a regular extension of k. 


This is an immediate consequence of F-I;, Th. 5. 


PROPOSITION 2. Let k(x) be a regular extension of a field k; let K be 
an overfield of k, linearly disjoint from k(x) over k; let be the algebraic 
closure of k in K. Then k’(x) is the algebraic closure of k(x) in K(z). 


Let y be an element of K(x), algebraic over k(x) ; we may take z to be 


| 
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a generic point over K of a variety V, defined over &, in an affine space; and 
then we may write y=F (zx), where F is a function on V, defined over K; 
call T the graph of F. As y is algebraic over k(x), there is a polynomial 
Pek[X,¥Y] such that P(z,Y) 40 and P(2z,y) =0; then P induces on the 
product V x D of V and of the affine space D of dimension 1 a function 
which is not 0 on V X D and is 0 on T. As T has the same dimension as V, 
it must be a component of the divisor (P) of P, and is therefore algebraic 
over k. The smallest field of definition of IT containing * must then be 
contained in k’, so that F is defined over k’; this implies that y is in k’(z). 


Corottary. If K is primary over k, K(x) ts primary over k(z). 


In fact, the assumption means that k’ is purely inseparable over k; this 
implies that k’(x) is purely inseparable over k(z). 


Proposition 3. Let k(x) be a finitely generated extension of a field k; 
then every field K such that k C K C k(x) is finitely generated over k. 


Let t= (t,,---+,¢,) be a maximal set of algebraically independent 
elements of K over k; then K is algebraic over k(t). Replacing k by k(t), 
we see that it is enough to prove our proposition in the case when K is 
algebraic over k. This being assumed, call k’ the smallest field of definition 
containing k& for the locus of x over the algebraic closure & of k; then k’ is a 
finite algebraic extension of & and is algebraically closed in k’(x) since k’(z) 
is regular over k’. But then k’ is the algebraic closure of & in k’(x) and 
therefore contains the algebraic closure of k in k(x), so that K is contained 
in k’. 


CoroLuary. If k(x) ts regular over k, so is K. 


Proposition 4. Let t be a point, k a field, and let t,,---,ty be N 
independent generic specializations of t over k. Let x be a point of dimen- 
sion d < N over k and such that k(x), k(t) are linearly disjoint over k. Then 
there is an a such that t, is a generic specialization of t over k(x). 


Call n the dimension of k(t) over k. By F-Ie, Th. 3, every ¢, is a 
specialization of ¢ over k(x) ; if none is generic, every ¢, must have over k(z) 
a dimension <n—1; but then (2,¢,,---,ty) has over & a dimension 
Sd+N(n—1)< Nn, which is impossible, since (t,,- --,¢y) has the 
dimension Nn over k. 


Proposition 5. Let V be a variety, defined over a field k; let K be an 
overfield of k and xa point of V. Let A and A’ be the prime rational cycles, 
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over k and over K respectively, with the generic point x. Then A 1s the 
same as A’ if and only if K and k(a) are linearly disjoint over k. 


We may replace V by any representative of V on which z has a repre- 
sentative, so that it is enough to prove our result for cycles in the affine 
n-space. For A to be the same as A’, it is at any rate necessary that they 
should have the same dimension, so that K and k(x) must be independent 
over k; assume from now on that this is so. Among the coordinates of 2, 
let be a maximal set of independent variables over and there- 
fore also over K ; write y for the point (a,- - -,2,) and for 
By F-VII,, Th. 12, 4=A’ if and only if A-(y XS") is the same as 
A’: (y X S"*); by F-VI;, Th. 12, this is so if and only if z has the same 
complete set of conjugates over K(y) as over k(y), and therefore, by F-I,, 
Prop. 12 and F-I., Prop. 6, if and only if K(y) and k(y,z) —k(z) are 
linearly disjoint over k(y). The latter condition means that there is no 
relation > u;@;(y) 0 in which the u; are linearly independent elements 


of k(x) over k(y) and the ®;(y) are in K[y] and not all 0. Assume that 
there is such a relation; we may write #;(y) = 2 Pi(y)&;, where the é; are 


J 
linearly independent elements of K over & and the Pij(y) are in k[y] and 
not all 0. Then we have Své;—0 with vj => uPij(y); as the v; are in 
j i 


k(x) and not all 0 because of the assumptions on the u; and Pi;(y), this 
shows that, when that is so, K and k(x) are not linearly disjoint over k. 
Conversely, assume that there is a relation >}}vjé;—0 in which the é; are 


linearly independent elements of K over k and the v; are in k(x) and not 
all 0; as the €; are then also linearly independent elements of K(y) over k(y), 
this implies that K(y) and k(x) are not linearly disjoint over k(y). 


CoroLuary. Let V be a variety, defined over a field k. Let A bea 
prime rational cycle on V over an overfield K of k. Then, tf K’ is any field 
such that k C K’ C K over which A is rational, A is prime rational over K’; 
of all such fields K’, there is one smallest one Ky; and an automorphism o 
of K over k transforms A into itself if and only tf tt induces the identity 
on 


As in the proof of Prop. 5, it is enough to consider cycles in an affine 
space. Assume that A is prime rational over K and rational over K’ C K, 
and write it as A => n,Aj, where the A; are distinct prime rational cycles 

i 


over K’. Let Z be a component of A; it is algebraic over K’, and so every 
conjugate of Z over K is a fortiori such over K’, so that every component of 
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A is a component of A;; therefore we must have A—7,A;. By F-Is, Prop. 26, 
the coefficient of Z in A is at most equal to its coefficient in A,; therefore 
we have A=4A;. That being so, it follows from Prop. 5 and from F-I,, 
Th. 3 and F-I,, Lemma 2, that there is a smallest field K, with the properties 
stated in our corollary; in fact, if x is a generic point of A over K, and if 
¥3 is the prime ideal in K[X] consisting of all polynomials in K[X] which 
are 0 at 2, K, is the smallest subfield of K such that $8 has a set of generators 
in K,[X]. As $ is also the ideal in K[X] whose set of zeros is the support 


| A | of A, the last assertion follows from F-I;, Lemma 2. 


Proposition 6. Let V be a variety, defined over a field k, and A a cycle 
on V; assume either that A is a divisor on V or that the coefficients in A of 
all the components of A are *0mod p, p being the characteristic. Then, of 
all the overfields of k over which A is rational, there is one smallest one ky, 
ky is finitely generated over k; and an isomorphism o of ky over k onto some 
extension of k leaves A invariant if and only if tt leaves every element of ko 


invariant. 


ee 


Except for the last statement, this result is due to Chow. Let A be any 
cycle on V; for every representative V, of V, call A, the sum of the terms 
in the reduced expression for A which pertain to components with repre- 
sentatives in V,; then A is rational over an overfield K of k if and only if 
every A, is rational over K; and an isomorphism of K which leaves A 
invariant must leave all the A, invariant. Therefore it is enough to deal 
with cycles on an affine variety V. For such a cycle A, put A = } nAn, where 


ry 
s 


A, is the sum of the terms with the coefficient n in the reduced expression 
for A; then A is rational if and only if every cycle nA, is rational; and an 
isomorphism which leaves A invariant must leave all the A, invariant. 
Finally, if n = p’n’ with n’ prime to p, nA is rational if and only if p’A is 
rational. Therefore it will be enough to deal with the following two cases: 
(i) A is a cycle in affine space, consisting of a sum of distinct components ; 
(ii) A is a divisor on an affine variety V and of the form A =—qAo, where q 
is a power of p and A, is a sum of distinct components. 


(i) Let %& be the ideal of all polynomials (with coefficients in the 
universal domain) which are 0 on the support |A| of A; this is the inter- 
section of the prime ideals determined similarly by the components of A. 
The first assertion in our proposition will then be a consequence of F-I,, 
Lemma 2, if we prove that A is rational over a field K if and only if % has 
a set of generators in K[X], i.e. if it is the extension to the universal domain 
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of the ideal 91 K[X]; the second assertion in our proposition also follows 
from the same lemma, provided one observes that, if ky is the smallest field 
such that % has a set of generators in k)[X], an isomorphism which leaves A 
invariant must map k, onto ko, i.e. it must induce an automorphism in ky, 
so that the lemma in question is applicable. 

If % has a set of generators (P,) in K[X], the support |A| of A is 
the set of zeros of the P, and is therefore K-closed. On the other hand, | A | 
must also be K-closed if A is rational over K. In order to prove the equi- 
valence of those two properties, one may then begin by assuming that | A | 
is K-closed. Consider first the case in which all the components of A are 
the conjugates of one of them, say Z, over K; let x be a generic point of 7 
over K; then A is rational over K if and only if K(x) is separable over K. 
Put K’ = Kk’, this being the smallest “perfect” field containing K. Put: 


B=ANK[X], 


and call Q’ the extension of % to K’[X]. By F-IV., Th. 4, and F-II,, 
Prop. 3, $8 and §’ consist of the polynomials, in K[X] and in K’[X] 
respectively, which are 0 at x; they are prime ideals; moreover, if P’« 9’, 
some power P’” of P’ is in 9’ and hence in 0’; as 0’ C §’, this implies that 
0’ is primary and belongs to the prime ideal 3’. By F-I,, Th. 3, and F-I,, 
Prop. 19, we see that %’ =’ if and only if K(x) is separable over K, and 
therefore, as we have shown, if and only if A is rational over K. But, if W 
is the extension of §% to the universal domain, 3’ must a fortiori be the 
extension of $ to K’[X]. Conversely, if O’ = $8’, the extension of % to the 
universal domain is the same as that of $8’; but it is well-known and easily 
verified that the latter must be a “radical” ideal, i.e. one consisting of all 
the polynomials which are 0 on a closed set; then one sees at once that it 
must be the same as %. This completes the proof in the special case we were 
considering. 

Now assume that | A| is any K-closed set; then we can write A as the 
sum of cycles A; such that the components of each A; are mutually conjugate 
over K, and % is the intersection of the ideals 2; similarly determined by 
the A;. Put: 

K(X], = UN K’[X], 


and call 9,’ the extension of 3; to K’[X]. If A is rational over K, all the 
A; must be so, so that, as shown above, the %; must be the extensions of the 
¥%; to the universal domain. It is then easily seen that 9 is the extension 
of the intersection of the $i, i.e. of MM K[X]. Assume, on the other hand, 
that A is not rational over K; then we have 0; ~8/ for at least one i; from 
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the unicity of the decomposition of an ideal into an intersection of primary 
ideals, it follows then that the intersection of the 0;’, which is the extension 
of UN K{[X] to K’[X], cannot be the same as the intersection of the $/, 
which is & 9 K’[X]. A fortiori, 2% cannot then be the extension of UN K[X] 
to the universal domain. This completes the proof for case (i). 


(ii) Let V be a variety, defined over k&, in an affine space; let Ay be a 
divisor on V and the sum of distinct components; let g be a power of the 
characteristic p40; put A—qA>. If P is any polynomial which is not 0 
on V, denote by (P)y the divisor of the function induced by P on V. Call 
Y the ideal of all the polynomials P, with coefficients in the universal domain, 
such that either PO on V or (P)y >A. If A is rational over an overfield 
K of k, & is then the extension of 2%’ K[X] to the universal domain, as 
follows at once from F-VIII;, Th. 10. Conversely, assume that Y& is the 
extension of 2{ K[X] to the universal domain ; we will prove that A is then 
rational over K; our proposition will then follow from this as in case (i). 
As a polynomial P is 0 on | A| if and only if some power P* of P is in Y, 
our assumption on A implies that A is K-closed, and therefore that A, is 
rational over K’=K?*. Let Z be a component of A. As well-known, there 
is a polynomial P such that (P)y—A,.+ 8B, where B has no component in 
common with A,; write P as P= > é;P;, where the &; are linearly independent 


over K’ and the P; are in K’[X]; by F-VIII;, Th. 10, we have (Pi)y >A, 

for all 1; and Z must have the coefficient 1 in at least one of the P;, since 

otherwise it would occur in B; if we call that polynomial P’, P’ is then in 

K’{X], Z has the coefficient 1 in (P’)y, and we have (P’)y >A». But then 

P’2 is in Y, and therefore, by hypothesis, may be written as >) 7;Q;, where the 
j 


Q; are in XY K[X]. The latter fact implies that Z has at least the coefficient 
q in all the (Q;)y; as it has the coefficient g in P’%, it must have the coefti- 
cient g in one at least of the divisors (Q;)y; as these divisors are rational 
over K, this implies that, if A, is the sum of Z and its conjugates over K, qA. 
is rational over K. As this is so for every component Z of A, A is there- 
fore rational over K. 


Proposition 7%. Let U, V be two varieties, defined over a field k; let F 
be a k-closed subset of UX V. Then the set A of the points a on U such 
that aX V CF 1s k-closed. 


Let W,,: - -, Wm be those components of F which have the “ projection ” 
V on V (in the sense of F-IV;, F-VII;) ; if v is a generic point of V over k, 
W, has a generic point over & of the form (u,v); and aeA if and only if, 
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for v’ generic over k(a) on V, (a,v’) is a specialization of some (u,v) over k. 
Let V, be any representative of the abstract variety V; let v, be the repre- 
sentative of v on V,; the ambient affine space for V, being embedded in a 
projective space, let Vo be the locus of v, over k in that projective space. 
Let F, be the union of the loci of the points (w,v,) over k in U X Vo; Fy is 
k-closed on UX Vy. Then A is the set of the points a on U such that 
F.N (aX V.) has a component of dimension =dim(V,). As Vo is com- 
plete, our conclusion is now contained in Lemma 7 of my paper in Math. 
Ann., vol. 128 (1954), p. 104. 


Proposition 8. Let ¢ be a mapping of a variety U into a variety V; 
let k be a field of definition for U, V and o. Then the set of points of U 
where o 1s defined is k-open. 


(i) Assume first that U is an affine variety and V is the affine space of 
dimension 1. Let z be a generic point of U over k; put y—¢(z). Let 
be the set of all polynomials P in &[X] such that P(z)y is in k[a]; this is 
an ideal in &[X], containing the ideal $8 of those polynomials which are 0 
at x and therefore on V. Since y may be written as Q(z)/P(zx), with P,Q 
in k[X] and P(x) ~0, we have YAP. As the points where ¢ is not 
defined are the zeros of 2%, the set of such points is k-closed. 


(ii) Take V as in (i), and assume that U is an abstract variety, with 
the representatives U,, on each of which a “frontier” F, (i.e. a k-closed set) 
is given, according to the definitions in F-VII,. Call F,’ the k-closed subset 
of U, where ¢ is not defined; the set F’ of the points of U where ¢ is not 
defined is then the union of the images of the sets Fy’N (Ue—F 4) by the 
canonical birational mappings of the U, into U. It is easily seen that / must 
be k-closed provided the following assertion is true: if x is a point of U 
with a representative xz, on some U, which is a generic point over & of a 
component of F,’, then every specialization x’ of x over k is in F. In fact, 
let B be such that 2 has a representative zg’ on Ug; then x must also have 
a representative zg on Ug, and, from the biregularity of the correspondence 
between U,, Ug at (2%q,7%g), it follows that xg must be in Fg’; as zg’ is a 
specialization of xg over k, and as F’,’ is k-closed, xg’ must then be in Fg’, so 
that z’ is in F. This proves our result for this case. 

It follows trivially from this that our result remains true when U is an 
abstract variety and V is an affine space or more generally an affine variety. 


(iii) Let U be an abstract variety and let V be a k-open subset of an 
affine variety V,; let V, be the projective variety whose part “at finite dis- 
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the unicity of the decomposition of an ideal into an intersection of primary 
ideals, it follows then that the intersection of the 0;’, which is the extension 
of YN K{[X] to K’[X], cannot be the same as the intersection of the $/, 
which is & 9 K’[X]. A fortiori, 2 cannot then be the extension of UN K[X] 
to the universal domain. This completes the proof for case (i). 


(ii) Let V be a variety, defined over k, in an affine space; let Ay be a 
divisor on V and the sum of distinct components; let g be a power of the 
characteristic p40; put A—gA,. If P is any polynomial which is not 0 
on V, denote by (P)y the divisor of the function induced by P on V. Call 
Y the ideal of all the polynomials P, with coefficients in the universal domain, 
such that either PO on V or (P)y >A. If A is rational over an overfield 
K of k, & is then the extension of 2% K[X] to the universal domain, as 
follows at once from F-VIII;, Th. 10. Conversely, assume that % is the 
extension of 2! K[X] to the universal domain; we will prove that A is then 
rational over K; our proposition will then follow from this as in case (i). 
As a polynomial P is 0 on | A| if and only if some power P* of P is in %, 
our assumption on A implies that A is K-closed, and therefore that A, is 
rational over K’ = K?”. Let Z be a component of A. As well-known, there 
is a polynomial P such that (P)y—A,.-+B, where B has no component in 
common with A»; write P as P= > &Pi, where the é; are linearly independent 


over K’ and the P; are in K’[X]; by F-VIIIs, Th. 10, we have (Pi)y > Ay 

for all 1; and Z must have the coefficient 1 in at least one of the Pj, since 

otherwise it would occur in B; if we call that polynomial P’, P’ is then in 

K’{X], Z has the coefficient 1 in (P’)y, and we have (P’)y >A». But then 

P’7 is in YM, and therefore, by hypothesis, may be written as ¥ 7jQ;, where the 
j 


Q; are in YN K[X]. The latter fact implies that Z has at least the coefficient 
q in all the (Q;)y; as it has the coefficient g in P’%, it must have the coeffi- 
cient q in one at least of the divisors (Q;)y; as these divisors are rational 
over K, this implies that, if A, is the sum of Z and its conjugates over K, gA, 
is rational over K. As this is so for every component Z of A, A is there- 
fore rational over K. 


Proposition 7%. Let U, V be two varieties, defined over a field k; let F 
be a k-closed subset of UX V. Then the set A of the points a on U such 
that aX V CF is k-closed. 


Let W,,- - -, Wm be those components of F which have the “ projection ” 
V on V (in the sense of F-IV;, F-VII;) ; if v is a generic point of V over k, 
W; has a generic point over & of the form (u,v); and aeA if and only if, 
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for v’ generic over k(a) on V, (a,v’) is a specialization of some (u,v) over k. 
Let V, be any representative of the abstract variety V; let v, be the repre- 
sentative of v on V,; the ambient affine space for V, being embedded in a 
projective space, let V. be the locus of v, over & in that projective space. 
Let F, be the union of the loci of the points (w,v,) over & in U X Vo; Fy is 
k-closed on UX Vo. Then A is the set of the points a on U such that 
F,.M (aX V.) has a component of dimension =dim(V,). As Vo is com- 
plete, our conclusion is now contained in Lemma 7% of my paper in Math. 
Ann., vol. 128 (1954), p. 104. 


Proposition 8. Let ¢ be a mapping of a variety U into a variety V; 
let k be a field of definition for U, V and ¢. Then the set of points of U 
where is defined is k-open. 


(i) Assume first that U is an affine variety and V is the affine space of 
dimension 1. Let 2 be a generic point of U over k; put y=¢(z). Let & 
be the set of all polynomials P in &k[X] such that P(x)y is in k[a]; this is 
an ideal in &[X], containing the ideal $$ of those polynomials which are 0 
at « and therefore on V. Since y may be written as Q(x)/P(zx), with P,Q 
in k[X] and P(x) ~0, we have YAP. As the points where ¢ is not 
defined are the zeros of 2, the set of such points is k-closed. 


(ii) Take V as in (i), and assume that U is an abstract variety, with 
the representatives U,, on each of which a “frontier” F, (i.e. a k-closed set) 
is given, according to the definitions in F-VII,. Call F,’ the k-closed subset 
of U, where ¢ is not defined; the set F of the points of U where ¢ is not 
defined is then the union of the images of the sets Fy’ (Ua—F,) by the 
canonical birational mappings of the U, into U. It is easily seen that /’ must 
be k-closed provided the following assertion is true: if z is a point of U 
with a representative rz, on some U, which is a generic point over & of a 
component of F,’, then every specialization x’ of x over k is in F. In fact, 
let 8 be such that 2’ has a representative zg’ on Ug; then x must also have 
a representative zg on Ug, and, from the biregularity of the correspondence 
between U,, Ug at (2,2), it follows that zg must be in Fg’; as ag’ is a 
specialization of ag over k, and as Fg’ is k-closed, zg’ must then be in Fg’, so 
that z’ is in F. This proves our result for this case. 

It follows trivially from this that our result remains true when U is an 
abstract variety and V is an affine space or more generally an affine variety. 


(iii) Let U be an abstract variety and let V be a k-open subset of an 
affine variety V,; let V. be the projective variety whose part “at finite dis- 
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tance” is V,; then V»)—V is a k-closed subset Fy of Vo. Call I the graph 
of ¢ on UX V,.; the set F of the points of U where ¢, considered as a 
mapping of U into V, is not defined, is then the union of the set F’, of the 
points of U where ¢ is not defined as a mapping of U into V, and of the 
set-theoretic projection of T'M (U X Fy) on U. As Vo is complete, the latter 
set coincides with the “ projection” in the sense of F-IV,; and F-VII, and is 
k-closed (e.g. by F-VII,, Prop. 10 and 11); and F, is k-c.osed, as shown 
in (ii). Therefore F is k-closed. 


(iv) Let U, V be arbitrary abstract varieties; let 2 be a generic point 
of U over k; let the V, be those representatives of V on which ¢(2z) has a 
representative ¢,(z), and let F, be the “frontiers” on the Va. Then ¢ is 
defined at a point of U if there is an a such that ¢,, considered as a mapping 
of U into V,— Fa, is defined there. Therefore the set where ¢ is not defined 
is the intersection of the sets where the ¢, are not defined; as the latter sets 
are k-closed by (iii), this completes the proof. 


Corotuary 1. Let V be an abstract variety, defined over k, with the 
representatives V,. Then, for each a, the set Q, of the points of V which 
have a representative on Vg 1s k-open; and the canonical correspondence 
between V and V, is an everywhere biregular mapping of Q, onto Va—Fa 
if F, ts the frontier for Vg. 


Let z be a generic point of V over k, and let x, be its representative 
on V,; if we put tT. —¢a(ZL), da is the “canonical correspondence” between 
V and V,. Then Q, is the set of points where ¢q, considered as a mapping of 
V into V,—F,, is defined; it is k-open by Prop. 8. The rest is obvious. 


Corotuary 2. Let V be an abstract variety, defined over a field k. 
Then there is a finite covering of V by k-open subsets of V, each of which 
is biregularly equivalent to an affine variety. 


Corollary 1 says that V has a covering by the k-open sets 4, each of 
which is biregularly equivalent to the k-open subset V,—F. of the affine 
variety V,. It is therefore enough to prove our assertion for a k-open subset 
V —F of an affine variety V defined over k. Let & be the set of all poly- 
nomials in k[X] which are 0 on F; it is an ideal in &[X], and, as F is 
k-closed, it is the set of zeros of 2. Let Pi,- - -,Pm be a set of generators 
for UY; as FAV, they are not all 0 on V, and we may assume that P,,- - -,P, 
are not 0 on V while P,,,,---,Pm are 0 on V, with 1=r=m. For 
1=pr, call Q, the k-open subset of V consisting of the points where Pp 
is not 0; the Qp are a covering of V—F. Let r= (a%,- --,2,) be a generic 
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point of V over i; let Vp be the locus of the point 


in the affine space of dimension n+ 1. Then Vp is biregularly equivalent 
to Op. 


Corottary 3. Let V be a variety, defined over a field k. The set of 
points of V where V is normal (resp. relatively normal with respect to k) 


is a k-open subset of V. 


Let V* be the variety derived from V by normalization with reference to 
the smallest perfect field k’ =k?” containing k (resp. with reference to /) ; 
let 2 be a generic point of V over k&; let z* be the corresponding point of V%*, 
which is generic over k’ (resp. over k) on V*. We may then write c* — ¢$(2), 
where ¢ is a mapping of V into V*, defined over k’ (resp. over k). Then 
the points where V is normal (resp. relatively normal) are those where ¢ 
is defined. As any k’-open set is also k-open, this proves the corollary. 


Proposition 9. Let V be a variety, defined over a field k; let F bea 
closed subset of V. For F to be k-closed, it 1s necessary that it should 
contain all the specializations over k of all its points; it ts sufficient that 
it should contain all the generic specializations over k of all its points, or 
also that it should be invariant under all isomorphisms over k of a common 
field of definition K Dk for its components. 


The necessity of the first condition follows from F-IV., Th. 4; we first 
prove that this condition is sufficient. In fact, it implies that, if z is a 
generic point over K of a component Z of F, the locus Z’ of z over & is 
contained in F’; as Z is the locus of z over K, Z’ contains Z; as z cannot be 
in any other component of F than Z, we get Z’—=Z; thus all components of 
F are algebraic over k, and then F-IV2, Th. 4, shows that all the conjugates 
of Z over k must be contained in F. Now we show that the second condition 
implies the first one. Let x be any point of F and let 2’ be a specialization 
of z over k. Then if V is the locus of x over k, F-IV2, Th. 4, shows that 2’ 
must be on a conjugate V’ of V over k. Let 2” be a generic point of V’ 
over K; then 2” is a generic specialization of x over k by F-IV2, Th. 4, and 
is therefore in F by hypothesis, and 2’ is a specialization of 2” over K and 
a fortiori over K and so is in F since F is K-closed. Finally the last con- 
dition implies the second one; for let 2’ be a generic specialization over k of a 
point z in a component Z of F'; then the isomorphism of k(x) onto k(z’) 
over k which maps x onto 2’ can be extended to an isomorphism o of K(z) 
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onto a field K%(2’), and then 2’ is on Z* by F-IV2, Th. 3, Coroll. 2, and is 
therefore in F if F is invariant under co. 


Proposition 10. Let W be a subvariety of a product U X V, with the 
“ projection” U on U; let k be a field of definition for U, V, W. Then the 
set-theoretic projection of W on U contains an open subset of U; and the 
union of all such sets is k-open. 


The assumption means that, if (u,v) is a generic point of W over k, 
u is generic over k on U. Let V, be a representative of V on which v has a 
representative v,; F, being the corresponding frontier, put V,=V,—F,, 
so that v, is in V,’; let W, be the locus of (u,v,) over k on UX V1’. Let 
V. be the projective variety whose part “at finite distance” is V,; put 
F, = V,.— Vy’; this is a k-closed set on Vo. The set WiM (u X Vi’) can be 
written as u X X, where X is either V,’ (in the trivial case W=U XV) or 
else a k(u)-closed subset of V,’; as v, is in X, X is not empty, so that we 
can choose in it a point w which is algebraic over k(u). Let W’ be the locus 
of (u,w) over k on U X Vo, which has the same dimension as U; call n that 
dimension. Then the set C—=W’N(UXF,) is a k-closed subset of W’, 
so that all its components are of dimension =[n—1. As V, is complete, the 
set-theoretic projection C’ of C on U is then a k-closed subset of U. Let a 
be any point in U—C’; as V, is complete, there is a point (a,b) on W’ 
with the projection a on U; as a is not in C’, b cannot be in Fy and is 
therefore in V,’, so that (a,b) is in W,. Therefore the k-open set U —C’ 
on U is contained in the set-theoretic projection of W, and a fortiori in that 
of W. The last assertion in our proposition is then an immediate consequence 
of the sufficiency of the last condition in Prop. 9. 


Proposition 11. Let U, V, W be three varieties and f a mapping of 
U XV into W, all defined over a field k. Assume that, for every aeU, 
f is defined at (a,x) for x generic on V over k(a). Let 2 be the set of 
those aeU such that, for x generic over k(a) on V, f(a,z) is generic over 
k(a) on W. Then Q ts either empty or k-open on U. 


Let r be the dimension of W; for z generic over k on W, let 2,,: - -,2, 
be r algebraically independent elements of k(z) over k; put z;=¢;(z), where 
¢; is a function on W, defined over k. It is clear that a point 2 of W is 
generic over an overfield K of k& if and only if the ¢; are all defined at 2’ 
and their values ¢;(z’) are independent over K. Let u,x be independent 
generic points of U, V over k; we may assume that f(u,2z) is generic over k 
Put f;—¢:°f; QO is then the set of 


on W, since otherwise 2 is empty. 
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those points a on U such that, for x generic over k(a) on V, the f;(a, 2) 
are all defined and are algebraically independent over k(a). 

Take u, x as above; assume that wu is not in 0; we prove that O must 
then be empty. In fact, the assumption on wu means that there is a polynomial 
P with coefficients in k(w) such that 


P(fi(u,2),° =0. 
Write P= > t,M,(Z), where the M,(Z) are monomials (with coefficient 1) 


in the indeterminates Z,,- - -,Z,, and the ¢, are in k(w) and not all 0. Let 
a be any point of U, and take a’ generic over K —k(a) on V. Take a variable 
quantity A over k(u, x) ; extend the specialization u—>a over k to a K-valued 
place a of the field k(u,A) such that the elements At, of k(u,A) are all finite 
and not all 0 at 7; call ¢,’ the value of At, at zr. As k(u,A) and k(x) are 
independent regular extensions of k, the place + of k(u,A) and the iso- 
morphism of k(x) onto k(2’) over & which maps z onto 2 make up a 
specialization of the set of quantities k(u,r’) U k(x), which can be extended 
to a place 7’ of k(u,A,x) at which 2, x and the At, have respectively the 
values a, a and t,’. If the f;(a,z’) are not all defined, a is not in Q; if they 
are all defined, they are the values at 7’ of the elements f;(u,x) of k(u,d, 72). 
In the latter case, the relation 


AP (fi(u,x)," fr(u,x)) 


taken at 7’, gives an algebraic relation between the f;(a,2’) whose coefficients 
t,’ are in K and are not all 0; this implies that the f,(a,2’) are not inde- 
pendent over K =k(a), so that a is again not in 2. This shows that, for 
u¢Q, Q must be empty. From now on, therefore, we may assume that u 
is in Q. 

We prove now that 2 must contain a k-open set. Since the assumptions 
and the conclusion of our proposition are not affected if V is replaced by 
any birationally equivalent variety to V over k (the mapping f being trans- 
ferred to the latter in an obvious manner), we may take for V an affine 


variety ; put *,%m). Then we can write the f; as 

fi(u, x) = Pi(x)/Po(z), 
where Po,P,,---,P, are polynomials in the indeterminates X,,- - -,Xm 
with coefficients in k(w), and P;(x) ~0 for OSiSr. Call M,(X), with 
0Sv=N, all the monomials in X,,- - -,X, which either are of degree 0 
or 1 (i.e. equal to one of the monomials 1, X,,- - -,X,) or occur in one at 


least of the P;; call @ the point in the projective space P’ with the homo- 
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geneous coordinates (M,(a)), and call V the locus of Z over k. We may 
replace V by the birationally equivalent V; then, writing V, x instead of 
V, and calling - the homogeneous coordinates for x, we see 
that the f;(u,z) are expressed as 2/2, with 


N 
y=0 


where the ¢;, are elements of k(w). If V is contained in any linear subvariety 
of P’, then the smallest linear subvariety of PY which contains V is defined 
over k; if this is of dimension N’, we can express N — N’ of the coordinates 
zy linearly in terms of the others, with coefficients in k; thus we may assume 
that V is not contained in any linear subvariety of P. 

We may write t;,—di,(u), where the ¢;, are functions on U, defined 
over k; as Z is not 0, we may assume that t>,>—=1. By Prop. 8, the subset 
U’ of U where all the ¢, are defined and finite is k-open. Call n the 
dimension of V; as nm is then the dimension of k(u,x) over k(u), and the 
fi(u,z) are independent over k(w), we have Put for 


r+1=j=n, where the are (n—r)(N +1) 
independent variables over k(u,x); call S the affine space of dimension 
(n—r)(N+1). By F-II;, Prop. 24, the n—r quantities Zn/2 
are algebraically independent over the field 


K == (u, w, * 


Now take any ae U’; take Z, w generic and independent over k(a) on V, S; 
put tip = $i, (a), for OSiSr, andz;=> forr+1SjSn. 


As fo) == 1, and V is not contained in any linear variety, Z is not 0; there- 
fore, if we put fj—2z;/z. for r+1Sjsn, the functions f,,---,fn on 
U’ X S are defined at (a,w) and have the values 2,/Z,° - *, Zn/Z respectively. 
If one assumes that Zn/Z) are algebraically independent over k(a, w) 
this implies a fortiori that 7,/%0,- - -,2,/Z are so over k(a), i.e. that aeQ. 
Therefore, if we prove that there is a k-closed subset C of U’ & S such that, 
with the notations just introduced, the quantities 2,/Z0,° - -,%n/Z are alge- 
braically independent over k(a,w) whenever (a,w#) is not in C, it will 
follow that 2 contains the set of those points a on U’ such that aX 8 is 
not contained in C; and this set will be k-open by Prop. 7. In other words, 
as long as we merely wish to prove that Q contains a k-open set, it is enough 
to prove it for U’ * S and the functions f,=2/z) for 1 Sin instead of 
for U and for f,,- - -,f, This means that, writing U instead of U’ x S, 
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it is enough to prove our assertion under the additional assumption r—n, 
the $i, being now everywhere defined on U, with oo = 1. 


This being now assumed, put Zns1— > w,@, where the w, are N +1 
v 


independent variables over k(u,z). As k(u,w,x) is of dimension n over 
k(u,w), there is a homogeneous polynomial P, with coefficients in k(u, w) 
and not all 0, such that P(2o,° +, 2n)2ns1) = 0, and P is uniquely determined 
up to a factor in k(u,w). As 2/2," * *,2n/% are algebraically independent, 
there is at least one term in P where Zn,, occurs with a non-zero exponent ; 
after multiplying P with a suitable element of k(u,w), we may assume that 
the coefficient of this term is 1. Write all the other coefficients in P as 
Wp(u,w), where the yp are functions on U X 8", defined over k. We now 
prove our assertion about 2 by showing that © contains the set of all points 
aon U such that all the Wp are defined at (a,w) for w generic on S"** over 
k(a); this is a k-open subset of U by Prop. 8 and 7. In fact, let a be a 
point with that property; take # generic over k(a,w) on V. Put tip = ¢ir(@), 
these being all defined, according to our present assumptions; put %—= > fipZ, 
for 0 and > w,z,. If we specialize the relation 
v 


P(2o,° =0 


over the specialization (d,w,Z) of (u,w,v) with respect to k, we get, 
since the wp are all defined at (a,w), a homogeneous relation between 
* With coefficients in k(a,w), containing Z,,, with a non-zero 
exponent in a term of coefficient 1. This shows that Zn,:/Z) is then algebraic 
over the field L(w), where we have put 


L (4a, *,%n/%o)- 


Now take n(N-+1) independent variables w;, over k(a), for 1SiSn, 
0Sv=QN; put > for 1 =i=n; what we have proved above shows 
v 


that, for each i, y;/% is algebraic over L(wio,- - -, win), and therefore a 


fortiori over the field 
L Wnn) k(a, W1i0,° * Wan, Z1/Zo, Zn/ Zo). 


On the other hand, one sees just as before, using F-II;, Prop. 24, that 
the y:/%, for 1Si<n, are algebraically independent over the field 
k(a,W10,* * *;Waw); as they are algebraic over L’, this implies that L’ has 
at least the dimension n over the latter field, so that the 2;/Z%, for 1 Sin, 
must be algebraically independent over it. But then they must a fortiori be 
so over k(a), which means that a is in Q. 
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This completes the proof of the following statement: the assumptions 
being again those of Prop. 11, 2 must either be empty or contain a k-open 
subset of U. Now we prove Prop. 11 by induction on the dimension of U, 
the conclusion being trivially true if that dimension is 0. Assume that Q 
is not empty; put XY = U—Q; we have proved that X is contained in a 
k-closed subset C of U. Call U; the components of C; they are algebraic 
over k, and of dimension <dim(U). By the induction assumption, ON U; 
is either empty or a k-open subset of U;; in both cases its complement C; on 
U; is a k-closed subset of U. As X is the union of the Cj, this shows that 
X is k-closed. As it is obviously invariant by all automorphisms of & over k, 


it must then be k-closed. 


Proposition 12. Let U be a variety defined over a field k; let F be a 
closed subset of U. Then, among all the k-closed subsets of U contained in F, 


there is one maximal set 


Let K be the smallest common field of definition containing & for all 
the components of F'; let o run through all the isomorphisms of K over k 
into the universal domain. As such an isomorphism ga leaves all k-closed sets 
invariant, every k-closed subset of U which is contained in F is contained 
in all the sets F*% and therefore in their intersection Fy; Fy is closed, since 
it is the intersection of closed sets; and it is k-closed, by Prop. 9. This 


proves the proposition. 


Proposition 13. Let U be a variety defined over an infinite field k; 
let F be a closed subset of UX U. Then there is a point a on U, separably 
algebraic over k and such that no pair (a’,a”) of distinct conjugates of a 
over k ts in F. 


Applying Prop. 12 to U X U, F and the algebraic closure & of k, we see 
that there is a k-closed subset F, of U X U such that a subvariety of U X U 
which is algebraic over & is contained in F if and only if it is contained 
in Fy; this applies in particular to algebraic points over k on U XU. By 
replacing F' by the union of all conjugates over & of all the components of F,, 
we see that it is enough to prove our result in the case in which F is k-closed. 
We may assume that no component of F is contained in the diagonal of 
U X U, since the omission of such components does not affect the content 


of our proposition. Furthermore, we may, in order to prove our proposition, 
replace U by any k-open subset of U; in view of this, we first replace U by 
the set of its simple points, and then use Corollary 2 of Prop. 8 to replace 
U by an affine variety. Thus we may assume that U is a non-singular affine 
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variety, defined over &, and that F is a k-closed subset of U X U, no component 
of which is contained in the diagonal of U x U. 

Let n and N be the dimensions of U and of the ambient affine space, 
respectively. The case n=W is trivial, since in that case any rational point 
of U over k, e.g. 0, would solve our problem; therefore we assume n < N. 


Consider all sets of n linear equations: 


N 
(1) tivXy = tio 


p=1 
and identify the set (1) with the point ¢t = (tio, ti,) in the affine space T of 
dimension n(N +1). In the space 7, we consider the following sets: 


(a) Call A the set of those points ¢ for which the left-hand sides of (1) 
are not linearly independent; as A can be described as the set of zeros of 
certain determinants, it is ko-closed, ky) being the prime field (one could 
easily see that A is in fact a variety, defined over ko). Put T’—=T—A; for 
teT’, (1) defines a linear variety L(t) of dimension N—n. 


(b) Take ¢ generic over & on JT; by F-V;, Th. 1, UN L(#) is not 
empty, and, if uw is a point in it, wu is algebraic over k(t) and is generic on U 
over the field K —k(t,1,---+,tnw). As the tj are then in K(u), we have 
k(u,t) =K(u), so that k(u,t) is a regular extension of k. Let W be the 
locus of (u,t) over k on UXT; by F-Vi, Prop. 4, if eT”, a point w’ is in 
UN L(t’) if and only if (w’,t’) is in W. By Prop. 10, there is a k-closed 
subset B of 7 such that 7’—B is contained in the set-theoretic projection 
of W on T; then, if ’eT—(AUB), UN L(?) is not empty. 

(c) Let Pp(X) =0, for 1=pXr, be a set of equations for U with 
coefficients in k ; put Pp» =0Pp/0X,. Let D be the subset of U X T consisting 
of the points where the matrix 


lip 
Poy(u) 


is of rank < NV; since this can be expressed by the vanishing of determinants, 
D is a k-closed subset of UXT (as U is non-singular, it could be shown 
that D is actually a variety, defined over &). As W is not contained in D, 
DOW is a k-closed subset of W (also, in fact, a variety), so that its com- 
ponents have a dimension <n(N+1). Let D’ be the “projection” of 
DOW on T (i.e. the closure of the set-theoretic projection); this is a 
k-closed subset of T. Let w’ be a point in UN L(t’), for t’eT’; then, if 
L(t’) is not transversal to U at w’, (u’,t’) must be in D and therefore in 


13 
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DOW, and t must be in D’. Therefore, if ’«T—(AUD’), L(t’) is 
transversal to U at every point of UN L(t’). 


(d) Let X be any component of F; let (u,v) be a generic point of X 
over k. As X is not in the diagonal of U & U, we have uv and may assume 
for instance that u,v, Take the ¢, independent over k(u,v) for 
lSisn, 2S5vSN; a8 n<QN, t will then be in 7” for all choices of the 
ti:, tio. Determine the ¢;,, ti by the condition that Z(t) should contain both 
u and v; this determines them uniquely. As X is at most of dimension 2n —1, 
(u,v,t) is then of dimension < n(N +1) over k; therefore the locus Y of t 
over k is not T. For any t’e T’, assume that UM L(t’) contains two distinct 
points u’, v’ such that (u’,v’) is in X; then there is v such that u,’-~v,’, 
which implies that u,+4v,. It is easily seen that the ¢,, for 1 Stn and 
all »v and ~0, must then be independent over k(u,v), and furthermore 
that (u’,v’,t’) must be a specialization of (u,v,t) over k, so that ¢’ is in Y. 
Therefore, if ¢’ is in T’ and is not in the union C of all the varieties Y 
corresponding in this manner to the components X of F’, there cannot be a 
pair of distinct points (u’,v’) in UN L(t’) such that (w’,v’) is in F. To 
conjugate components X, X’ of F over k, there correspond conjugate varieties 
Y, Y’ over k in T; therefore C is a k-closed subset of T. 


Now let P(t) be any polynomial other than 0 in the coordinates of t, 
with coefficients in k, which is 0 on the union of the k-closed subsets A, B, D’ 
and C of T. As k is infinite, there is on T a rational point ¢ over k such 
that P(t) 0. As ¢ is not in A, it determines a linear variety L(t) ; as ¢ 
is not in B, UN L(t) is not empty. Take for a any point in UN L(t); 
as t is not in D’, L(t) is transversal to U at a, so that a is separably algebraic 
over k. As all the conjugates of a over k are in UN L(t), and as ¢ is not 
in C, no pair of distinct conjugates a’, a” of a over k can be such that (a’, a’) 
is in F. This completes the proof. 

If & is a finite field, the conclusion of Prop. 13 need not be true. In 
fact, take for U a variety without rational points over k (e.g. the plane 
non-singular curve 2* + y* + z*=0 over the field with 5 elements) ; q being 
the number of elements of k, and (2,,- - +,2,) being a representative of a 
generic point of U over k, call x’ the point whose corresponding representative 
is (x,%,- - *,%,%). Then the conclusion of Prop. 13 is false if we take for F 
the locus of (z,2’) over k on U XU. 


Proposition 14. Let V be an affine variety, defined over a field k; let 
a be a generic point of V over k; assume that the ring k[x] is integrally 
closed in k(x). Then, if k’ is any separably algebraic extension of k, k’[x] 
is integrally closed in k’(z). 
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‘Put n=[k’:k]; as k’ is separably algebraic over k, there are n distinct 
isomorphisms o of k’ into the algebraic closure of *. Each o can then be 
extended uniquely to an isomorphism, which we also denote by o, of k’(z) 
onto k’*(x) over k(x). Let z be an element of k’(x), integral over k’[z] 
and therefore also over k[a]; then all the 2% are also integral over k[z]. 
If &,,: + *,é, are nm linearly independent elements of k’ over k, it is well- 
known that det(é7) is not 0; therefore all the z%, and z among them, can be 
expressed as linear combinations of the n elements w;= > §&%z%; but these 


are integral over k[z| and are traces over k(x) of elements of k’(x), so that 
they are in k(x); as k[a] is integrally closed, the w; are therefore in k[z], 


so that z is in k’[z]. 
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CORRECTIONS TO THE PAPER “ LINEAR GRAPHS OF DEGREE = 6 
AND THEIR GROUPS.” * 


By I. N. Kaeno. 


D. W. Crowe and Frank Harary in a paper “ Linear graphs through seven 
points . . .” which they are preparing for publication, call attention to a 
graph which was omitted by the author in his paper mentioned in the above 
title (this JouRNAL, vol. 68, 1946, pp. 505-520, and vol. 69, 1947, p. 872). 
The author finds that this was inadvertantly omitted in preparing his paper 
for publication, and now wishes to call attention to the following corrections 


to cover this omission. 


On page 514, after line 16 add: 


H’; = [ab, ac, ad, ae, af, bc, bd, be, bf, ce, cf]. 


On page 515, after Theorem 3.6 add: 


THEOREM 3.6*. H’, has the group (abc)all(def)all. 


On page 520, Theorem D.11 should read: 


G25 has the graphs P=[-- -] and 


New York CIiry. 


* Received February 21, 1955. 
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ON STRONG SUMMABILITY OF FOURIER SERIES.* 


By R. SALEM. 


Introduction. Let f(z)eLZ have period 27 and denote by $8, (2) the 
partial sum of order n of the Fourier series of f(z). Write 


go(t) =f(e+t) —2f (2). 


It is now a classical result that, if fe L” (r > 1), then at every point z where 


(1) 


(relation which is true for almost all x), one has 

n 
(2) | s(x) —F (a) +1) 

y=0 
for all positive exponents g. See Zygmund [3] and the references quoted 
there. This theorem has been generalized by Marcinkiewicz [1] and by 
Zygmund [4] to the case in which one supposes only that fe L. 

In the case g=1, the result can be considered as an extension of the 

classical Fejér summability theorem, to which it reduces if instead of the 


average of the absolute values }|s,—f |/(nm-+ 1), we consider the average 
0 
without absolute values (s,—f)/(n +1) —on—f where o, denotes the 
0 


Fejér sum of order n. Hence the name of “strong summability.” 

It is natural to ask the question whether the average (2) tends to zero, 
if instead of considering all sums s,(z) (v—=0,1,2,- - -), we consider only 
indices forming a subsequence of the sequence of natural numbers. 

The first result in this direction is due to Zalewasser [2] who proved 
that, if fe L, 


(se—f)/(n-+ 1) 0 


* Received December 27, 1954. 
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at every Lebesgue point, and in particular at every point of continuity. This 
result was later extended to indices k* or k*. All proofs are based on number 
theory methods using the arithmetical properties of the particular kind of 
sequence involved. Besides, the averages are not taken ‘in absolute value. 


In a different direction, some results where the averages are taken with 
absolute values have been obtained for more general sequences of indices 
by Zalewasser and Zygmund but they are only known to hold almost every- 
where (even for continuous f), the exceptional set of measure zero depending 
on the particular sequence {n;} of indices considered. 


The main purpose of this paper is to show (in Theorem [) that if 
feL* (r>1) and if the condition (1) is satisfied at a point z, then at 


k 
this point > | sn,(~) —f(x)|¢/k—>0 for an arbitrarily large exponent q, and 
j=1 


for a rather general kind of sequence {n;} which does not increase too rapidly 
and possesses some weak kind of regularity. Arithmetical properties of the 
sequence do not enter in the argument. 


In the remarks following the proof of Theorem I we show that if {n;} 
increases rapidly enough, the theorem becomes false. We also show that 
some hypothesis about the regularity of the sequence can not be avoided. 


Theorem II, although not directly connceted with the previous results, 
is somewhat related to them; its object is to show that, denoting by M, the 
maximum of | s,(x)| with respect to x, there exist continuous functions for 
which (M@,+---M,)/n is unbounded. 


THEOREM I. Let {n,} be an increasing sequence of positive integers 
satisfying the following conditions: 


1) There exists a constant A such that n,—=O(KkA) 
2) There exists a constant «>0 such that > 


3) There exists a lacunary sequence ky (kya/ky=R>1) such that 
<B, B being a constant.* 


Let f(x) with period 2 belong to L* (s >1), and denote by Sm(x) the 
partial sum of order m of its Fourier Series. Write 


g2(t) +f(x—t) —2f(z). 


Condition 2) is certainly verified if {m,} is convex, and condition 3), if for a 
positive c, n,/k° decreases. 
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2 
Then at every point x where f | b2(t)|*dt=o0(m) one has, as ko, 
0 


{| 8n,(%) —f (2) |? | 8m —f(2)|"}/k > 0 
the exponent r being fixed, but arbitrarily large. 
Preliminary remarks. a) It is well known that if the theorem is true 
for the exponent r, it is also true for any smaller exponent. Let q be the 


exponent complementary to r (1/qg-+-1/r—=1). Taking r large enough we 
have g<s, so that we can assume r=2, 1<qS2, feL*4 and 


fl $o(t)|?dt = o(n). 


b) In the hypothesis 3) about the sequence {n,} we shall assume that 
ky = 2”; the changes in the proof for the general case are trivial. 


c) We remark that 


fl $o(t)|*dt—=0(n) implies fl $o(t)| dt—=o(n), 


hence by a classical result 


sin nt dt/t + 0(1) 


as n—>oo, provided that $= O/(1/n). 


Proof of the theorem. We shall assume temporarily that in the hypo- 
thesis 2), « > 2, and we shall lift this restriction at the end of the proof. 
j=2h-1 
Consider now an h = 2”. We shall prove first that >} | sn, —f |" =0(h) 
as h—»co. From this the theorem will follow easily. “i 


By remark (c), and since n2,/n, << B it will be enough to prove that 
2h-1 

T => | be(t) sin njt dt/t |"=o(h). For this purpose we shall consider 
j=h 

the sum 


2h-1 2h-1 


( sinng dt/t— 
h 


j=h 
where the coefficients a; are arbitrary, and where we write $,(t) —¢(t) 
since x is fixed and no ambiguity can arise. 
We can write n,—h?*? where P—P(h) is an integer and p=p(h) is 
such that 0<p=1. Obviously P2=0; also PSA. But P=0 only if p—1. 
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The integrand being the same as in S, we write, if P > 0, 


thP-1/n), 
=U,+-:- one say; if we have merely S=V, 
with p= 


By a change of variable, 


f. “9(W6/m) (Se sin (njh?/nn)6) 40/0. 
We shall find a convenient bound for |U,|. We remark that 
— = — Nj) > (Nj — > €/2 > 1 
so that all integers [nj;h?/n,] are different (we denote as usual by [z] the 
integral part of z). To simplify the writing we shall study the integral 
2h-1 


U = ( ~ a; sin n;A0) d0/8, 


where 0<A<1, >1, and nAZ=h. (All three conditions are 
satisfied by A = h?/ny.) 

We write 8; = (njA— [nj;A])/2, N; = (njA 4. [njA])/2, so that 0 = 8; < 4, 
and N;=[h]. We have sin njAd—sin[nj;A]6 = 2 sin 8,6 cos V6, and we shall 
study separately the integral 

2h-1 


(Sa; sin [n,A]6)d0/0 
1/h h 


and the difference U — U*. 
We have 


Denoting by J, J the two terms of this product, we have 


wr 
The last integral gives, by a classical process of integration by parts, and 


owing to 4 $(t)|¢ dt = 0(m), a result which is 0(h/A)**. Hence J4 = 
0 


and J=o(h*-2). As for J, since r=2 and all [n,\] are different, it is 
less, by the theorem of Hausdorff-Young, than the product of (>| a; |2)?4 
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by an absolute constant. Hence 
2h-1 
| U* | 2) a; | 
h 
Now we consider 


2h-1 


j=h 1/h 
2h-1 
and we shall show that |U —U*|=—{3|«a;|}-0(1) as h—>oo. 
h 
For this purpose we consider the integral 
b 
W= $(A9) sin 80 cos m6 46/6, 
a 


where 0<a<b<22r, O<A<1, 0<8<4, m=[h] and we proceed to 
find an uuper bound for | W|. 
Write 


db’ 
w—f $(t) sin (8/A)t cos (m/aytdt/t— $(t) sin (8/A)t cos Mt dt/t, 
ar a’ 


where aA—a’, DA=b’, 0<a’ <b’ < 2a, and M=m/A>m. 
Let y(t) = ¢(t) (sin 8/At) /t ¢(t)g(t). Then y(t)eL. As it is well 


known, 


| cos meat | <4 f y(t + at 


a’+m4/M b’+1/M v’ 
a’+1/M 


We have |\dt —é(| |) where with | #|, measure of Thus 
E 


| vit) cos Medt| | dt + 
Now 
w(t + —y(t) 
= + — + + +2/M) — g(t) |- 
Now |g| is bounded by 8/A, and | dg/dt| by c(8/A)? where 
c= max | (d/dt) (sin t/t) |. 
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Hence 
if + —y(t)| dt 
db’ 
<(8/a)4 f “| $(t + -2/M) —4(t)| dt + 


Denoting by (7) the integral modulus of continuity of the given func- 
tion f we have, collecting results 


| cos Mt dt | (8/A)E(r/M) + (8/A)o(r/M) + 


C being a constant (depending on the value of f(z) only). Since 8< #, 
and AM =m, and M > m= [h], we have 


| W | SC(E(a/h) + + 


C being independent of a, b,A,8,m; and »(h) tending to zero as h->o, and 


depending on h only. 
Now, if A> (h) then |W|<Cp(h)*. On the other hand, if A < p(h)! 


2r 
|W] <8 f | do < (1/2a) | ¢(t)| dt =0(1) 
0 0 
for h—>«. Hence |W|—o0(1) uniformly as h->o and thus, as stated 
2h-1 
| U—U* { -0(1). 


Since | a; |/h S {S| a; | —U* | =o0(h*-2) {> | a; hence, 
taking into account the result about U%*, 


2h-1 
| | = o(h* 2) { | a; 
h 


and this result is obviously valid also for |U,|-+---+|Up|. 
To find a final result for S it remains to appraise V, which is done in a 


classical way: 
2h-1 
h 
2r 


= { | a; by the Hausdorff- theorem. 
Collecting results, we have |e But it is well 


known that 7?/"—S for some a; satisfying { = |a;|2}/@—-1. Hence 
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= 0(h-/2) =o0(h/"), that is to say, T—o(h), as stated. Hence also 


Sn, —f |" =o0(h). 


To prove now our theorem it is obvious that it suffices to consider the 
case k= 2?"—-1. Write 


2m—1 


Consider separately the first sum; since 2”— 1~ and since | bo(t)| dt 
0 


=0(n); 


> | sn, —f |" log’ n;,) = 0(klog"k) =o0(k). 
1 


Now the sum of the other terms is, by the result just proved, 
0(2™) + 0 (27™) = 0(k). 


This completes the proof. 

It remains now to get rid of our hyppothesis « >2. This can be done 
easily by breaking the sequence {n,} in a finite number of complementary 
sequences, since there exists an integer C such that (nesce— Mx) /Nx > 2/k. 


Remarks on the hypothesis about the sequence {n;,}. It is certain that 
if nm, increases too rapidly with k, the theorem cannot be true any more. 
(Consider classical examples of a continuous function whose Fourier Series 
diverges at a point). But it is not excluded that n,—O(k4) can be replaced 
by a better condition. We wish only to prove here that the theorem is not 
true for n, O(2*), and not even for n, O(2**) if «>4. More precisely, 
the theorem is false if n; increases sufficiently rapidly to have log n,/k4—> oo. 

The proof is rather simple. Consider a continuous function f(x), with 
period 27, and its partial sums s, at the point r—0. One has 


ff f(t) sin ntdt/t-+ o(1). 
Now 
Ry = (| Sn, | + | Sng | | Sm, |) 
= (61(U) Sn, + b2(U) Sng + + (U) Sn) /k, 


where ¢;,¢2,° - - are the Rademacher functions. Hence, if we want to prove 
the unboundedness of R; it is sufficient to prove the unboundedness—for some 
f(t)—of 


R. SALEM 


f sin nyt sin mt}dt/kt = 
The kernel H;,,(¢) depends on two parameters k,u. It will be enough to 
show that f | Hx,u(t)| dt cannot be bounded independently of &,u. But, 


if this integral were bounded, we would have 


1 
f. dt | Huu(t) | du—=O(1) 
0 0 
independently of k. We know that 


du > A(1/kt) (sin? n,¢ -+- — sin? n,t)8 
> (A/kit) {| sin nyt | + | sin ngt |}. 


But the integral of this expression with respect to ¢, in 0, a, is of order 
(1/k?) (logn, - -+ logn;,), hence unbounded if log n,/ki— 00. 

If we come now the condition of regularity (2) of our theorem, we shall 
show that some condition of this kind is necessary to prove the theorem. 


We shall base the proof of this remark on the following lemma 


LemMaA. Consider the integral 


(sin(n +: ---+ sin(n-+ p)6 | d0/p0 


(in which we think of n, p, and n/p as being large) ; this integral ts larger 
than A log (n/p), A being a positive constant.? 


Proof. We have 


Ing = cos (n+ p+ 4)0—cos (n+ $)60| d6/{2p6 sin (6/2) } 


> f 2 sin p(6/2) sin (n+ (p +1)/2)0|/p6? 
0 


-{" 2sin (¢/2) sin (n/p +3-+1/2p)t| dt/t? > A log (n/p). 


Take now the sequence n, in the following way. n,—2” for k=2’, 
p being a fixed integer. For k—2”+h where h~—1,2,---,27—1 

Obviously O(k?). 


° This has certainly been known to many authors. 
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Let now f(z) be continuous, and s, be the partial sum of order n for 


zr=0. 
Let k —2”. We have 


| + | | Sov. |)/(2"*—1) 


Hence, to prove unboundedness, it is enough to consider the integral 


{sin ket + sin + sin (k? + 
+: sin (k? + t}dt/kt, 
and to prove the unboundedness of 
f "| sin ket + sin + b-2)¢ + sin + 
0 
+-+-+sin (ke + ke-*)t | dt/kt, 


or, setting ?-*t the unboundedness of 


J | sin 20 +-sin (k2-+1)0-+- - -+sin (k? |d0/0, 
0 


which is > Alogk, by the Lemma. 

We could as well have taken for k—=2”+h and h—1,2,- - -,2”—1, 
ny, = 2” + In all those examples does not 
remain above a positive number. 

THEOREM IJ. Let f(x) be continuous, with period Qn, Sn(x) be the 
partial sum of order n of its Fourier Series. Let M, denote the maximum 
of |s,(x)| for OSeS2r. There exists continuous functions for which 
(M,+M,+---+M,)/n ts unbounded. 


Proof. Write, D, denoting the Dirichlet kernel, 
T (m, = (2) + Sms2(@) ++ Smap(2))/p 


and denote by L(m,p,0@) the kernel (1/p)[Dmii(6) +: Dmsp() J. 
Let n be given, and & the integer such that 2k? =n <2(k-+1)?. One 
has 
(M,+:---+M,)/n 
> (Mi + +1)? > +: + /2(k + 1)?. 
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It will then be sufficient to prove the unboundedness of 
Ry = (Migs +: + More) 
Let 2j—=j2x/k Denote by the 
Rademacher functions. Then, obviously, for any value of u, 
(1/k) (Masa Mase) = $o(u) 20) 
(1/h) + 2 o1(u)T (kh? +k, k, 2,) 
Hence 
Ry, = (1/k) {$o(u)T (k?, k, to) + gi (u)T + k, k, 21) 
4+ bea (u)T (2k? —k, k, 
(1/nk) F(t) (o(u) Lara (t—a0) + $1 — 21) 
—2f say. 


The argument already used above shows that it is sufficient to prove the 


unboundedness of 


But the last integral is larger than 


k-1 ay+t/k k-1 w/k 
> | — | dt = k-? >> | (9) | dé, 
j=0 % -(1/k) 
and by the last lemma one has 


f | > Clog (k + j) = C log k. 
e/ -(1/k) 


Hence for suitable choice of the bounded function f(t) (depending on k) 
R,, = Alogk, which, by a classical theorem, proves our result. 

More precisely, w(n) being any function increasing less rapidly than 
log x, there is a continuous f(x) such that 


(1/o(n))-(M,+ 


is unbounded. 
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ERRATA. 


ERRATA. 


P. Hartman and A. Wintner, “Asymptotic integrations of linear differ- 
ential equations,” this JOURNAL, vol. 77, pp. 45-86. 


On page 62, formula (67), and on page 72, formula (119), read (a) 
in place of the factor (e(j) +«(a) —1) in the exponent of ¢. 


On page 63, formula (70), read > instead of < (twice); in place of 
the two lines following (70), read “In this case, y(¢) is unique.” 


On page 64, line 11, read [6] in place of [5]. 


On page 66, formula (80), read (b(q)—k) in place of the factor 
(b(q) —h). 


On page 68, formula (91), read (e(a) —e(j)) in place of the factor 
(e(a) —1) in the exponent of 7. 
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